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IIEPEJIMOBA

HapyanpHMIT TOCIOHMK MICTUTH NPU-
KJIagy ¥ 3agadi 3 gudepeHIIUTbHUX PiB-
HIHB B 00Cg3] IIporpaMy HOPMAaTUBHOI'O
KYpCy IS CTYIEHTIB MeXaHIKo-MaTeMa-
THYHUX GaKyJIbTeTIB YHIBEPCHUTETIB Ta
TEXHIYHMX BHMIIMX HABYAJIEHMX 3aKJIaliB
3 TONIMOJIEHUM BUBYEHHIM MaTeMaTH-
K. BiH € mpaxTuyHUM 3a6e3IeuyeHHIM
minpyusukiB: A. M. Camoiinenxo, M. O. Ile-
pecmiwok, 1. O. Ilapaciok. [IudepeH1ians-
Hi piBHgHHE [7] Ta A. M. Camoiirenxo,
C. A. Kpusowes, M. O. Ilepecmiok. [u-
depeHLiaNbHI PIBHAHHA y IIPUKIAgax i
3ajsavax [6].

TTociGHMK cKIamaeThed 3 YOTHUPHOX
IaB (BiATIOBIAHO IO TWIIB 3ama4y i Me-
TOMIB iX PO3B’SI3yBaHHA) Ta JOAATKIB.

3HauHy yBary IpyIiIeHO IHTeTpYBaH-
HI0 TUdepeHIliabHIX PiBHIHD 3a JOITO-
MOTOI0 CTeIleHeBUX pSJiB, TMpobiieMam
KOJIMBHOCTI PO3B’f3KiB Ta JOCIIIKEHHIO
IxHpoi cTilikocTi B ceHci JlsryHoBa,
pIBHAHHAM 3 YAaCTUHHMMM TIOXiTHHMM.
ITpakTUYHO B KOXHY IJIaBy BMIIIIEHO 3a-
Jayi 3 MaTeMaTUYHOrO MOJeIOBaHHS
TIPOLIECIB TIPUPOAHHYOro Xxapakrepy (ci-
3UYHOTO, XIMIYHOIO, Gi0JIOTIYHOIO TOIIO)
Ta TeOMETPHYHI 3a/1a4i, 9Ki MOJEOIOTh-
¢ JudepeHUIaIbHUMM PiBHIHHAMH. Y
BCiXx maparpacdax ITOZaHO OCHOBHI Me-
TOOM Ta HaBeJeHO PO3B’A3aHHI KiJIbKOX
TUITIB 327a4.




Koxma caMocrtiiiHa po6ota Mae ne-
CSTh BapiaHTIB TEMATHMYHO CKOMIIOHO-
BaHUX 3aBAaHb, 9Ki MOXHA BUKOPUCTATU
IUTS IHAVBIIYaTbHUX Ta KOHTPOJIBHUX PO-
OiT cTYIEeHTIB.

o 6imbirocti 3a5a4 AaHO BiAITOBIi.

ABTOpPH BUCJIOBIIOIOTE IOOSKY BHU-
KJlaayaM, acripaHTaM Kadeapu iHTer-
PabHUX Ta TUdepeHIIaTBHIX PiBHYHb, a
TaKOX cTy#aeHTamM HarioHaasHOro VHi-
Bepcurery iMeHi Tapaca IlleBuenka 3a
JOTIOMOTY TIPY TIATOTOBII HABYAJILHOTO
nocibHMKa.



IF'masa 1

JINOEPEHIIIAJIBHI PIBHSIHHS
HEPIIOTO TTOPSLIKY

§ 1. OCHOBHI HHOHATTS

1. JudepeHiliambHe PiBHIHHS II€PIIOTO TIOPSAKY MA€ BUIIISI
F(x’yay,):O9 (1)
de F — 3amaHa $yHKIia 3MIHHMX X, Y, y'; ¥ — HeBioMa (GYHKLUS
apryMeHTY X, J' =%, a PIBHSHHS, PO3B’f3aHe BIIHOCHO MHOXigHOI (Ka-
HOHIYHa dopma), —

y' =fx 2

(f — 3amaHa byHKIS 3MIHHUX X, ¥).
YacTo 3aCTOCOBYIOTh CHMETPUYHY (bOpMY 3armucy piBHAHHS THITY

M (x, y)dx+ N(x,y)dy=0, (3

oe M (x, y), N(x, y) — 3agani GyHKl 3MIHHKX X, .

3asHaurmo, mo F, f;, M, N8 (1)—(3) € HenepepBHIMU bYHKILISIMU
CBOIX 3MIHHMX. DBynb-fika HenepepBHO mudepeHLiOBHA Ha iHTepBai
I=(a,b) C R dyHkuia y = ¢ (), sxa repeTBopioe nudepeHIliaibHe piB-
HAHHA Ha TOTOXHICTD Ha I, Ha3HBAcTbCH pO38 ’A3KOM UbO20 PIGHAHHA.
I'padikoM po3B’43KY € IHTerpasbHa KpUBa PIBHIHHS.

CrniBsinHomeHHS @ (X, J) = 0, IKe HESBHO 3a1a€ PO3B’A30K PiBHIHHS,
Ha3UBaETbCA iHmezpanom pienHanns. ko @ (x, y) = 0 — inrerpan aude-
PeHLaJIbHOro piBHAHHA (2), TO 3rifHO 3 HUM

do (x,y) =0 (x, ) dx + @', (x, Y) dy = 0,
T0OTO
U, N+, x »fx =0 4)
Oyuxuig x=¢ (), y=o (), t € D, 3amaHa riapaMeTpU4HO, € PO3B’I3-
KOM e peHIIabHOTO PiBHAHHA (2), AKIIO

L =f@ @), v (@) npu te D.
3amaya 3HaXODKEHHST PO3B’SA3KY ¥ = ¢ (X ) PIBHSAHHS, SKWI1 3aOBOJIb-
HSI€ 3a[laHy ITOYaTKOBY YMOBY Y (Xo) = Vo, HA3UBAETECA NOYAMK 08010 3a0a-
yero, abo 3adayero Kowi (puc. 1).




2. Piugnnsg (2) y KoxHiii Touni 06-
JIACTi BUBHAYeHHS IIOPODKYE BEKTOP, 110
VTBOPIOE 3 JAOJATHHUM HaIpsaMoM oci Ox
KYT, TAHTEHC SKOIrO JOPIiBHIOE 3HAYEHHIO
f(x, y) y uiit Touti. MHOX¥MHa BCiX TaKUX
BEKTOPIB (OAMHUYHOI JOBXWHU) € TIOJIeM
HanpaMiB.

Kpusa, sxa B KoxHifi cBoiii Touii
JIOTUKAETBCS O OMHOTO 3 BEKTOPIB, IO
HaJIeXWUThH TIONIO HAIPAMIB, € iHTerpasb-
HOIO.

Izoxninoro myidepeHIIATBHOIO PIBHIH-
HH HA3HWBacTbCd KpHBa, B KOXHINM TOYII
AKOI HaIpsAM 1071 OgHaKoBHH. 19 piBHIHHS (2) g KpUBa 3aa€THCH
CIIiBBigHOIWEHHAM f (X, ¥ ) = k, e k = const.

Axio B Tounn (X, Vo) GYHKIIA ITepeTBOPIOETECS HAa HEBU3HAYEHICTD
BUTJIATY %, TO 11 a00 JOBU3HAYAIOTh 332 HETTEPEPBHICTIO, 200 BBAXAIOTb, 110

Puc. 1

B touwi (x,, J,) ToNe HeBU3HadeHe (y pasi, SKo f He MOXHa

moBusHayuTH). Hampuxnan, BBaxatumemo, mwo B Touwi (0, 0) made-

peHIfiabHe PiBHAHHA ¥’ = S2¥ [OpOIXyE HAIIpsM, TaKMii, o tg o =1,

TOHi 4K HAIpsAM II0JIsI, TIOPOMKEHOTO PIBHAHHAM ' = x—_i, € HeBM3Ha-

YeHMM Y Iiif TOYILIi.

HonarkoBy iHbopMallifo 1po H—I’Iel‘paJH:Hl KpPIBl avidepeHIiabHOTO
PIBHSHHS MOXHA OTPUMATH, JOCJIKYIOUM JIHii eKCTpeMaJbHUX TOYOK,
TOYOK IIepervuHy, 130KJIH! HYJIS, aCHMITTOTH IHTerpaIbHUX KPHUBUX i T. [I.
[6 (1.17, 1.18, 1.19)].

3. Ina cxmaganHsg avudepeHLIadTbHOrO PIBHAHHS 3aJaHOl #-Tiapa-
METPHYHOI CIM’I KpUBHX

O (xa ¥, cl: c25 iat) cn) = 0 (5)

HeoOXigHo npoardepeHItioBaTy (5) n pa3iB 3a 3MIHHOIO X, BBaXalO4d y
dbyHKIIEIO apryMeHTy Xx. JdicTaHeMo cucteMy (# + 1) piBHSHB, 3 SIKOI CIIiJ
BWIYYIMTH BCi MAPAMETPH C|, Cy, ..., Cp-

VHiBepcaibHOTO METOLY CKJaJaHHS IvidepeHIaTbHOTO pPIBHSHHA,
1o ormcye Iepebir HegKoro eBOMOLIAHOro Ipoliecy, He icHye. Y bara-
THOX BUIIAIKAX 3JIEXKHICTh MiX JOCITIIXKYBAaHUMH BeJIMUMHAMU Oa3yeThea
Ha Bimomux izmynux 3axoHax (HeioToHa, LljonxoBcekoro, 36epexXeHHS
eHeprii, 36epexXxeHH IMITYJIECY i T. I.). YacTo 3aCTOCOBYIOTE eKCIte pUMeH-
TaybHI Jadi. TIpH [IbOMy BUKOPUCTOBYIOTb T€OMETPUMHUI CEHC IOXiTHOI
(TaHreHC KyTa HaxXwily HOTWYHOI) Ta ii ¢ismyHumit 3MicT (UBHAKICTD me-
pebiry miportecy) [6 (BcTym)].

TIpu BUKOpPUCTAHHI X T€OMETPUYHOTO 3MICTY He JIMIIIE TIOXiIHOI, a i
BU3HAYEHOro 1HTerpana (TUIOIa KPHBOJIHIAHOL Tpaltellii) ZictaHeMo iH-
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Terpo-qudepeHLiaTbHe YK iHTerpajbHe
piBHsAHHSA. Taki piBHIHHSA OTPUMYIOTHCS
TaKoX TP BUKOPHUCTAHHI Jesakux ¢op-
MyJ1, IKi MICTATb iHTerpajii (JOBXWHA Ty~ v
' KpMBOI, TUIOIA TIOBEpXHi, 06’eM Tiia
obepTaHHs, poboTa cwymm Tolio). Y Hail-
TIPOCTIIIMX BUITIANKAX IHTeTPaIbHI Ta IH- >
Terpo-avdepeHIiabHI pIBHIHHSA 3BOAI- 0
ThCA A0 AudepeHIaTbHUX PIBHAHD 1T~
XOM audepeHIiIOBaHHS.

MDpurkaan 1. Yu e dyukuis
y=tgXx po3B’A3KOM maudepeHIIaTbHOTO

PIBHSHHSA ¥’ = + 1? Puc. 2
Po3B’g3a4dH g9 Ockigeku

y'= 12 =tg’x+ 1, TOo 3amaHa GYHKIIA 3aJ0BOIBHIE IudepeHIiaTbEHe
COS X

PIBHSIHHA ¥ Ha KOXHOMY 3 iHTepBaliB [, = [—g
MbepeHUIHOBHOCTI 1€l GYHKIII € po3B’I3KoM DIiBHSHHAL.

Ilpuxkanan 2. Joeectw, mo GyHKUIs y= ¢ (X), 3a0aHa IapaMeT-
pUYHO, x=te', y=e', € po3B’a3KoM midepeHIIATHHOrO piBHaHHA (1 +
+xy)y' +y*=0.

+mk, g + nk) HeTlepepBHOL

-1
J dy_dy dx__e
Po3sB’a3aHHa Maemo b

-, THCIIS TACTABIISTHHS
B PiBHIHHA JicTaHEMO

a +r)-[~—, e J+e’2’=0.
e (1+1)
Ipuknan 3. 3HaifTy iHTerpasbHi KPUBI PIBHAHHA Y’ = J/X.
Po3B’s13aHH4a Buxopucraemo merorn isoxmin. Jns 3amaHoro
PIBHSHHS i30KJIiHM MalOTh BMIVIIA y/X = k, k=const abo y=kx, ne k=
=tg o = yy/X. A OTXe, IHTerpaIbBHUMU KPUBUMHU € CdMe TBIpAMi y = cx
(x#0); x=0 (y#0) (c — noBuTEHA crana) (puc. 2).

Hoacnenns. Ockinbku 3 Touwi (0, 0) mose He BU3HaueHe, TO IPAMI y = cX He MOXYTb
6yTH iHTerpaJbHMMH KPUBMMH, 60 Touka O (0, 0) HameXUTh KOXHIH 3 1yx MPAMMX.

IIpuknan 4. [Ina mubepeHIiaMbHOrO PiBHAHHA Y’ =— X/y 3a-
MMCaTH M0 OXHOMY PO3B’A3KY:

a) B gBHiil dopmi;

6) B HesaBHiI1 dopMi;

B) B IIapaMeTpHyHiil dopMi.

PosB’a3aHH4 a)Jlerko moMituty, mo ¢byHKis y= V1 -x2? ¢
PO3B’3KOM 3aJ[aHOTO PIBHSAHHA, AKUIO X € (- 1, 1). Maemo - x/Y1 —x % =
=—xAN1 - x2.




6) OyHxuiga y =y (x), 3a1aHa HesBHO CHIiBBITHONIEHHSM 3+ 2= 1,
y> 0, TakoxX 3amac PO3B’SI30K 1IbOTO PiBHAHHS. CIpaBi, B CUIY PiBHSAHHS
TMOBHUH JrdepeHttian 1€l GyHKIii

dpd+y - 1)=2xdx+2ydy=2xdx—§-2ya’x=0.

B) ITapameTpudHO 3amaHa GyHKILA X = cos 1, y=sin 1, f € (0, ©) Takox
3a[a€ PO3B’A30K PiBHAHHS, OCKUILKM A4 Li€i yHKILii

dy cost  cost

dx —sint sint
3a3sHayMMO, IO KOXHa 3 (YHKIHI a)—B) 3amac Yy K HellepepBHO
mdepeHLIIFOBHY (QYHKILIIO apTyMeHTY X. )
IMpuknana 5. Cxiactu nudepeHiniantete piBHAHHA ciM’i napabos
¥ =cx.
PosB’a3aHH4 [udepeHuiooun obuIBi yacTiHY PIBHOCTI
y? = cx 3a 3MIHHOIO X, JiCTaHEMO

Yy =cx;
2yy' =¢
abo y = 2xy' — mykaHe mudepeHLiaTbHe PiBHIHHS.
IIpuknan 6. CKimbKM po3B’sa3KiB y= ¢ (x) mudepeHLiaIBEHOTO
PIBHAHHSA XY’ + ¥ = J* In X BU3HAYa€ CIiBBiTHONICHHS Yx+Inx)=1-y?
Po3r’a3aHHsa 3agaHe midepeHmianbhe PIBHIHHS BU3HAYeHe
B NpaBiif miBrutorwmHi (x > 0).
OCKUIbKM  pO3B’S3KOM IM(epeHIIIaATBHOrO pPIBHAHHA MOXE OyTn
Jile HerlepepBHO audepeHLiifoBHa ¢yHKIA, To (YHKIlO V=9 (%),
3a[laHy CIIBBITHOIIEHHSM Y (X +1Inx) =1 -y, po3miaHeMo Ha TIpeIMeT

T
Y= x(1 +x+lnx)2 -

Jlerko moMiTuTH, 1O icHYE TOYKa X, > 0, Taka, mo 1+ X +Inx;=0.
3HaleHa i3 CIiBBiHOIWEHHA byHKUIA y (%) i ii moxixHa HemepepBHi Ha
KOXHOMY 3 iHTepBaJiiB (0, X;), (X, + ), i, OTXe, 3afaHe CIiBBiTHOMIEHHS
BU3HAYa€ (Ba PO3B’A3KW AMbepeHLIaIbHOrO PIBHAHHSA, SKILO 3HaileHa
bysxiis bopManbHO 33a00BONBHIE PIBHAHHA. OCTAHHE TBEPIDKEHHS Ma€
Miclle

(x+Dx 1 _ Inx
x(l+x+lnx)’ l+x+lnx (| +x+Inx”

Ko x € (0, x,) abo x € (X, + ). I'pacdiku posp’askiB (iHTerpambui KpH-
Bi) 300paxeHo Ha puc. 3.

IIpuknan 7. KopucTyiouuchk MeTomom 130KJIiH, To6yayBaTH Ha-
6/DKeHO IHTerpajibHi KpHMBi PIBHAHHS xy' =2y.
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Po3B’a3aHH4 I30k1HM gagoro piBHSHHS 330alOThCH CITB-
Bl}lHOH.IeHH}IM 2y/x k abo y = kx/2, ne k = const. OckinbKu plBHHHH}I He
3MIHMTBCSA TIPU 3aMiHi X Ha — X, Y Ha —y, TO OTXe, HOro IHTerpaibHi KpUBi
CHIMETPUYHI BITHOCHO 000X oceil KOOpAUHAT. ,ZIocmzmsum Tie pLIVIA KBa/I-
PaHT, AicTaHeMo IHGOpPMALIilo PO BCl IHTErpajbHI KPUBI.

J7s 11o6y1oBM iHTerpaJIbHUX KPUBUX CKIIAAEMO Tabauiio (k = tg o)

k o y
0 0 0
n x
! 4 2
3| F 3
V3 3 2X

iT A

HagiTth 06MexXHBLIVICH KUTBKOMA 130KJIiHAMM, MOXHA 300pasyTH iHTe-
rpathHl KpMBI, LIO JIeXaTh y MepIIoMy KBaapaHTi (puc. 4). 3ayBaxuMo,
110 Bick Ox € IHTErpajibHOIO KPUBOIO.

Hosecty, mo 3amaHi GYHKINI € po3B’A3KaMM BKa3aHUX pPiBHSHB
(ce R):

sin x

1. y=" Xy'+y=CosX.
2. y=xV1-x*, yy'=x-2x>.
3‘ y:earcsincx, xy, :ytg(].ny)
¥
q Xo X
Puc. 3 Puc. 4




X
2 2
4.y:e"fe5ds+ce", y'=e*”

0

J- Sds, xy'=y+sin x.
0
- e oy — X
6.y_x(‘|. xdx+c], xy' -y=xe”

7 x=cost, x+yy' =0
“Jy=sint
y=e™',

9 {x:tlnt, y'Iny' /4 =4x;

8{ =te', (1 +x) y’ +y' =0

y=t>QInt+1).

10. y=x(c-In|x]), (x-y)dx+xdy=0.

cy+1 ¥y

(Inx-Iny) ’
12. x=ylny, y' (x+y)=y.
INepeBipuTy, UM € IMOfaHi CITIBBITHOLIEHHS iHTErpajlaMM BKA3aHMUX

11. x=ye , Y' =

PIBHSIHE (C = const):

10

13.e77-cx=1, xy'+1=e".

U.y’= 45 0 -dy+yde=%.

15. %2+ 2ex=¢, y?+2xy =y+ 1.
16.arctg§—ln<0\/_f+_)'f’>=0, c>0, (x+y)dx-(x-y)dy=0.

17.x=yjsint2dt, y=xy' +y?sinx
0

18.x‘|.%1—tdt=ylny, xy'+xIny=xsinx+ylny.
0

Mertonom i30KiIiH ITOOYAyBaTH iHTerpaIbHI KPYBi TAKUX PIBHAHD:

19. y' =2=%. 20.y' =x+ 1.

y+x



2. y'=x+y. 22.y' =y-x.

23.y'=(y- D 24.y'=(y-Dx.
25.y' =x?-y2 26.y' =cos (x-Y).
27.y'=";1- 28.y' =(1-y)(1 -x).

29.y' =y-x?+2x.

30. na qudepeHLiabHOrO piBHAHHA Y’ = f(V), Ie
_[ 3y, y<0;
7o) _{ 29", y>0,
3HalTM TIPOMIXKM, Ha SKWX 3amaHi GyHKINl OyxyTh HOro po3B’sI3KaMu:

12 1 X, x<0;
a) y=(x- 1% 6) y=4 S~ > gy yy-10)  0<x<1; Ha-
0, x<0; 2
x-D7, x> 1.

KpeCIUTH Tpadikul, TOICHUTU TeOMETPHYHUIA 3MICT.
31. dna mudepeHIATBHOTO PIBHIHHA y' = f(V ), Ie

3y, y<0;
fo)={2V, 0<y<l;
2, y>1,
3HAWTU ITPOMDKKM, Ha SKMX 3amaHi dyHxuil OyayTe HOro poss’si3KaMu:
X, x<0;
a) y=x56) y=4 x%, 0<x<1;
2x-1, x> 1.
Haxpecmity iHTerpajibHi KpUBi PIBHSIHD!
3, dx_ x+y 33, dv -} 1, sxamo y=x;
Tdy |x+y| “dx )0, gxuo y#x.
34, & _x+ly| 35, @ W
dy y+l|yl dx | xy|

Cxutacty mudepeHIiaabHI PIBHIHHSA CiMeil KpUBUX:

36. y=x*+c¢, ce R.

37. arcsinx +arcsin y=c¢, ce R.

38. X% + % = ce ™®¥’ — cim’a norapudmivHMX cripaneif, ¢ € R.
39.xtg(x+c)=y, ce R.

40. xch (x+c¢)=y, ce R.

41. p’ = a cos 20, a — TapaMeTp.

11



2 2

42. 7 —+-Y— =1, c — napamerp.

a+c b+c

43. 3Haitty mudepeHIiabHe PIBHIHHA BCiX KilT HA TUTOLIMHI.

44. 3HaiitTu nudepeHilianbHe PIBHSIHHS BCIX napaboj Ha TUIOLIMHI.

45. 3Haiitn mudepeHIiaNbHe PIBHAHHS BCiX KU1, 110 HJOTHKAIOTECS IO
OCi OpIUHAT.

46. 3Haiiti mudepeHIiaTbHe PIBHIHHS CiM’i LMKJIOIA X = ¢ (f—sin t);
y=c(l-cost), ceR. .

47. CKitbKu po3p’s3KiB AubepeHiaTbHOTO PiBHSHHA y' =- 1/ Bu-
3Haya€ CIBBITHOUIEHHS J = i + C TIPY KOXKHOMY (bIKCOBAaHOMY 3HAYeHHI
¢ € R? Hakpecimmry iHTerpaibHi Kpusi.

48. CKiTbKM pO3B’A3KIB AudepeHIIaTbHOro pIBHAHHA V' = %/3— BU-

P
3
3Haya€ CIHiBBIAHOIIEHHS Y= VxZic IpU KOXHOMY (iKCOBaHOMY 3Ha-
yeHHi ¢ € R? Hakpecoutu inrerpameni kpusi. Yu mae PIBHAHHA iHIO
po3B’a3ku? ki?

49. loBectw, 1m0 GYHKIIS y =@ (X) € PO3B’I3KOM 3agayi Ko
% =f(x,y), ¥y(x)=y, Toml ¥ TIIBKM TOMi, KOAM BOHA € PO3B’3KOM

X
IHTerpaabHOTO PIBHAHHA ¥ (X ) = ¥, + _f f(s, y(s)) ds.

o

50. TToxasatu, 10 CIIBBIZHOLIEHHS y = cX” 3afa€ PO3B’A30K Jde-
PEHIIAILHOrO PIBHAHHA Xy’ — my= 0 IJIT KOXHOro ¢ € R.

51. TTokasatu, mo Bci Po3B’aA3KM OudepeHIaATBHOrOo PIBHAHHA
(l+xy)dx—-(’+1)dy=0 MOXHa TOJATH y BMIIAI CHiBBiTHOMIEHHS
y=x+cV1+ X, ge ¢ — noBuIbHA JilicHa cTaa.

52. Tloxasatd, uwio Bci po3B’s3Ku AudepeHIIaTbHOro PIBHSIHHA
xy'+y=y?lnx MoXHa ToHaTU y  BMIVIAAI  CTIBBIAHOLIEHHS
yiex+Inx+1)-1=0, ce R.

§ 2. PIBHSIHIST 3 BITOKPEMJIIOBAHIMH 3MIHHIMI

1. PiHauHS BUIIISAAY
Y ofx)gm) (1)

Ha3UBAETHCS PIGHAHHAM 3 8i0OKPEMAOGAHUMY 3MIHHUMU.

OueBunHo, mo ¢yHKIGI y=c, Taki, 10 g(c) =0 € posp’a3xamu
piBHgHHA (1). IHii po3B’s3kM, B3MOBX AKMX g (1) # 0, 3a10BOJBHSIOTH
CITiBBITHOIIEHH
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x)dx+ec, 2
prasd FiCy )
e ¢ — OOBUIbHA [iliCHa cTaja.

Po3p’a30k 3amaui Komri 3 IMOYaTKOBOIO YMOBOIO Y (X) =y, MOXHa
TIOIaTH K

gm I @) dx. 3)

2. 3 pudepeHIiaIbHUM PIBHIHHAM
=f) (4)

[I0B’93aHO TIOHATTA BEKTOPHOTO ITONA Ha npsamiil. Bekropu rona 3a-
BIOBXKU |f(y)| Matlote moyatok y toumi O (0, 0); Hampam ix abo
30iraeTbed 3 HoAaTHUM HarpgaMoM oci Oy, gkuio f(y)> 0, abo npotu-
JIEXXHUIH 10 HbOTo, Ko f(y) < 0.

Touku, B IKHUX HaIIpSM TIOJIS He BU3HAYEHMI, HA3UBAIOThCI 0COOAU-
sumu, abo NOAOICEHHAMU pigHO8AU.

3a BEeKTOPHMM IIOJIeM HeBaXKO CXeMAaTH4YHO 300pa3uTU iHTeTrpasibHi
KpUBI DIBHAHHS.

it moOyaoBH IHTerpaJlbHUX KPUBUX PIBHAHHSA

dy _
3py4YHO KOPHUCTYBAaTUCS I10JIeM HarpsaMiB. [30kminu wis (5) MaroTh BUTJIS

f(x)=k, ne k — crana. 3Hak dynxkuii f (x ) BU3HAYae XapaKTep MOHO-
TOHHOCTI pO3B’s13KiB PiBHIHHSA (5). OcKiIbKU d—z =f'(x), TO 3 piBHOCTI

f'(x) =0 nerko BU3HAYMTH TOYKU IEPETUHY lHTEI‘paJILHI/[X KpUBHX. 3HaK
TIOXiTHOI f7(X ) BU3HAYAE XapaKTep ONMYKJIOCTI OCTAHHIX.
PiBusanng

y' =flax+by+c) (6)

3aMiHOIO z = ax + by + ¢, e z — HoBa QYHKINA apTYMEHTY X, 3BOAITHCS
10 BUIJENY (4).
3. 3a3HauuMo, 1110 TIpY iHTeTpYBaHHI pIBHIHHSI

MXx)N@p)dx+P(x)Q(y)=0 (7)
B TIpoLieci BUIOKPeMJIEHHS 3MIHHUX IIpH TIepexofi A0 piBHSHHSA -}%—)) dx +
+ 1%—(0}’1—; dy=0 MOXJIMBa BIpaTa iHTETPAJIbHMX KPUBMX, IKi BU3HAYAIOTHCA
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criBBinHoMmeHHsSIMU P (x) =0, N(y)=0. Ciin 3BaxaTy Ha Te, 1O IIpH
TeperosHavyeHHi JTOBUIBHOL CTainol ¢ — ¢ (¢) HeobXiHO BpaxOByBaTU
MOXKJIMBE 3BYXeHHS 001acTi Ii BU3HaYeHH.

ITpuknan 1. Po3s’a3atu piBHAHHS

3e"dxsiny+2_exdy:0.

cos y

Po3B’a3annsg O6racts BUSHAYCHHS LbOTO PiBHAHHS {¢x, ¥):

xe R, y# g +ml, le Z}. BitoKpeMIIOIouM 3MiHHI, JiCTAHEMO 23e —dx +
— e
-ST;%OT)) =0. [Ilpy 1BOMY MOX/IMBA BTpaTa iHTErpabHUX KPUBHX
x=In2, y=nk (ke Z). ®opmansHe iHTerpyBanus mac - 3 In [2-e*|+
+In|tgy|=c,, ne ¢, € R Tliciaa MOTEHU{IOBAHHSA MATHMEMO (—t% =tef,
e

IMpuifHABIIM HOBe MO3HAYeHHS JOBUIBHOI CTANOI I MTOKJIABLIY ¢ = + e 4,
OTPUMAEMO

tgy

=c. 8

(zx )3 ( )

CriiBitHoOIIEeHHS (8) BU3Hava€ Bei 6e3 BUHATKY po3B’a3Ku BHUXITHOI'O

PIBHAHHA (B ToMy wicii i x=1n2, y= k), gkuo ¢ podira€ MHOXUHY

BCIX HICHMX wucel, ¢ € R. 3a3Ha4MMO, 10 PO3B’A30K X = In 2 IicraeMo

3 (8) rpaHIYHIM ITePeXOoOM 10 ¢ (€ — 0 ).

IMpuxnan 2. Posp’s3atyu piBHsauug Vy dx = g dy.

Po3sBs’a3anu4a O6Gracte BU3HAUYCHHS PIBHSIHHI — Ile MHOXMHA

{(x,¥):xe R, y20}. Binokpemmoou 3MiHHi, 3HaineMO %’5 = 2—‘%, TIpH
uboMy x # 0, y=# 0. @opmarbHe iHTerpyBanns nae Vy = In| x|+ ¢, micis
Tlepero3HaYeHHs ¢, = In ¢ micranemo

y=In’cx. 9)

ChiBeinHomieHHs (9) Ja€ MOXIMBICTH 3706YTH IHTeTpaJiIbHY KpPUBY
x=0 (y>0) rpaHMYHNM IIEPEXONOM IPU ¢ —> . JIBi iHIi (BTpaueHi B
npoueci GopMaNbHOrO iHTETpYBaHHS) iHTerpajbHi KpPUBI y=0 (x>0,
y=0 (x<0) He MOXHa OTPMMaTH i3 criBBimHOEHHS (9) IIPU XOTHMX
3HAYeHHSIX ¢, 4 OTXe, iX Tpeba NpUENHATH O OIHONAPaMEeTPHYHOI CiM i 9.

Ilpukaan 3. Poss’a3atu piBHIHHS p' = 28X,

Pos3r’a3aHH4 IlpaBa yacTWHa piBHAHHS He BM3HaYeHa pu
x = 0. loBu3HauMMo ii HellepepBHICTIO, TOKJIABIM ' = | Tipu x = 0.

Po3B’130K LI6OTO PIBHSAHHSA He BUPaXaE€TbCd B eJIeMeHTapHUX (pyHK-
LigX, TOMy nogamo ¥oro v dopmi Korui
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X

y=[SEdx+y.  (10)

i

X - -
P /
%, ‘\\ / L
Hesaxatouu Ha Te, LIO iH- \\//
Terpai y mpasiit yactiHi (10) Ta-
KW, 10 «He DepeThCa», 3TTHO 3 —

(10) MoxHa OTpUMATH HEAKY 0 x
iHpopMalliio Tpo Xix iHTerpab-
HUX KPUMBHX JOCJIKYBAHOTO PiB-

HaHHA. OTXe, KOXHa IHTerpajibHa
KpHBa Ma€ CBOIO TOPU3OHTAJIBHY

Puc. 5

aCHUMIITOTY, OCKUIBKHU lim y= % +,, limy=- g + ¥, (TYT BUKOPHICTOBYEMO
X — w0 X—>r—
j%“ dng). MpsMi x =7tn (n € Z) € MHIIMU KCTPEMYMIB iHTeT paIbHIX
KPHUBHX, a BiCh OPAUHAT — MHOXMHOIO TOMOK IX ITePeTHHY.
Mpukaan 4. Jocmgumy Xix iHTerpaJbHUX KPUBUX AudepeH-

1HiaJIbHOTO PiBHAHHA Y’ = % x 1A,

Po3e’sa3aHH4 IlpaBa yacTvHa piBHIHHS BU3HaYeHa I Herlle-
pepBHa MPK X € (—a0; 0) U(0; + o) (y e R). IsoxyiHamMu € mpsami x = a,
e a — QificHe YMcJI0, TPy LIbOMY 130KJiHaMU HyJI X = O € po3B’43Ku

. dx 3
PIBHSHHA = Vx.

V JIiBiif THBIUTOMIMHI IHTeTpaibHi KPHBI CIIAAAI0Th, OCKIIBKYU % <0,y
IpaBiif — 3pocTaroTh % >0]. Jligii excrpemyMiB HeMae. OCKUIbKU

y" <0, To B 060X MIBIUIOLIMHAX iHTerpajbHi KpUBI OIYKJi BHM3, TOYOK
meperuHy HeMae. ITpu | x| — + o0 HaIpPAMM ZOTHMHUX JO iHTeTpaJbHMX
KDMBUX HaOMDKAIOTBCA MO TOpH3oHTAIbHOro. OTpuMaHol iHpopMarlii
JIOCTATHBO [UIA ITOOYNOBU IHTErpaJbHMX KpUBHMX (pHC. S), aHaNTHIHUHN
BUpa3 [JI SKUX JIETKO 3HAWTH, TPOIHTErpyBaBIIM PIBHAHHSI J = X e,
ce R

JlocmianTH Xif iHTETpalbHUX KPUBHX 3a ITOJIeM HalpsMiB 1, IIpo-
iHTerpyBaBIllI PIBHAHHS, HAKPECIUTH BUALCHY iHTeIpaIbHY KPHUBY:

P . P .
53.y'=-% M D. 4.y =L M(?_, 0).
3HaliiT BepTMKAIBbHI, TOPHU3OHTAIBHI Ta ITOXWI aCHMIITOTH IHTer-

PaTbHMX KPUBHX, 1O TIPOXOMATH Yepe3 JaHy TOUYKY; 3pOOMTH PUCYHKM:

55. y'=—2xe"‘2; M@©; D). 56.y' =—15; M(0;0).

1+x
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2x x
LY == ; ; — D). 58,y = —2—; ; 0).
STyi=-GiE MO-D. Sy = of s M(1;0)

59. 3" =¢"": M(0;0).

+ 0

Bxas3iBKa: CKOpHCTaTHCS HeBIACHUM IHTErpaoM J-e"‘z dx =
0
N
=V3.
60. y' =—1— M(©;0). 61.y'=1+y% M(;0).
COS Xx
62.y' =y, M(O; ). 63.y' =-y% M(0;1).

64.y'=y’—1; M(0;1).

3HaMIIOBIIY PO3B’A3KM BUIJISLAY y = b, nobyoyBaTH CXeMaTHYHO
IHTerpajibHi KPUBI PiBHIHE:

65.y' =y*- 1. 66.y' =y?-5y+6.
67.y =y?-4. 68. y' =sin y.
69.y =ylny. 70. y' =y ¥,
71.y’:$~ 72.y" =2+ 1.
' _ 2 ' - ylﬂ(yz), y¢03
73.y' =y -y?). 74. y {0, y=0,

BuBYnTH TOJTe HANPAMIB, TIOpOmKeHe PIBHAHHAM (METOIOM i30KJIiH),
BKa3aTH OOJIaCTI 3pOCTaHHS ¥ CIIamaHHS DPO3B’A3KiB, 3HalTV NiHil exc-
TPEMYMIB, IIepeTHHIB Ta HAaKpPeCIUTU CXeMATUYHO IHTerpayibHi KpUBI.
Po3B’g3aTit piBHSHHA Ta BUBYMTH TIOBe JiHKY }oro po3B’a3kiB. [TopiBusay
OTPUMaHI pe3yJIbTaTU,

75.y' =0. 76. y' =1.

77.y' =-1. 78. y' = - 2x.

79. y' = x2. 80. y' =2 x.
2 2

81. y' =—2xe ", 82.y' =e*.

83.y =L ' 84.y' =— 1/

1+x
85.y' =-y. 86.y' =y?
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87.y =1/. 88.y' =2[y].

89.y' =21y. 90. y' =3y .
91.y' =e”. 92.y =-y?-2xy-x>.
93. y' = 2xy. 94. y' = y cos x.
95. y’ zl—zi%z—. 96. y' = \y/x.
-X
97. y' = 3x2/2y. 98. y' = y/\x.

99. x(y2-dx+y(x>-1)dy=0.

TIpoiHTerpyBaTy piBHAHHS Ta po3B’s3aty 3amadi Komri. Haxpecimi

IHTerpaibHi KPUBI:

100. y'=y; M(©O; ). 101.y'=-y; M@©;1).
102. y'=-y% M(0;0); M(;1).
103.y'=y-1; M(;1). 104. y' =2y; M(-1;1); M(0;0).

105.y' =Vay - 1; M[O;%J.

106. 3’scyBaTy, B 4OMY IOJITa€ ITPUHLIMIIOBA DI3HMIIA MLX PpO3-

B’g3KkaMu 3afadi Komi 3 rodatkoBoio ymoBolo y (0) = 2 mns piBHAHB

yl

|

~0
RS
O~
RS
NS
o

=2xVy—2 1a y' =4xy - 4x - xy °>. Hakpeciuru rpadiku.

Po3B’s13aTH iHTerpaIbHI PIBHAHHS, 3BiBLIHM 1X 10 MMdepeHLIaTbHUX:

107. y=2 [y dx. 108.Vy =[yadx.
0 0
109.y:Ie’ydx, (x> 0). 110.y=Jydx+ 1.
1 0
IIpoiHTerpyBaTyl piBHSAHHS:
111. y’ =sin® x. 112. y' =x’e™.

1 _ ___7 r_ 1
13.y'=~1-x". 114')"1“/;-
115, y' =—*—00. 116. y' = -2,

¥ 1+x2+V1+x? Y xi+1
117. y’ =x cos x. 118. y' = cos’ x.
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119. y' = X 120. y' = e x.

In x’

121. y’ = sin x cos 3x. 122. y' = 1 /In x.
123. y' = IN x + x 2. 124. y’=Inx + 1.
125. y' =e”. 126. y' =y + 1.
127.y' =In y. 128. y' = 1+-L,
y
129. y' =yln y. 130. y' = 1 +i.
131. y' =2 +Ty]. 132. y' = cos? y.
PN v |
133. y' =Vy-x. 134. y T

135. y' =Vy—x +1 (HaKkpecMTH IHTerparbHi KpPUBI).
136. y' =Vx?-y +2x.

Bxasiska. IlincraBumu x2-y=z.

137. - x)\V1+x2y' =1 +y?) %,

Bka3siBka. ITincraBumy x = tg u, y:tg.v.

138. (ax - by)dx+ (bx +ay) dy=0 (3pobuTi pucyHok).

Bxasisxka. Ilepeittu o TIOJIIPHUX KOOPAMHAT X = p COS @,
¥y=psin o.

BinoxpemuTyt 3MiHHI Ta mpoiHTerpyBaTH piBHSHHA. Po3B’s3ati moc-
TaBJleHi 3ama4i Komii tam, me 3amaHa mouarkopa touka:

139. xydx+ (x+ 1) dy=0.

140. y’' ctg x+ y=2; y (n/3) = 0.

41 2+ xpY)y +x2-x2=0.

142. e’ 1 +x?)dy-2x (1 +e”?) dx=0.

143. xy >+ x)dx+ (¥ -x%) dy=0.

44. x+2) e’ dx+yVx+1 dy=0.

145. (1+y2)dx—(y\/_1+*yz)(l+x2)mdy=0.

146. (1 +y°) (cos x +sinx ) dx + y Vsin 2x dy = 0 M (n/2; 0).
147. y-xy'=a(l +x?y"), a — napamerp.
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Y
w
M
: r
i o
o 1 8
0/7' P 4'\ X \x
/]
Puc. 6 Puc. 7
148, &

-0
149. y' =Vy Nx.
150. 1 +y?) (eZdx—e’dy)-(1-y)dy=0.
3HaTH po3B’43KH, SKi 33J0BOJIBHIIOTH BKa3aHi YMOBH:
151. x 3’ —cos? 2y =1, limy (x)=9n/4.

152. 3y’ + 16x=2xy>, y(x) — obMexXeHa IpU X —> + .

153. 3HaifTy KpUBi, Ul SIKMX CyMa BifpiskiB Hopmam AN 1 maHop-
maii PN (puc. 6) cTajia BeJIMYMHA, 110 AOPIBHIOE 4.

Bxa3iBka Buxopucrarn dbopMyly HOBXKMHM BiIpi3Ka HOpMas
MN=|yN1+y?| :

154. 3HaifTH KpUBY, [UIA IKOI CyMa JOBXWH TOTHYHOI Ta IIIOTAYHOL
TIPOIIOPIIiifHA JOOYTKY KOOPAWHAT TOUKH TOTHKY.
B x a3iBka Cxkopucratvcsa GopMyIaMH TOBXWHU BIiIpi3KiB 10~

mnunoi TM ta miggoruusol TP (muB. puc. 6) TM = l ;"—,V—ﬁﬁ
TP=2X.
y

155. 3HaiiTi KpuBi, IUId SKMX TaHTeHC KyTa MiX JOTWYHOIO Ta JO-
JaTHUM HarpsMoM oci Ox obepHeHO TIpOMNOpLiiHMIA abcimci Touxu
IOTHKY.

156. 3HaiiTH KpMBY B TOJAPHIA CHCTEMi KOOPOVHAT, SIKa MepeTUHAE
BCi palliycH-BeKTOPH Il KYyTOM @, TaKuM, 110 tg ® =0 (puc. 7).

Bxa3iBka Ckopucratuca GpopmMynon tgo = ~r'~,; OCKIJTBKU ® =

(]
_ _ tgo-tgh _r'sinf+rcosB _ . _
—(X.—e, TO tg ® —m%g‘é, tga—m, th-—y/x, TOMY tg o =
=r/r.

157. 3HaliTit KpuBi, [UId SKMX IigHOpMaab PN (muB. puc. 6) cKpisb
JOPIBHIOE p.
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BxasiBka Buxopucrarm ¢opMyiny OOBXMHM TiZHOpMaJi
PN=|yy'|.

158. IlIBMAKICTE OXOJIOIXKEHHS TUTA B IOBITPI MPOTMOPLiiHA Pi3HULL
MIX TeMIlepaTypolo ITIOBITpS i TeMIlepaTypolo Tina (3aKoH Hrlotona).
3HalTH 3aKOH OXOJIOIKEHHS Tila, SKUIO Temrieparypa moBitpsa 20 °C i
TUto Tipotsarom 20 xB oxomoamwiocs Big 100 °C mo 60 °C. Yepes cKimbku
XBWIMH TeMIlepaTypa Tijla 3HU3UThea go 30 °C?

159. 3a 30 gniB posnanocs 50 % nouyaTkoBoi KiIBKOCTI pafgiOaKTUBHOI
PEeYOBUHM (KIMBKICTb DPaflioaKTUBHOI PEYOBMHM, IO pO3MafacThcsd 3a
OIMHULIIO Yacy, IIPOIIOPLIiitHA KiITBKOCT! 1€l PEYOBMHU B JaHMII MOMEHT
yacy). Yepe3 CKUIBKY AHIB 3aymiuThbed 1 % ToyaTKoBOl KUBKOCTI?

160. YoBeH croBUTHHIOE CBIif pyX Iia i€l OMOpPY BOTH, SKMii MPO-
TOPLIMHMA 1UBUAKOCTI YoBHA. [loyaTkoBa IBMAKicTH woBHA 1,5 M/c,
gepe3 4 ¢ Horo mmBMaKicTs ctaHoBWM 1 M/c. Komm nmuaxicTs 3MeH-
umteca go 0,01 m/c? fxuit nuisx npoiine 4YOBeH A0 IIOBHOI 3YTTMHKH?

161. KinpKicTs CBiT/Ia, IO TIONIMHAETHCA 11APOM BOMIH, ITPOTOPLIHA
KUTBKOCTI CBITJIa T TOBIIMHI BOASHOTO Imapy. Tak, nrap Boau 3aBTOBIIKKI
35 cM MOINIMHA€E IOJIOBUHY CBIT/IA, SKe Ha HBOrO Majac. Ky 4acTHHY
CBITJIa TIOTJIMHAE IIap 3aBTOBLUKU 2 M?

162. Maca pakeTd 3 NOBHUM 3allacOM TajluBa JOpiBHIoE M, Ge3
NajiBa — m; IIBUAKICTb BUXOAY NPOAYKTIB FOPiHHS 3 paKeTH JAOPIBHIOE
C, a MoyaTKoBa IUBMIKICTb PaKeTU — HYJHO. 3HaNTH LIBUAKICTb paKeTH
ICJI 3rOPAHHS BCHOIO MNailBa, HEXTYIOMM CUWIOIO TSKIHHA Ta OIOPOM
noBiTps (popmyna LlionkoBceKoOro).

Posp’d3ati 3a1a4i 3 Takolo yMOBOIO: IIBMAKICTh BUTIKAHHS PiIMHU 3
nocyaan v =k 2gh (ne g~ 10 mM/c’, h — BUcOTA piBHS PiVHK Haj
OTBOpPOM, k — KoedillieHT B’ a3KocTi (Ut Boau k = 0,6)):

163. 3a axuii yac BuTeye BCs BOA 3 LWIHAPUYHOTO 6aKa AiaMeTpoM
1,8 M, 3aBBumKku H = 2,45 M 4yepe3 Kpyriuii oTBip y AHI, pamiyca 3 cm?
Bick 6aka BBaXXaTH BepTHMKAJIBHOIO.

164. Po3p’43aTi ToNepenHIO 3ajady, BBAXAlOuM, LIO BiCh 1WUTHApA
pO3MillleHa TOPU3OHTALHO, a OTBIP 3HAXOAUTLCS B HAWHIDKYI 4acTHHI
LULHApA.

165. Jlijfika Mae BUITISII KOHYca, Pajliyc OCHOBHM SIKOTO 6 CM, BHMCOTA
10 cM. 3a gxuii yac BUTede BCA BOJA 3 HAMOBHEHOI HOBEPXY JIIKU Uepes3
oTBip aiameTpoM 0,5 cM, 3pobireHuit y BepIMHI KoHyca?

166. CraponaBHiit BonsHMIT TOIMHHUK — Lie Yama (oBepXHs obep-
TaHHA), 3 SKOi 4Yepe3 HEBeJIMKMIA OTBip y AHI BUTIKa€e Boma. Taki ro-
JMHHVKY BUKOPHUCTOBYBAJIUCS Ui XPOHOMETPYBAHHS TPOMOB aIBOKATIB
y CTaporpelbKyX cyax. 3HaiaiTe GopMy BOXSHOTO TONUHHMKA, NP SKiit
piBeHb PIIMHH 3HXKYETHCA PIBHOMIPHO.
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§ 3. OAHOPIAHI PIBHIHH

1. ®yuxuia f (x, y) Ha3UBA€TbCS 00HOPIOHOK BUMIPY m, SKILIO IULL
JOBLTBHOTO 7> 0 BUKOHYETbCA PIBHICTD f(Ix, #y ) = t"f(x,y).
JudepeHiiaabHe PIBHIHHA

y =fxy) (1)

Ha3VBAETbCs 00HOpiOHUM, SIKIIO f (X, ¥ ) — ONHOPiIHA dbynkuig BuMipy 0.
PiBHSHHS B cuMeTpuuHif dopMi

Mx,yyde+ Nx,y)dy=0 (2)

€ OMHOPITHMM, Ko M (x,y) Ta N (X, y )— ogHopimHi GYHKUIL 0xHOro
1 TOro caMoro BUMIpY. .

Omuopinui piBHgHHS (1) Ta (2) MOXHa TpPaKTyBaTu AK Taki mMde-
peHIIaIbHI PIBHAHHS, 1O € iHBapiaHTHUMM LIONO PO3TATY. 3aMiHa

y/Xx=z, (3)

ge z=z(x), IPUBOIUTH OAHOPiIHE PiBHAHHA 1O PIBHSAHHA 3 BIIOKpeM-
JIOBaHVMU 3MIHHVMU.

TMepexix 00 IMOIAPHUX KOOPAMHAT X = p COS@, ¥ = p Sin ¢ TaKOX Bil-
OKpeMJIIOE 3MIHHI B OJHOPITHOMY PiBHSHHI.

PisHsHHSA BUTIIAAY

dy _ Aax+ by+c¢
dx —f[c2x+ by + CZJ (4)
. JIETKO 3BOIUTBCS IO OTHOPIAHOrO: ,
a) 3a MOIMOMOIOIO 3aMIHM X =U + Xy, Y=V + Yy, € (X, }p) — KOOP-

MHATY TOUYKU TIepeTUHy IpaAMUX ax + by +¢;=0 (i=1, 2);
. . b, . .
6) gaxumo i npsgMi He IEPeTHHAIOTBCHA, TO 3—’ = ;‘, i piBHgHHA (4)
2 2
SBOMUTBCS O PiBHAHHS 3 BIIOKPEMIIOBAHMMM 3MiHHUMM 3aMiHOIO, Ha-
MpUKIAN, X+ b,y + ¢, =2, e z=2(x).

2. PiugnHA (1) HasuBa€TbCA K8A3i00HOPIOHUM 3 BarOKO KBa3ioqHODIA-
HocTi o, SKwo f(tx, t°y)=t°"'f(x,y), 106T0 (1) iHBapiaHTHe LIOHO
3aMiHU x — I, y — 1 ° x. (VY 3araybHOMy BUNaAKy (1) iHBapiaHTHe IIOAO
saMiHM X > 14X, y > 17 y). .

KBasiogHopiHe pIBHAHHS 3aMiHOIO

=z, ()
ne z = z (x ), 3BOONUTBCS JO PIBHSAHHA 3 BIOKPeMJIIOBAHMMM 3MIHHMMH.
3amina

' t=x (6)

TIPUBOIUTD KBa3i0AHOpiIHe PIBHIHHSA [0 OTHOPITHOTO.
3. Tose HanpgaMiB, IMOpOIXKeHe OTHOPITHMM PiBHSHHSM, He BU3Haye-
He B Toulti (0, 0). LIg Touka € ocobmBoIO AJISI OMHOPITHOIO PIBHAHHSL.
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Yy y=hx IsoxitiHy ogHOpigHOro piBHIHHSA
\ ¥ ¥' = ¢ (¥/x) MOXHa TIOJAaTH y BUIJIAAI
2 M(X9, 45) y=kx (x#0). Ilpu upoMy, sKkio k
He 3a0BOJIBHAE YMOBY k=@ (k), TO

a A ¥ = kx (x # 0) — iHTerpagbHi KpHBi.
0 X ~ OcobmuBrMM pO3B’I3KaMU OHO-
PUIHOTrO DIBHSIHHS MOXYTb OYTH IHB-
Puc. 8 oci Oy Ta miBHpsMi y = z,x (x # 0), e

Z; — KOpeHi PiBHSIHHA Z=¢ (2 ).
. . dy o

1 omHOpIOHOro PiBHIHHSA == f(¥/x) nerko 3HaWTH TaHTEHC KyTa,
MO 9KUM iHTerpabHi KpUBI TepeTUHAIOTh NIPoMiHb y = kx. Hexait M —
TOYKa IepeTHHY HesSKOl iHTerpaJbHOi KPHMBOIL 3 IIPAMOIO ¥ = kx (puc. 8),
B —KyT Mix MOTHYHOIO, TIPOBEIEHOIO 10 iHTerpaJIbHOI KPUBOI B Toull M
Ta Biccio abcumc. Tomi KyT MiX MOTUYHOIO MO iHTETpaJbHOI KpUBOI i
MpsMoIo ¥ = kx gopiBHIoe ( B —a ). Tomy

te B —
tgp=tg(B-a)= 200

Ockinbku Touka M, (X, ¥, ) JeXUTh Ha TpsaMiit y = kx, To tgﬁzg;‘—: =

=f[fj =f(k). Orxe,

- Jk)-k
=1 ks )
IIpuknapn 1. Poss’a3ati piBHIHHS
dy_y+Vx'-y?
dx x

Poss’asanHs. Ockinbku mpaBa YacTHHA PIBHAHHA € OfHOpin-
HOIO QYHKIIi€EIO HYTEOBOTO BUMIpY, TO JaHe PiBHAHHS OXHODIAHE. 3aMiHa
y=z-X, Ae z=z(Xx) — HoBa byHKIL, Kac

xz’+z=z+]§\il—? abo x%signxx]l—?.

OueBnno, dyHxkuii z=+1 € PO3B’3KaMH OCTaHHBOTO PiBHSHHS.
JUI1  3HaxXoMKeHHsA IHIIMX MOro pO3B’S3KIB BIIOKPEMMMO 3MiHHI.

IpoiHTerpyBaBIM OTpUMaHe PIBHSIHHS, MAEMO j Nra g:ﬁx dx, 3BimKy
1=z
arcsin z=sign xIn | x|+c. ' _
. TToBeprarourch 10 BUXITHMX 3MIHHMX, JiCTAHEMO MHOXHUHY PO3B’S3-
KiB BHXiJTHOTO DiBHIHHS

arcsin£=signx1n|x|+c;

y=x
y=-x
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Mpuxkaapn 2. 3pectn plBHHHHSI x+y-2)dx+x-y+4)dy=0
noom{opumoro

Po3B’a3auH4d Ockieku Touka (- 1, 3) € Toukowo repervHy
msMX X+y—-2=0Ttax-y+4=0, To3amHa x=u-1, y=v+ 3 Beme 1o
piBHIHHSA (U + V) du+ (u—v) dv=0. 3aificHUBIIM 3aMiHy, rIpmaMaHHy

OTHOPIAHUM PIBHSIHHSIM, JICTaHEMO UV =2z, 2=2(V), i%izl . =0.

IHTerpyroun ocTaHHE pIBHAHHSA Ta TIOBEPTAIOWNCh JO 3MIHHMX X,
¥, MATUMEMO PO3B’A3KM BMXIHOIO PiBHAHHA X +2xy-y2-4x+8y=c,
ce R.

IIpuknanp 3. BLIIOKpEMI/ITI/I3M1HHIBp1BHﬂHHldy Zx+2-1_ ¢,

dx  x+y-2
Po3r’ga3aHH4a HeobxitHo BraTvca o 3aMiHM X+ y =z, Jle Z =
=z (x). ¥ 3MiHHUX X, Z JiCTAaHEMO DIiBHAHHS 3 BIIOKPEM/IIOBAHUMH 3MiH-

wv Z-1+2° 12 =0, po3B’a3KamMu SKOro € GYHKIII 3 OgHOIapaMerT-

dx z-2
pudHol ciM’T z -3 - In|z+ 1| = ¢ (c — noBiIbHA cTaNa). A OTXe, PO3B’A3KH1
BUXITHOTO PIBHSHHS MalOTh BUTJIAL 2X + y — 31n |x+y+ ll=c.

IIpnu Kanan 4. Hocmiguru piBHsSHHA (x 2y 2 - 1) dy + 2xp > dx =0 Ha
KBa3i0MHOPITHICTD.

Po3B’s3aHHs BeakxarmmeMmo, mo Bara x y piBHIHHI AOPIBHIOE
1, y — o, Toi dx marume Bary 0, dy — Bary (o - 1).

Pm}mmm 6y11e KBa3iOMHODITHMM TOHI, KOJMM YCi [JOJaHKHM, TOOTO
x*>y?dy, dy, 2xy*dx, MaloTb oOmHAaKOBY Bary. JUIS LbOTO cUcCTeMa
2+2c6+0c-1=6-1=1+ 30 Mace 6ym cyMicHolo. Ile cripaBai Tak. Pos-
B’A3KOM LIi€l CUCTEMM € G = — 1.

3ayBaxuMo, IO Bary KBa3iOOHOPITHOCTI ¢ MoxHa 6yno 6 3HAWTH,
BUIMAraioyu 6e3nocepe11Hbo Bi pm}mmm mBapla}m{ocn BmHocHo
3aMiHM X — £x, y — t°y. TIpu TakoMy migxomi mictanemo (#**!'x?2y?

" HYdy+ 213"”xydx 0.

3HalieHe DIBHAHHS 30ira€Tbcd 3 BHUXITHWUM, SKIO TUIBKU 36 + 1 =
=c-1,T00TO IPM 5 = - 1.

Teriep piBHAHHSA MOXHA 3BECTU JI0 OTHOPIAHOTO. JUIS 1150T0 JOCHTH 3aMi-
HUTH y=u "', ge u=u(x). [licraHeMmo piBHHHA (u *-x2u"*)dy+
+2xu " dx = 0. [Ipore MoxXHa 3aMiHUTH y/x‘l =z, e z= z(x), IO TIpH-
Bene [0 PIBHSIHHA 3 BlIIOerW[IOBaHI/IM]/I 3MIHHUMU (z -Dxdz+ (z+
+23)dx=0. IHTeerIO‘ﬂ/I OCTaHHE pIBHIHHSA Ta HOBepTa}O‘II/ICb 10 3MIH-
HUX X, ), 3Ha1/meMo PO3B’A3KM BUXifHoro piBHAHHA 1 +x2y?=cy, ce R,
IIPY LbOMY PO3B’A30K y = 0, aKuif BTPaYa€ThCs B TIPOLIEC ¢)opMaJmnoro
IHTeIrpYBaHHS, OTPUMYETBCS 3 OCTAHHBOIO CIIBBIIHOIIEHHS TPAHIHUM
TIEpexXoIoM (¢ — + o).

Cxiractu mudepeHIIabHI PIBHAHHS CiMeil KpUBUX:
167. y=cx > 168. y = ¢/x.
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169
171

.e=Vy-Vx. 170. x 2+ y?* - cy=0.
y-Yxt+yi=c 172. x = ce .

Jocmiaut MeTOIOM 130KJIH T10JIe HAIIpSMIB, ITOpoKeHe mudepeH-
IaTbHUM PIBHAHHAM, HaKPECHWTH IHTerpadbHi KpHBI Ta HOCIIUTH IX

TIOBEIHKY:
173. y' = y/2x. 174. y' = - y/2x.
175. y' = x/4y. 176. y' = - x/4y.
2 2
177. y’ =%. 178. y' =V y/x.
y o x—1 r_ ¥
179. y =y 180. y =7

Po3B’g3aTH piBHIHHI:

18l x (x+2y)dx+(x*-y?)dy=0.

182. (x>-y?)ydx+2xydy=0.

183. xdy = (ax + by ) dx. 184. (x-2y)dy+(y~x)dx=0.
185.y' = ;+Ly 186. xdy-ydx=ydy.

187. (y—-x)dx=(x+y)dy. 188. (xdx-ydy)=0.

189. (y2—4xy) dx=(2x?-2xy+2y?) dy.
190.xy’—y=(x+y)1n5:—3. 19l.xy’=ycosln£.

192. (y+ Vxy ) dx =x dy.

193. 2x -4y +6)dx+(x+y-3)dy=0.

194. Cx+y+ 1D dx - @x+2y-3)dy=0.

195.y'=2[;—+;%] 2, 196. (' + 1) InXE2_ X2y
197.x3 @' -x)=y> 198. 2xdy | (xy*+ ) ydx=0.
199. ydx +x (2xy+ 1) dy=0. 200. 2y’ +x=4Vy.

201

203

'2x}"+y:y2\()C—x2y2. 202.§xyy’:"x6—y4+y2.

. He po3B’a3yioun piBHSIHHS, HAKPECJWTH MOTO IHTerpajibHi KpUBL

(BukopucratH (7)):
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, _ , 2 2_ 2
a) y' = L@ X), 6) y' = L%

xy
c_l-xly, : N ;
B) y' = L —*L )Xy =y+ y2+zx~.
2x"y-x

204. 3uHaiiTu KXpMBYy, UId SKOI TPUKYTHMK, YyTBOpeHu#t Biccio Oy,
JOTUYHOIO Ta PajliyCOM-BEKTOPOM TOYKHU JIOTHKY, € PIBHOOeApeHuM (po3-
IJISHYTY BCl MOXJIMBI BUTIQIKH).

205. 3Haiiti KpuBYy, HmiggotuuHa IM g9Koi € cepeiHi apudMeTIIHe
KOOPAMHAT TOYKM JOTHKY (IVB. pHc. 6).

206. 3HaiiTH KpYBY, U4 SKOI BIHOIIEHHS BIIpPi3Ka, IO BIITUHAETECH
NOTHYHOIO Ha oci Oy, 10 BiIpi3Ka, IO BIITMHAETHECS HOPMAJUIIO HA OCI
Ox, € cTaja BeJIMYMHA, WO AOPIBHIOE K.

207. Ilpy axux m, n piBHSAHHA %:ax”#b)/‘ € KBasiogHOpPiTHUM?

Po3p’s3aTi piBHIHHS % =Xx" +2y?, IKI[0 BOHO KBa3i0MHOPIIHE.

208. JloBecT, L0 iHTErpATBHMMH KDMBMMH DiBHIHHA ( ax+ by +
+c)dx+(ay-bx+c )dy=0 € morapudMiuni cnipa.

§ 4. JIHIVTHI PIBHSTHHS

1. JudepeHiiialbHe PIBHIHHSI
dy _
dx+a(x)y—b(x), (nH)

ne a(x), b(x) — IOBUIbHI HenepepBHI PyHKIIIi, JiiHilHe BITHOCHO ¢yH-
Kigi y =y (x).

3araJJbHUMM MeTOJaMM PO3B’A3yBaHHA JIHIMHUX PIBHSHB € MeTOOH
Jlarpanxa (Bapialiii goBisbHOi cranoi), bepnysun ta Eitnepa.

Memod Jlazpanxca. JlinifiHe oxHOpinHe piBHAHHA (Bimmosinue (1)),
sgKe € PIBHAHHAM 3 BiIOKpEMJIIOBAHMMM 3MiHHMMM, DPO3B’I3YETHCH 3a
dopmyioro

175 N
S +a(x)y=0, @)

Maemo
yo:cexp(—Jf(x)dx), 3)

Jle ¢ — JOBUILHA HOificHa crana.
Po3p’sa30K piBHaHHA (1) 3HaxomuMo y dopmi (3), ane mpu ¢ = ¢ ( x ),
TO0TO

yI:c(x)exp(~fa(x)dx). 4)
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Mincrasnsioun (4) B (1), micraneMo mudepeHIiaIbHe PIBHAHHA MUIA
3HaxomKeHHS yHKIl ¢ ( x )

%=b(x)eja(x)dx, (5)

3BIOKM

a(x)dx

c(x)=jb(x)eI dx. 6)

Orxe, po3B’s13kM piBHAHHA (1) 3a0aKOTHCS CTIBBITHOIIEHHAM y = J, +
+ ¥ Maemo

y=e“j-a(x)dx(C+J‘b(x)eja(x)dx dx) )
Po3p’a30K 3anayi Komi 3 moyarkoBoo yMoBoto y ( X, ) = y, Ma€ BUIJISN

y=e_,{°(3m+jb(’s)e{a“)d'ds. (8)

)

Memod Bepuynni. Posp’sa3ku piBHaHHA (1) IyKaeMo y BUDISII

y(x)=u(x)v(x), )]
e u (x), v(x) 6epeMo 3 piBHIHbB:
o u(x) .
U+a(x)u=0, (10)
I v (x)
yre te sy, (11)

Pipnsanna (10), (11) merko MoxHa micTaTd It GhOpMATbHOTO -
craBiagaHHA (9) B (1).
Posw’azaBum (10), (11), MaTiMemo

u=e*ja(xm; v=c+fb(x)eja(x)dxdx. (12)

IMincrasmsannsa (12) B (9) nae BUpas, aHajoriynwmit (7).
Memod Einepa (inmeepyeansroeo mHoxcnura). TIOMHOXMBIIM PiBHSH-

Ha (1) Ha ¢yHKaII0 M (X) :eIamdx — IHTeIpyBalbHUIA MHOXHUK, —
J100yTe piBHAHHSA 3alIMILIEMO V BUTTISLAL

@) y-b)) el % gy eI"(")"‘dyzo.
InTerpyBaHHA OCTAaHHBOTO HAE
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eja(x)‘b‘=_[b(x)eja(x)dxdx+ c,

o exsiBajieHTHE (7).
PiBnsnua (7) Ha3UBaIOTb OPMYN0I0 3a2aNbHO20 PO36 A3KY JIHIHHOIO
HeogHopigHoro piBHAHHA (1).

2
X

Mpuknaa 1. Po3p’a3ati piBHAHHA ¥’ + 2xy = 2xe~

Po3B’sg3aHHS4 3alaHe PIBHAHHA € JIHIMHUM BiTHOCHO cbyHKU;u
y=y(x). IIponeMOHCTPYEMO Ha TIPUKJIaJli LIbOTO PiBHAHHA KOXHMH i3
3aIIpPOIIOHOBAaHMX METO/IB.

Merton JIarpalXa ga€ Takuii JIRHLIOXKOK MepeTBOPEHb:

2
%+2xy=0:>y0=ce"‘ (ceR)y;

2 2 2

y=c(x)e™, y'=c'e”™ -2xe ¥ ¢

%:h, c(x)=x?+c¢, (c,eR).

OTxe, 3araJbHMIT PO3B’S30K 3aJaHOTO PIBHSAHHA MA€ BUIJIAN

2 2
X

y=x%e * +ce*, ceR.
Merton BepHywli MpUBOOUTE A0 IHIIIMX IIepETBOPEHbD:

2
y(X)=u(x)v(x), u' +v+vu+22xuv=2xe ",
2 2 2
x -x

I u MaeMo u' +2xu=0,3BimKu u=e *; mma v v'e ™ =2xe” ", 3BlOKH
v=x2?+c¢, ce R

2
OcrarouHo y=e * (x2+c¢).
Meron iHTerpyBaJbHOI0O MHOXHMKA BUMara€ BUKOHAaHHS TaKUX ITe-
2
-dx .
foute e”; NMOMHOXMBIIM DPIBHSHHS
2 2
Ha 3HallneHy dyHkuo, AicraHeMo d ( ye* ) = 2xdx, 3BimKu ye* =x’+c,

ce R.
2. Jlo mMHIAHMX 3BOAITHCA PiBHIHHSI BUTIISTY

ST Zef(y)ax)=b(x) (13)

micng 3aMiHM z=f(y), Ae z — HoBa ¢GbyHKI apryMeHTy X. 30KpeMa,
piBHgHHA BepHymm

PeTBOpPeHb: 3HAXOOMMO m(Xx)=e

d) n
3£+a(x)y=b(x)y, n#0,1, (14)

K€ MOXHa IToxaTH K
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Y @ia(x)y'm=b(x), y20,

3aMiHOI0 z =y ' " 3BOAUTHLCA IO JIHIMHOTO.

Ipote po3ss’a3ku piBHAHHSA (14) iHomi 3pyyHilre IyKaTH, 3aCTOCOBY-
loun meton BepHymn Gesnocepennno mo (14), 6e3 3BemeHHS #Oro mo
JIHIIHOTO.

Pignsnna Pixxami

%+a(x)y+b(x)y2=c(x) (15)

y 3arajJbHOMY BMITAJKy He IHTerpyeTbCcd B KBalpaTypax. SIKIIO X dac-
TUHHUI PO3B’A30K piBHAHHA (15) Bimomuii, Hampukian y, (x), To 3a-
MIHOIO y = ¥, + z (ne z — HoBa (YHKIIA apryMeHTy X) piBHSHHS Pikakari
3BOJMTHCS 110 PiBHAHHSA BepHysm. 3amina y = y, + % (me z=z ( x)) 3BoOUTEH
piBHsAHHA Pikkati Bimpasy mo JiHifHOro BigHOcHO GyHKILi z (X ) pis-
HSIHHS.

3. PiBugunsa Pikkari surmany

v =ay?+2y. & (16)
X

ne A, B, C — nesxi ailicHi cram, Taki, mo (B + 1)* > 4 AC, Mae yacTMHHMIL
PO3B’A30K Y| = a/X, CTajla @ 3HAXOAUTHCS MPU Ge3NocepeTHEOMY TTACTAB-
nsHHI Y, B (16). OmHoyacHo (16) € y3arajbHeHO OJHOPITHUM PIBHAHHAM
(o =-1). PiBuaunsa Pikxari
2
r_g¥ 1y

y'=ail 50 +c (17)
MACTABIAHHAM Y =2zx /?, e z=2z(X), 3BOOUTbCA IO PIBHAIHHSA 3 Bin-
OKPEeMIIIOBAaHUMM 3MIHHHMMU.

CrienrianibHe piBHAHHA PikkaTi

y' +Ay*=Bx", (18)

ne A, B — milicHi ctami, m = 0 41 m=-2 Jerko iHTerpyerscs B
eJleMeHTapHUX (yHKIngx. Jng iHIMMX 3HadYeHb m, SKIIO TLIBKU BOHU
CTIPaBXYIOTh PiBHICTB

-k (19)

mia O

ne ke Z, MoXHa BUKODHMCTAaTM HOBI 3MiHHI #, z, z = z () 3rigHO 3
dopMyIaMu

y=2z/x, x"?=1t. (20)
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JlicraHeMO  pIBHSIHHS
lZ'+ocz+[322=yt (oc:k;j,

gKe 3BOAMTbCS A0 piBHAHHA Ty (17) BHACMIOK IIOCHILIOBHOIO
3aCTOCYBAaHHS  ITLACTAHOBOK

oo L (a._.l_:;_@j 6o Z=a+l—1l(a=—a/g) 1)

IO BIAITOBIAHO 30LIBIIVIOTE a00 3MEHUIVIOTh K Ha OIUHULIO.

PipaanHg (15) MoxHa 3BeCTM JO PiBHSHHA BUIsAy y' == yi+
+R(x) KOM61HaL[1€K)rD,11CTaHOBOKy a(x)z,y=z+B(x), nez=z(x).

I'Iepum}o 3 TIACTAHOBOK MOXHa JOCIITH Toro, mob KoedilieHT npu
y )_IOpLBH}OBaB + 1.

Hpyra mimcTaHoBKa nepeTBop}oe B HYJIb KoedilllEHT TIpU y, He 3Mi-
Hrotour KoedimieHta mpu y 2. SAxmo R (x)= Bx”™, To AiCTaHeMO Crielli-
anbHe piBHaHHs Pikxari (18).

Hpnxnau 2. Posp’szatu piBHsgHHS PikkaTti y’ ==y 24 l+x

Po3B’aga3aHHS4a OueBUIHO, 1O y=xe PO3B’I3KOM L[bOI‘O piB-
HaHHA. [loKIaBIIM y = X + Z, MAaTUMeMO piBHSHHA BepHymi z' + 2xz = 2.
Ao X  TpoBeCTM 3aMiHy Jy=X T 1/z, ,TO  OTPMMAEMO JiHiMHe

piBHﬂ}iHﬂz—sz—l, 3BigKM z=e” _|.e dc+c |, a ToMmy 1 .

y—Xx

je dx + cj ce R
Hpukaana 3. Poss’g3aTi piBHIHHS y’ :%y2+$.
Po3B’sa3auHa4a lle piBuauns surany (16). 3Haitnemo ioro
YaCTUHHMII pO3B’A30K y, = a/x. 19 OTpMMaHHI @ MaeMO KBaJpaTHe
piBHSHHA @ + 2a+ 1 =0, 3Bigku a = - 1. Tloxnasum y:—;1(+l, ne z —

HOBa (PYHKIIIA apTYMeHTY X, JICTAHeMO JliHiliHe PIBHSIHHS Z ' — }1} Z=- %,

3araJIbHUM PO3B 30K SKOTO JIETKO 3HAUTH.
Il ? uKkJadan 4. Posp’gzatn  creljasibHe  piBHAHHA — Pikkati
—4
y =y +x .

Po3B’ga3adHsa Maemo m=-4. YMoBa (19) BUKOHYeTBCH, OC-
KUbKH —~4' /(- 4) = 1 — 11iJle 9Mcio. 3aCTOCYEMO CITOYATKy MiICTAHOBKY
(20), moxiagemo y=z/X, X “2=t. 3aypaxumMo, 1o z=z (). Jdicranemo
pIBHAHHA Z' +%z+%zzz—% t (TyT oo = 1/2). Ockinmbxku &k =+ 1, To Heob-

XUIHO OJMH pa3 3acTOoCYBaTH APYTY IIACTaHOBKY (21), To6TO MOKacTH

z=-1+t/u, ne u=u (). 3HaiimeMo piBHIHHS TUILy (17) tu’—% u—%uzz

:% { 3aMiHMBLIIM B OCTAHHBOMY piBHSHHI u = vV {, micraHeMo V7 V' =
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2
= 1+2V . Bimokpemmoloun 3MiHHI Ta iHTerpyiouu moGyre PIBHIHHA,
MaTiMeMO v = tg (V ¢ + ¢ ). TToBeprarouucs 10 BUXITHUX 3MIHHUX, AicTa-
HEMO DO3B’3KM  CIeLiaJbHOro  piBHAHHA Pikkati y  Bumani

y= ‘lz ctg (% + Cj - i, Jle ¢ — IOBUIbHA HilicHA cTaja.
b

4. Jlo JHIMHIX 3BOIATHCA TAKOXK PIBHIHHS Minginra—/apby
M(x,y)dx+N(x,y)dy+R(x,y)(xdy-—ydx)=0, (22)

me M(x,y), N(x,y) — omuopinni ¢byHKuii Bumipy m; R(x,y) —
omHopimHa (YHKUIZ HesKoro iHmoro BuMipy /. 3aMiHa yX=u, e
U=u(x), 3BOMMTb pPiBHAHHA (22) N0 piBHAHHS DepHY/UTI BiTHOCHO
bynxi x =x (u).

Po3B’43aTu pIBHIHHS

209. y’ + ytg x = sec x. 210. 2x+ 1) y' =4x + 2y.
211. x%y' +xy+1=0. 212. y=x(y'-xcosx).
213. 2y - x/y = xp/(x % = ). 214. y' = y/3x* - y).
215.y" =y *cos x + y tg x. 216.y' x’siny=xy' - 2y.
217. xy' - 2x*Ny = 4y. 218. 2x’ylny-x)y’' =y.

Metoznom i30K/TiH BUBYMTH IIOJIe HAMPAMIB, TOpOIXeHe AvdepeH-
LiaJIbBHUM PIBHIHHAM, Ta 300pa3sUTH CXeMATHIHO IHTeTpajlbHi KPUBI:

219.y'+2xy=0. 220.y' -xy=1. 221.y'-y/x=x.

3BecTH PIBHSHHA IO JIHIMHMX Ta po3B’g3at ix. Po3B’s3aTu 3aJa4y
Ko TaM, e BKa3aHO IOYaTKOBY YMOBY:

ldy _ _ % -xn
222'ydx+(2 x)lny=x(e e ).

223.sec2y%+xtgy:x. 224.e"‘%c—e"=e’.
225.{%%—2{?;:2(x+5).
226.47&_{%“/}?”%1.

227.y'+1~_%:x\f—)7. 228.3dy+ (1 +e*" ) dx=0.

229. sinx dy - cos x dx = e ~* sin x dx.

230. 3y’ - ysinx + 3y *sinx = 0.
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231. y' +sin x tg y = sin x/cos y.

232.cosx%—ysinx=y4. 233.xy’' +y=xy’Inx.

234. y' +y/x=y* (1 -x%);, M, 1).
235.y' —ytgx=—y>cosx.
236. %+)g/=y2(sinx+xcosx); M@, 1.

237. (x*—y-3xy+y?*)de+ 2 dy=0.

238. (x2+y +2x-2y)dx+2(y—1)dy=0.

239. ydx+xdy+y*(xdy—-ydx)=0.

240. (x> +y*+y)dx-xdy=0.

241. (3 +2xy?)dy-2y dx+(x+y)(xdy-ydx)=0
242. (x2y+y’-xy)dx+x?dy=0.

243. Qxy-x2ly-y )dx—(x*+y*+x’-xy?)dy=0.
244. 3x*y?+y°yde—(xp*+2x5y)dy=0.

245.y(x)=jy(t)dt+x+l.
0

246.j(x-t)y(t)dt:2x+jy(t)dt.

247. 3Ha14m KPHBI, VISl IKUX TUIOMIA TPUKYTHUKA, YTBOPEHOTO BiccCIo
Ox, TOTUYHOIO Ta paliyCOM-BEKTOPOM TOYKH JOTHKY, crana 11 TOPiBHIOE a,.

248. JloBecTH, IO BCi PpPO3B’I3KM PiBHAHHA d_y =ax+f(t), ne

a=const <0, f(#) — HellepepBHa IIpH { € [#, «0 ), oOMeXXeHl IIpH ¢ — + 0.

249. JTloBecTn, 1O JIHiMHe piBHAHHA y'=ky+f(x), ne k — crana
k20), f(x)= f(x+ ®), (®>0), Mac omUH YaCTMHHMIH pO3B’S30K
y=¢ (X), TaKuii, 110 cp(x+(0) ® ( x). 3HalitTK et po3B’A30K.

250. 3HaifTit 3aTajlbHUI PO3B’I30K mmm{oro HEOJHOPITHOTrO piB-
HYHHY, IKIIO BiIOMI JBa MOro YacTHHHI PO3B’43KH ¥, J,.

251. Harnvicatu JiHitiHe OHOpiAHEe PIBHIHHS, YaCTUHHUM PO3B’I3KOM
AKOro € QYHKINA V.

252. Tloka3aty, IO OXHMM 3 PO3B’I3KIB PIBHAHHA y' + ky = kq (X)),

XZO, k:COl'lSt, e(bymiﬂy:qu(x_t)evkldt.
0
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253. 3HaliTK 3araJbHMIT PO3B’ 30K JIHIAHOIO OMHOPIIHONO PiBHAHHA
¥y’ +p(x)y=0, 3BiBuIM iforo 1o piBHAHHA 31 cTaIMMM KoedillicHTaMH 32
JIOTIOMOT OO BiATIOBIAHOI 3aMiHM He3aJIeXKHOI 3MIHHOI 7 =y ( X ).

254. 3HaiiTM 3araJbHU PO3B’S30K DIBHAHHA Y’ +p (x)y=q(x),
3BIBIIM HOTO [0 PIBHSAHHA, IO He MICTUTh JOJaHKa 3 LIYKAHOIO byHK-
L€IO0, 3aMIHMBIIM Y=o (X)Z, Ae o (X ) — fAedKa HeliepepBHO Tmde-
PeHLioBHA DYHKIS.

255. 3aranpHuUil  pO3B’SI30K JIHIAHOIO DIBHSHHA Ma€ BHIJISLI
y=a(x)c+b(x). HoBectu obepHeHe: nucepeHIiaIbHe PIBHAHHA KOX-
HOI ciM’{ KPUBHX TaKOro BUIEAAY € JHHIMHMM.

256. TMokasaTH, IO €IMHUM pO3B’S3KOM DIBHSIHHA ' — y=-1/x

(x> 0), TakuM, 1o y —> 0 TIpM X —> o, eJ’=J‘e("”)/’dt.

x
257. Jlosecty, IO PIBHAHHA y'+a(Xx)y=b(X) 3aMIIAETECH Ji-
HIMHUM TIpH OyIb-gKiil 3aMiHi He3aleXXHOI 3MIHHOL x = @ (¢) 1 Ipu OyIB-
SAKIH 3aMiHi GyHKUI y = o (x) z+ B (x), o€ ¢, «, p — mesaKi HeTlepepBHO
mudepeHItitiosHi GyHKIGI.
258. 3HaiiT! KPUBI, [JI9 AKUX BUIPI30K, IO HOro HJOTMYHA BigTUHae Ha
oci Oy, NOpPiBHIOE KBapaTy OPAMHATH TOYKH TOTHKY.

Posp’a3atu pisHgaHHs Pikkari:

259. xy' =py? - 2x+ ) y+x?+2x.

260. y' +y*=-1/4x". 261.x’y ' =x?y?+xy+ L.
262. x’y' +(xy-2)2=0. 263. y' =p?+ 147

264. x’y' —yp?=x2y+x%=0.

265. y' =y24 x4, 266. y' =~ y?4x 3,

4

267.y' =-yplex 4

268. y' =24 x5

269. Po3p’s13aTH piBHAHHSA, 3BIBUIM KoedbilliEHT npu y? 10 OMMHMIL:

a)xy' =x’y’-2x+Dy+1; O) xy' =x’y -y+ 1.

270. Po3p’s3aT¥ DIBHAHHS, 3HMILMBLIM ITOIIEPEIHBO NOMAaHKH, 9Kl
MICTATB J, ¥

a)y' =4y =dx’y+xt+x+4; 6)y =y -2 y+xt+2x+4.

271. Josecty, umio OyIb-siKi YOTMDM PO3B’S3KM piBHAHHA PikxaTi
MOB’43aHi aHTAPMOHIYHUM CIiBBITHOLIEHHIM Jy’i_-ii’ : ii-—%z = const.

47N 3T

272. IlpoinTterpyBatu piBHsHHA Japby:

a) dx—dy+x (xdy - ydx)=0; 6) (x*+2y?) dx - xydx - (xdy — ydx ) =
=0;B) (x’—y)dx+(x*y+x)dy=0.
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273. JoBectu, mio audepeHLIaTbHIM pPIBHSIHHAM CiM1 KPMBUX
P (X)) + 9, (X)
oy (x)+ @, (x)
274. Cxiiactu piBHsHHSA Pikkati BUDIsIAy y ' =y 2ip(x )y+qg(x)3a
JIBOMa 1{0ro HelepepBHUMU PO3B’A3KaMH Y, Ta J,.

275. 3HaiTH NepiogyyYHMIA PO3B’I30K PIBHSAHHA y' =2y cos® x — sin x.

276. Y nocymuny, mo Micture 100 s 10 %-Horo posuuHYy coii,
IOXBWJIMHY BiMBaeThes 30 J1 BoaM 1 BUTIKAE 20 71 po3uuHy. SIKa KilbKiCTb
COJi 3aJMIUMThCA B ITOCYAMHiI 4epe3 10 XB, AKIIO BBaXKATH, IO CYMIII
HeTlepepBHO IIepeMIlIyEThCI?

277. PaxeTy TyilleHO BePTMKAJILHO BroOpy 3 ITOYAaTKOBOIO LUBHKICTIO
100 M/c. omip MOBITPA CIIOBUIBHEIOE i pyX, Hallalouy PaKeTi Bill’€MHOI0
TIPUCKOPEHHH, MpPOMOPIIIHOrO KBagpaTy II LIBHMAKOCTI (- k*). Yepes
IKUIL yac pakeTa JOCATHe HalOuUTbIIol BUcOTU?

278. Touxka Macolo m pyxaeTbcd mpsMomiHiiiHo. Ha Hei mie cuia,
TIpOITOpLIiifHAa YacoBi (KoedillieHT nmponopuiiHocTi ). KpiM 1iboro, Touka
3a3HA€ OfOpY CepeNoBMINa, IIPOMOPLIHAHOro IBUAKOCTI (KoedillieHT
[IpOTIOPILIHOCTL f):

a) HAMKMCaTh 3aKOH 3MiHM IIBHAKOCTI v (f) y BUIVIAAI OvidepeHLli-
aJThbHOTO PiBHSIHHS,

6) 3HaiiT v (f) y BUIVIAII aHATTUYHOI GOPMYIIH;

B) TIpUITYCTUMO, 10 o = 0, B=const i y dikcoBaHi MOMEHTH 4Yacy f;
(i=1, 2, ..) Maca TOYKM 3MeHUIyeTbcsa Ha 0,1 cBoro momnepeagHboro 3Ha-

yeHHH, Tob6To m (¢;+ 0) = 0,9 m (¢)). Kepylouncs 3aKoHOM 30epekeHH! iM-
nymecy v (&+0) m (4,+0) = v () m (1), 3HalITH aHALTUYHY GopMyJTy U1
v(t).

279. Touka Macol0 m pPYXa€Tbcd IpsaAMoiiHiiiHo. Ha Hel mie cwa,
nponopuiiiHa Ky0boBi yacy, KWl MMHYB 3 MOMEHTY, KOJMM IIBHAKICTB
LOPpIBHIOBaIa HYJIO (KoedilieHT mpornopiifiHocTi o). KpiM 1poro, Touka
3a3Ha€ OIOpPY CepeoBUINA, TTPOTOPIIITHOTO JOOYTKY Yacy Ta UIBMIAKOCTI
(xoedilieHT rIpornopLitHoCcT B):

a) 3aIMcaTy 3aKOH 3MIHM IIBUAKOCTI Vv (f) y BUIismi audepeHui-
aJIbHOTO PiBHAHHSA,

6) 3HalTH aHAJITUYHUIA BUpa3 4y v (1);

B) mpumyctumMo, 110 o =0, B=const i v dixcoBaHI MOMEHTU dYacy f
(i=1,2,..) Toyka 3a3Ha€ IMNYJIbCHOI CWIM, SKa CIIPUMHHIE MUTTEBY
3MiHY HIBUOKOCTI 3TiTHO i3 3aKOHOM Vv (f,+ 0) =y v (), me y = const > 0.
3HaliTi aHamTHYHY ¢opMyiy Al v(f) y oMy pa3i. Beaxaiouu, 1o
t,,—-t=1 mii Oymp-gKoro /, BUSHAUWUTU Y, TIpU AKoMy v (¢) Oyae
T-TIepIOAMYHOIO (PYHKILiEIO.

280. HapiiiHicTio nipwiaay p (f) Ha3uWBalOTeh MMOBIPHICTH ioro 6es-
BiIMOBHOI poGOTH OO MOMEHTY 4acy f. Bigomo, 10 HIBHAKICTH 3MIHM

€ piBHaHHA Pikxari.
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HaJifHOCTi IeBHOTO MpHIaLy TPOMOpLiHa (3 KoedillieHToM o) Hajii-
HOCTI B JaHUIf MOMEHT yYacy. Bpaxaroun, 1110 B NOYaTKOBHMIA MOMEHT gacy
HaJifHICTh JOPIBHIOE ONMHULI, BU3HAYNUTHU:

a) 3aKOH 3MiHW HaTilHOCTI y BUIIAi aubepeHIliaTbHOro PiBHIHHS;

6) 3aKOH 3MiHM HaIiTHOCTI Y BUIISM aHATITHYHO] dbopmymu;

B) HaIilfHiCTh HANPUKIHLI APYyroro POKY eKCIUTyaTallii, SIKIIOo BioMo,
IO IPOTATOM TIEPLIOro POKY eKCIUTyaTallil HaNilHicTh Npiuagy 3MeH-
1Iacs BABOE;

I) 3 METOIO MiJIBUILEHHSI HaIifHOCTI npwiagy y $ikcoBaHi MOMeHTH
yacy f;(i=1, 2, ...) 31iliCHIOIOT PeMOHTHI po6oTH, BHACJIIOK AKUX Ha-
HiMHICTD 3MIHIOETHCH 3TiTHO i3 3aKOHOM p(t+0)=Bp(t), p=const> 1.
3HalTH aHANTHYHY GopMyiTy mis p (7). Beaxaroun, wo #,, - t,=1, v i,
BU3HAYUTH 3HAYeHHA 3 Tak, 106 p (¢ ) Gyia 1-re piogudHoI0 dbyuxuiero.

281. B ymoBax 60poTh6U 3a icHYBaHHSA LIBUAKICTD 30LIbLIEHHA Killb-
KOCTI 0COOMH MOMyJIALii MpomnopiiitHa (3 xoedilieHTOM o) KLTBKOCTI
OCOOMH y TaHWIf MOMEHT 4acy, a IIBUAKICT iX 3MEHILICHHS TIpoTIopLIitiHa
(3 xoedilieHTOM B) KBafpaTy KUBKOCTI OCOGUH"

a) 3amMcaTH 3aKOH 3MIHM KUIBKOCTI OCOBMH X (t) y Bvrani mou-
dbepeHLIaTEHOTO PIBHIHHS,

6) 3HaliTH aHAMITUIHMIA BUpa3 UK x (1);

B) SIKOIO ITOBUHHA GYTM KUIBKICTB ocobuH, 106 3 6iroM yacy BoHa:
361bIIyBaaca? 3MeHIIyBatacsa? He 3MiHIOBaIacs?

T) Hexalf B yMOBax 3ajaui o = const, B =01y dikcoBani MoMeHTH yacy
KUIBKICTh  OCOOMH  3MIHIOETBCS 3TIMHO i3 3aKOHOM x(tG+0)=yx(t),
y=const >0, { #}"., . 3HaltT¥ aHAMTIYHY bopmyny g x (¢). Bpaxa-
I04M, O 7, - §;=" V I, BA3HAYUTH Y TaK, Wwob x (¢ ) 6ya t-Te pioaAudHoIO
(obMmexeHoI0) dyHKIIi€IO Yacy.

§ 5. PIBHAHHS B IOBHUX TW®EPEHIIAJAX.
THTETPYBAJBHUN MHOKHHIK

1. Sxio ana midepeHLiaTbHOTO PiIBHAHHS
Mx,y)dc+ N(x,y)dy=0 (1)
BHUKOHYETBCS YMOBA TIOBHOTH

OM(x,y) oN(xy)_
o =0, 2

10 (1) Gyzme piBHIHHSIM y MOBHUX AudepeHIiamaX (PIIO).

Yei posp’asku PII/] 3a10BOTBHSIOTE YMOBY 4 (x,y)=c, ne u — PyH-
KIlig BiX ABOX 3MIHHMX, ITOBHMIA AvidepeHItiat Kol PiBHMIA JHBIH YacTuHi
piBHsAHHSA (1), Tob6TO

34



=M, y), =N, y).

J1a 3HaxomXeHHS (byHKuu u (x, y) JOCUTh BUKOHATU OOMH 3 JIaH-
LUOTIB ITepeTBOPEHb:

a) ¥=Mx,y), oTXe, u=[ M@ y)deto(p),
i jM(x y)dx +@=N(x,y) — gudepeHllialbHe  PIBHAHHA IS
3Haxou:>Kemm Pp=0( y),

6) 2=N(x), Tomy u=[N(x,y)dy+w (x); 2 (JN(x y)dyjﬂ—

=M(x, y) — mudepeHLiabHe  PIiBHIHHA 1089  3HAXOIXKEHHS

Y=y (x)
Posp’g3oxk 3amaui Komri mra PIIJ (1) 3 moyaTKoBOIO YMOBOIO

¥ (X ) = Yo 3PYYHO LIYKATH Y BUILAL

x y
[ M, yydc+ | Nog, y)dy=0 3)
X5 Yo

abo
X y
[ M@, p)yde+ [ Nox, yyap=o0. (3
X Yo

Sxao (1) He € PIIJ (ymoBa noBHOTH (2) He BUKOHYETHCS), TO He
BHKJIIOYEHA MOXJIMBICTh 3BeleHHs (1) mo PILJ muiaxoM KOMHOXeHHS
1IbOro PiBHAHHA Ha JAedKy GYHKILIO m (X, y), 9Ky Ha3UBalOTb iHmezpy-
sanvHUM MHOXMCHUKOM PIBHIHHA (1).

JudepeHiiiaibHe piBHIHHSA [UIS 3HAaXOMXEHHA I1HTerpyBaJIbHOTO
MHOXHMKa — 1I¢ YMOBa ITOBHOTH I TIepeTBOPEHOro piBHAHHA. g
m=m(o), fe ® =o (X, y), BOHO Ma€ BUIJIIA:

m _(0M _ 0N\ ,(_ pp oW aw ) = dm
;_[ay Ex)/[ M 6y+N 6x]’ "= aw 4)
Axuo m = m ( x ), To (4) HaOyBae BUTIIALY
m (oM ON _dm,
m- [6y axJ/N m T’ (5)
akao m=m(y), TO
m _(6M oN) ,_ r_dm
el w) - ®

InTerpyBasbHMIT MHOXHUK PIiBHIHHA 3 BiIOKPEMTIIOBAHVMMM 3MiH-
HUMHA
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A(x)B(y)de+ C(x) F(y)dy=0

JIOPIBHIOE
m=m(x,y)=1/B(y) C(x)). (7)
Mt iHIHOTO PIBHSHHA y' +a (Xx)y=b(x)
m=m(x)e lox & (8)
Jns ogHopimHoro piBHSIHHS
' m=m(x,y)=1/Mx+Ny). 9)

Teopema (npo 3aranbHuit BHIIAN iHTErpyBa/bHOIO MHOXEMKa). Sxuo
m, (X, y ) — IHTerpyBaJbHMII MHOXHUK piBHAHHA (1), U, — BIAMOBIZHUIA
IHTeTpas Lboro piBHAHHA (mM dx + m N dy = du)), To KoXHa (YHKIIS
BULJIATY m, (X, Y ) ¢ (4,), e ¢ — HeTepepBHO AvdepeHIIiiioBHa GyHKILs
Bifl 4, € TAKOX iHTErPYBaJbHUM MHOXHHUKOM DiBHSHHS (D).

Mpuknan 1. Pose’ssarw pieusaHHa (x*+xp? ) de+(p >+ 3% ?) x
x dy=0.

Po3sB’a3anHas IlepeBipuMo yMOBY TIOBHOTH (2):

oM _ oN

oy x 2xy - 2xy = 0.

Otxe, 3amaHe piBHAHHA € B NOBHUX mydepeHIlanax. HAns ftoro pos-
B’3aHHS CKOPHCTAEMOCH, HAITPUKJIA], JIAHLIIOKKOM a):

ou _ 2. _x' X'y’ . Ou_ 2 dp _ 3 2. __y_4
ox XTI LUSLATTAQ(Y) =Xy =y vy o () =2

MHuoxuHy Beix po3B’si3KiB AOCIIIXYBAaHOrO PIBHAHHSA MOXHA TI0AaTH y
BUTJISLIL

4 2 2 4
%+x_2y_+_%=c’ CeR.

3ayBaxXuMo, 1110 TIPYM PO3B’I3aHHI PIBHAHHSA 3MIHHA U BiIirpa€ JOmOMiXHY
pOJb — 110 OPMATBHOTO 3aIKCy MHOXUHM PO3B’3KiB BOHA He BXOIUTH.
IMIpuknan 2. 3HalTH iHTerpyBATbHUIN MHOKHUK DIBHSHHS

(X’ +xy°-y)dc+(y>+x2y+x)dy=0.

PosB’a3ann4ga Posi6’emo niBy yacTHHy piBHSHHS Ha TPYIH,
JUIs KOXHOI 3 IKUX iHTeTPYBaJbHMI MHOXHMK 3HAXOTUThCS [IPOCTO:

[x(x*+y?)dx+y(x*+y?)dyl+[xdy+ydx]=0.
PosrnsHeMo nBa mudbepeHIliaTbHUX PIBHIHHS

(x*+y2)de+y(x*+y?)dy=0 ta xdy—ydx=0.
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o . 1 o .
IHTerpyBabHMIA MHOXHUK [1€pUIOTO PiBHAHHA m, = —53~—;, HOr0 IH-
X + y

terpan U, =x2+y> IHTerpyBaJBHMH MHOXHUK [DPYIOro pPiBHSHHS
m, = 1/xy, a iHTerpan u, = y/x.

KopucTyiouuch TeOpeMoIO TIPO 3arajibHUI BUIJIAA IHTETPYBAJIBHOTO
MHOXHMKA, TT0aMO iHTerpyBalbHI MHOXHMKHU IePLIOTO PIBHAHHA Y BU-
i me (u,), a apyroro myy (u,). IlinbGepemo HenepepsHO mMde-

peHLiMoBHI GYHKUIT ¢ i y Tak, mob m, ¢ (x+y)=m, ‘V(fj’ TOOTO TIO-

2
Kﬂanemocp(x+y)zl,a\y(ij=§:(l+[§] ]; nicTaHeMO
m(x,y)=m=m=1/Ax*+y?).

JocniMT pIBHSHHS IOAO YMOBU TOBHOTH. Axiio yMoBa BHKO-
HYETBCH, PO3B’A3aTH PIBHIHHSL:

282. 2y +ye™ ) dx+ @xy+xe® +2y)dy=0.

283. (y+e*)dx+xdy=0.

284. (4xy+2X y)dx+(2x*+3y*)dy=0.

285. 5 dx +—¥— dy=0.

x“+y x“+y

286.[§+1jdx+(3y2+x)dy=o.

287.yx’ 'dx+x’Inxdy=0.
288. X dx - *. dy=0.
y ¥y
289. 3x* - ycos x ) dx - sinx dy=0.

290. 2xye* dx—e* 2dy=0.
291. 2x (1 +Vx >+ y)dx—-\x’ -y dy=0.
292. (x2—4xy-2y?)de+(y>-4xy-2x2)dy=0.

293.3x2(1+my)dx=(2y—2§)dy.
294.(lsini‘-licosz+lex+[lcosZ——’%sinf+indy=0.
y Y x x X Xy Yy

X (x2+1)cosy _
295.(smy+2de+—-—-—cos2y_l dy=0.
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296. 2x cos y -y sin’ x ) dx + (2y cos x — x sin’ y ) dy = 0.

xdx+ydy ydx xa"y
297. Zot, = 0.
1+x +y x +y

298. (1 +e"/’)dx+e"/’(l-ﬂdy=0.

299.e 7 dx - 2y +xe ") dy=0.
300. 2x +sinx ) dx — (2y-ycosx) dy=0.

Posp’a3at MeToOM IHTErpyBaJBHOTO MHOXHMKA m = m (x) abo
m=m(y):

301. (x?+y?+2x)dx+2ydy=0.
302. y?(x-3y)dx+(1-3xy?)dy=0.
303. 2xy+ax)dx+dy=0.
3. y' +ay=e™

305.(1+§L22de=%;‘-'dy.
X

2
306.[1+§L2de=32dy.
x X

307. 2xy+y?)dx (2x? + 3xy +4y2) dy=0.
308. dx+(x+e ?y?)dy=0.

309. 2xy’-y)dx+ @ +x+y)dy=0.

310. y(1 - ysinx) cos’ ydx — (¥ * + x cos’ y) = 0.

MeronoM iHTerpyBaJIBHOTO MHOXHMKA PO3B’SI3aTH OIHOPLAHI mde-
PEeHIIaIbHI pIBHSAHHS:

3l. xdy-(x+y)dx=0.
312. (py-gx)dx - (px - qy) dy=0.
313. y' =2 Vx/y + y/x.

3Haitru i iHTerpamn PIBHSHB 6e3 KBazpaTyp (BUKOPHCTATU TeopeMy IIpo
3araJIbHUM BUIIAL IHTETPYBaIbHOIO MHOXHUKA):

314. x>+ y*+ D dx - 2xy dx = 0.

315, & D —0, m=xV1-yp2+yVi_x?
\/1—x2+\/1—y2 Y Y .
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316. (x +y)dx+ (x-y)dy=0.

Posp’s3aTy pIBHIHHS METOIOM iHTerpyBaJIbHOI'O MHOXHMKA BUITLALY
m=m(x+y)abom=m(x-y):

317. (P + Xy + 22y -y =y Hdx+ 2+ xy? + 2xy- X - x) dy=0.
318. (y-%+x]dx+ady= 0 (a — mapamerp).

319. (10x2+y2+9x2y)dx+ (4y2+6xy+x>)dy=0.
320. dx+xctg (x+y) (dx+dy)=0.
321. (x+3y)dx+2ydy+a(x+y) (xdy-ydx)=0 (a — mapamerp).

Po3p’g3aT  pIBHSHHS MeTONOM iHTErpyBaJIbHOTO MHOXHMKA
m=m(), 1e ®=x>+y?% abo ® =x*—y2 UM MOXHa 3aCTOCYBaTH iH-
1T MeToN po3B’A3yBaHHS?

322. 2x y+x)dy(y+2xp>-x*y’)dx=0.
323. (x+x2+y?)y' —y=0.
324. (x*+y*+y)dx-xdy=0.

35— L 1)
y(x*+y®) (X(x2+y2) Xy

326. (x?y?+y)dx+(x’y*-x)dy=0.
327. (X—Xcos(zj)dx+cos(z)dy=0.
X X X

328.2y°y +xp?t-x3=0.

~3

Po3p’g3ati piBHIHHA, 3aCTOCOBYIOUM MeTOH IHTeIPYBAIbBHOTO MHOXK-
HYKa 260 3IIMCHIOIOUN 3aMiHY 3MiHHUX:

329. xdx+(xy-y>)dy=0.

330. 2y (1 +x?)dx+xdy=0.

331. (3x2y+6xy+1x—2jdx+(3x2+y)dy:O.

332. (6x-2y-2y?)dx+(5x*-8xy-x)dy=0.

333. 2y ?-9xy)dx+ Bxy-6x>)dy=0, m(x,y)=x*y"
334. ydy=(xdy+ydc)VN1 +yZ. v
335.(y—x)dx+ydy=xd(§].
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336.(x’+3Iny)ydx=xdy (m=alnx+blny).
337. (x> +2x+y)dx=(x-3x2y) dy.

' y _ 1 =
338.y +2(x+y) d4x(x+1)

339.y%dx+(e*-y)dy=0.

340. (xsina +y cos o ) dx + ( ysino + x cos o ) dy = 0.

341.x°y (ydx+xdy) =2y dx+xdy.

342. 2x°y’ - Dydx+@x2y* - ) dy=0.

343. (x>~ sin’ y ) dx +xsin 2y dy = 0.

344. (63> +x*)dy-y(3y?-x)dx=0.

345.2x  y P -y)dx+ 2x*+y - x) dy=0.

346. (x>~ y)dx+x(y+ 1) dy=0.
347.y2(ydx—2xdy)=x3(xdy—2ydx).

348. (bxy + 2y + 8) dx + x dy = 0.

349. (x?y? +4xy)dx(x3y +4x2)dy=0.

350. 2x -2y -x?+2xy) dx+ (2x? - 4xy-2x)dy=0, m=e“e",
351. JdoBect, 1O iHTerpyBaJbHUI MHOXHUK piBusHHA BepHymni

P(xX)y +q(x)y=r(x)y™ Mae Burasg

= —m_l____ — p(x)
m(xy)=y" s exn] m)jq(x)dx}

3acrocoByiouM pesyipTaT 351, po3B’S3aT METONOM iHTErPYBaJIbLHOIO

MHOXHMKA PIBHAHHSA BepHysoni:
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352.y +y=p* 353. xy’ +2y=xy°>
354. yidx+ Qyx-x*)dy=0. 355.x%y +xy=y*~
356. x’y' +2xy=y > 357. x%y' - 3xy=-2p ">,

§ 6. ICHYBAHHSI TA €IHHICTD
PO3B’SI3KY 3AJAYI KOILI

1. Touka (x,, ¥, ) HA3UBAETbCI MOUKOI eduHOCmi po3e a3ky 3adaui Kowi

%:f(x’y), M(x(h W )a (I)



AKIIIO Yepe3 Hel IPOXOIUTS JIMIIe OfHA iHTerpajbHa KpyBa piBHAHHA (1).
S0 X TIpOXOAMTH OUIbIlle OfHIEl iHTeTrpalbHOI KPUMBOI, TO BOHAa Ha-
3UBAETHCA MOYK0I0 Heedunocmi. MHOXMHA TOYOK HEEXUHOCTI — ocobauea
MHOMCUHA. SIKIO 111 MHOXMHA MICTUTh IHTerpajibHi KpUBi, TO OCTaHHI
HA3UBAIOTHECS 0COOAUGUMU [HMEZPANbHUMU KPUSUMYU, a BINIOBIAHI iX po3-
B’SI3KM — 0COBAUBUMU PO36 A3KamMu PIBHIHHA.

Teopema Ileano (nocrarHi yMoBHM icHyBaHHs po3B’A3Ky 3amadi Koum).
Hexait dynxuia f(x, y) HelepepBHa BiTHOCHO 060X 3MiHHMX y ITPSAMO-
KYTHUKY

O={(x,y):|x-xl<a [y-nisb} 2
e a, b>0.
Toni 3amava (1) Ha npoMixky [TeaHo
I:(xo_h,x0+h)5 (3)
Ie
h=min{a,§l}, M=max |f(x,y)], )
(x,y)ell

Mae€ xo4a 6 OOMH PO3B’A30K.

Teopema Ilikapa (nocTaThHi YMOBM iCHYBaHHS Ta €IMHOCTI PO3B’SA3KY
3agavi Komi). Hexait dyskuis f(x, y):

1) HerepepBHa B MPSAMOKYTHVKY (2) BITHOCHO 000X 3MiHHMX:

2) PiBHOMIpPHO BITHOCHO X 33aJOBOJIbHAE YMOBY Jlimipdia 110 3MiHHIiH
y, T06TO I OyIb-AKUX ¥, ¥, | ¥y — ;1< b (i=1, 2) icHye L = const > C:

[ f(x, »)=f(x, )| SL|y -l (3)

Toni 3anava Komwi (1) Ha npoMixKy (3) Mae exuHMIT PO3B’AZOK.

_ 2. Po3B’a30K, iICHYBaHHA Ta €IMHICTb SKOTO TapaHTYETHCA TeOPEMOIO
IllKapa, MOXHa 3HaMTU 9K T'PaHUINO PiBHOMIPHO 301KHOI MOC/iTOBHOCTI
[Mikapa { y, (x)} 4-1, Ke

I (X)= Yo+ [ £S5 yu 1 (5)) ds. (6)

X

PisHmig MIX TOYHMM po3B’g3KoM 3amadi Kol Ta »-M HabmmkeHHAM
TTixapa 3amOBOILHSIE OLIHKY

-1

ML"
n!

|y,,(X)"y(X)|S

Teopemu Ilikapa ¥ [leaHo HaroTh 3MOTry BCTAHOBUTH iCHYBAaHHS PO3-
B’s13Ky 3ama4i Ko Ha mocuTts ManoMy Biapi3Ky 1. 1S 3acTocyBaHHS 1IMX
TeopeM IIapaMeTpH 4, b NpIMOKYTHHMKA [1 ¢ BUOMpaTH TakKuMMU, 11100
el IMPIMOKYTHMK TTOMICTUBCS B 00JIacTi BUSHAYEHHS PiBHAHHI.

h. 7
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3. INobyxoBaumii 3rigHO 3 IIMHU TeOpeMaMU PO3B’A30K MOXHA IPO-
AOBXUTH (JIBOPYY, TIPaBOPYY 4M B obMIBa 6oxu). Tak, gxio o6iacTs
BU3HaYeHHS D NOCIIDKYBaHOTO PiBHAHHA ob6MeXeHa MHOXWHOIO B R 2,
f(x,y) e C(D), To po3p’a30K ¥=¢ (x), BU3HaYeHuit Ha [, MOXHa Ipo-
MOBXWTH 10 BUXOAY HAa MeXy obmacti D.

Posp’sazox 3amaui Komi (1) moxua NPOJOBXYBAaTH Ha iHTepBaj
(o, B), sxwo byHKuis f(x,y) y cMysi a<X<P,—0<y<+oo (-
P <) € HellepepBHOIO 1 33I0BOJIHHIE HEPIBHICTH If(x,y)|<a(x)|y|+
+b(x),mea(x), b(x) — HeTlepepBHi AoaaTHi QyHKIii,

Po3r’ 30k HasuBaetbea nenpodosacysanum (abo noenum), axuo Gyms-
sIKé MOr0 NPONOBXEHHS 36iraeTbes 3 HUM CaMIM. ObsacTio BU3HAYeHHS
HeTIPOJOBXYBAaHOI'O PO3B’I3KY € MaKCHMMAILHII iHTepBaJT icHYBaHHS.

Ilpuknan 1. 3acyBatw, w1 Mae PIBHSIHHY % =3y*? ocobmusi

PO3B’A3KM i 3HalTH X Yy BUITagKy iCHYBaHH4.
PoszB’a3aHH4. IMepeBiprMo BuKOHaHHS yMmOB Teopemu ITi-

Kapa. QyHkuis f( x, y) =3y ¥, ax HeTlepepBHa B R, He 3a00601bH5e ymosy
Ainwuya 63d06xc npamoi y = 0.

Cripagni, npUnycTvBIIM Bix CYIIPOTHUBHOTO, 10 icHye cTaia Jlimmnima L,
taka, wo |y -y°|<L|y, y,|, mpu y, =0, y, %0, micraremo |y ¥ | <
<L|y¥|abo L|y"?|>1; ocramms HepIBHICTb, OYEBMIHO, He BUKOHY-
€TBCS IS IOCTATHRO MaJlvX | y, |.

Ockimbkn y = 0 — po3B’S30K PIBHSHHSA, TO caMe BiH MOXe Oyt
ocobmBYUM. 3HaiiieMo iHIm po3B’s3Ku LIbOTO PIBHIHHA:

y17? dy=3dx, Iy‘m dy = 3dx;
3y =3x+3c, y=(x+c).

Ans IoBUTBHOrO X, Yepes TOUKy (xo, 0) mpoxomaTe mpuHaiMHi IBI
IHTerpaybHi KpuBi: y=0 i y=(x-x). ToMy y(x)=0 € ocobmiBum
PO3B’I3KOM JOCIIXYBAaHOTO PIBHSHHSA, IHIIWX OCOGIMBUX PO3B’I3KiB
HeMa€, OCKUIbKM BePXHS ¥ HYDKHS TUIONIMHM — 061acTi €IMHOCTI.

Hprknan 2. MeronoM nocimmaoBHYX HaGOKeHD ITikapa 3HaiiTu
TpeTe HabMKeHHS X0 po3B’I3Ky 3amadi Komri

%=x—y2,y(0)=031manpaﬁ K={(xy):|x|<1,|y|<1}.

Ha sxoMy nipoMixky Teopema IMikapa rapaHTtye 36ixHicTh TIOCTiAOBHUX
HabmokeHp? OLUHUTH TIOXUOKY MiX TOUHUM PO3B’3KoM 3aj1aui Ko i
TpeTiM HabmokeHHsM Ilikapa.

Po3sB’a3aHHA. Dynkuig f( x, y)=x-y? HeTiepepBHa II0 Cy-
KyIHOCTI 3MiHHMX. OCKUTBKH Sy ==2y, 10 f(X,y) 3a10BoMBHIE YMOBY
Jlinumia B kBanparti K 3i cranoio L=max f =2.

xy)e X
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M= max |f|=2,TOMyh=min{ ,:4} {1 1} . OTxe, miKa-
(x,y)e K
PiBCBbKi HaOMDKEHHS 10 PO3B’SI3KY IOCTaBIeHOI 3afavi Konn 30iraroThCs

[MPYHANMHI Ha IIPOMiXKKY ; ;

Habmoxenusa obumcmoeMo 3a hopMynolo (6):

yn+1=j(5—y,2:(5))d5, n=0,1, ..
0
Maemo
X 2
yl(x)=£(s—0)ds:1‘;;

5

nor=] (54 o= 5
2 4 2 20°

J- sS d_xz xS x8 xll
Y5 (x)= [ (‘ 5]] =3 "0t 160 4400

Pisumiig Mix TOYHMM PO3B’I3KOM Y ( X) i TpeTiM HaOMDKeHHSIM OLli-
HIOETECA 3a dopmynoro (7)

2
()= ()| s M g2 220 1]

Jlng 3aBmaHp 358—362:

1. TlepeBipuTH BMKOHaHHA yMOB TeopeMH Ilikapa mia ImocraBie HMX
3amay Kormi.

2. TTo6ynyBatv Habmkenns Ilikapa { y;} 7., 3a cxemoro (6).
3. 3Haiiti po3B’A30K 3amayi Komri B aHaMITHYHIN dopMi, 3aCTOCOBY-
JOYM BifOMI METOIM iHTErpyBaHHS, Ta ITOPIBHATH pe3yabTaTH IT. 2 1 3:

2
358.y'=x-2y;, y(1)=3. 359.y’=L2+2§; y) =6.
P

360.y -1y=2x% y()=1. 36Ly -dy=e” y(0)=-4.

362. y'=sinx -4y, y(m)=-3.

s 3amay Kori MeTogoM IocainoBHMX HabmokeHs Ilikapa mobyny-
BaTH I1’ATh NMOCHAOBHUX HabmkeHsb Ilikapa:

363. y' =4 -y, y(0)=0. 364. y' =xy; y(0)=1.
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365.y"=2-x; y(2)=-2. 366.y"' =y +x; y(l)=4.
367.y' = ysin x; y(%}: 1.
BukopucroByioun focTaTHi yMOBU €IVHOCTI, BUILIMTH Taki objacti

IDIOIIMHM, B SKWX 4Yepe3 KOXHY TOYKY IPOXOIWUTH €IMHA iHTerpaibHa
KpyBa:

368. y' =xy+y°’. 369. y' =1+ Qy-3x)"~.
370. (x - Dy’ = (y)?* - x. 37y =2 +ctg y.
372. (y-x)y'=ylnx. 3B.xy' =y+(y?-x2)~

Bxazatu Binpi3ok, Ha SKOMy TocTaBiieHa 3afaya Ko mae DPO3B’I30K:

3.y’ =e’+x; y(1)=0.

375.y'=2y?+3xe’sin (xp); y(2)=4.

376. y' =x+y° y(0)=0.

377.y' = (xy)’ —siny, y(@2)=2.

378.y' =2y°-x; y()=1.

379. y' = (2x+3y) > -e™ y()=1.

380.y'=1+y? y@©)=0.

38l.y' =y -xcos(xp); y()=2.

382. Bugimtut Ti obsacTi IUIOIIMHM, B SKHUX BHUKOHYIOTECS YMOBU
teopemu Ilikapa mns piBHAHHA Y’ =§. UYn Mae ue piBHIHHA 0COBIMBI

pPo3B’3KkH?
BinnoBimi obrpyHTyBaTy.
383. Yu Mmae piBHIHHS ax

& PO3B’3KM, BU3HA4YeHi Ha BCill IIO-

< Ix

umHi? OcobmiBi po3B’a3Kku?

384. Ckinbku po3s’a3kiB Mae 3agava Kowti y' = x2+y2; y(0) = 0?

385. 3Haiitit Bei posB’asku samayi Kowi y’ =sin (xy); y Oy=0.

386. Yu MoXyTb rpadiku ABOX PO3B’I3KiB PIBHAHHS y'=x+y%a)re-
PeTMHATHCA B JNeAKil TOYLU IUIOMMHM; 6) ZOTHMKaTHCs B JesKiil Toull
TUTOLMHU?

Bigmoeinp o6rpyHTYBaTH.

387. Sk moBoaATh cebe Ha mpoMikky [0, 2] IMOCIiIOBHI Ha6WDKEHHS
Tikapa (avB. (6)) w11 AdepeHIIATBHNX PIBHSHD: 2) ' =y 6) y' =—y%
B) y' =y. Sxo y (0) = 1?

44



388. BuxopucroByioun Teopemy Ilikapa, 3HaifTM Ti pO3B’A3KU M-
(depeHIaIbHUX PpIBHAHb, B KOXHIA TOYIl AKMX ITOPYLIYETBCA YMOBa
enuHocTi (ocobiuBi po3B’sa3ku). HaKpecauTy iHTerpajibHi KPUBI:

! 2 . ’ - ’
a)y =W, 6)y :2(|y|)1/2, B) y =x*+y%
X
389. Ilpu gKMX HeBiI’€éMHMX 3HAYeHHSX 3MIHHOI m IIOPYLIYETHCH
€IVHICTh po3B 43Ky 3amaui Komm mig piBHAHHA dy =|y|™ Ta B gKmx

dx
TOUKax?
390. CKuUTBKM PO3B’43KiB piBHSHHA y' =f(x,y), ne fi f' — Heme-
pepBHi GYHKIIII Ha BCili TUIOWIMHI, TIPOXOIUTH Yepe3 TOUKY (X, V) € R 2

391. JogecTH, 10 PO3B’A3KM AUdepeHLIIaTbHOTO PIBHAHHA % =gy),

meye(a,b),g(y)>0, Bu3sHayeHi Ha Bciif oci (MpoaoBxXyBaHi Ha R) Toxi

{1 TUIBKM TOMi, KOJM I BCiX o, B:(a, B) C (@, b) inTerpaym jg_d(yL) Ta

g80)
Hagecty npukiaau.

b
j.—dL PpO30iKHI.
B

§ 7. INO®EPEHIIAJIbHI PIBHSTHHS,
HE PO3B’SI3AHI BIIHOCHO IIOXITHOI

1. SIx i piBHSHHA, pO3B’d3aHe BITHOCHO ITOXiTHOI, PIBHSHHSA BULLAOY

F(xast")=0 (1)
B obOyacTi BUM3HAYeHHI ITOPOIXYE ITose HampamiB. Ha BimMiHy Big Ka-
HOHIYHOTO PIiBHSHHA 3a PIBHAHHIM (1) MOXHa BHM3Ha4UTU He OOVH, a
KiTbKa HallpaMiB 11019 B OAHIN TOYII.

3amaua Koiil 3 IToyaTKoBOKO )YMOBO}O ¥ (X ) = ¥, Ma€ €AMHMIA PO3B’I30K,
SKIIO KUIBKICTD iHTerpalbHUX KPMBHX, SKi TIPOXOOATH Yepe3 TOUKY (Xo, Vo),
36iraeThcd 3 KUTBKICTIO HAIIPAMIB ITOJIS, TIOPOIKeHUX PIBHAHHM (1) y Liiit
TOYII.

Po3p’ 930K piBHAHHA (1), Y KOXHIN TOYII SKOr0 MOPYIUYETECS YMOBa
€IMHOCTI, HA3MBAETEC 0COGAUBUM.

Teopema (nocTaTHi yMOBM iCHYBAHHA Ta €IMHOCTI PO3B’SI3KY 3ajaui
Komi). Sxino dyukiig F (x, y, y ') HellepepBHa 10 3MiHHIi{ x, HellepepPBHO
vdepeHLIIHOBHA TI0 3MIHHUX ¥, ' Y IeIKOMY OKOJI TOUYKH (Xy, Yo, Jo'), J1€
¥y — OOUH 3 KOPeHiB piBHIHHA F (Xy, )p, ¥') =0, 1 Taka, mo F, (x, y,
y")# 0, TO B JOCHTH MAJIOMy OKOJIi TOUKH (Xy, ¥,) iICHYE €IVHUIA pO3B’A30K
sapayi Komti y (%) = .
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2. [ins po3p’sa3yBaHHs piBHAHHS (1) 3acTOCOBYIOTH 1BA THIXOMU.

1. Sxuo (1) MoxHa po3B’43aTH BITHOCHO ITOXiZHOI, TOBTO AiCTATH
onHe abo KimbKa PIBHSHB BUTIELY ' =f(X, y), TO, MIPOIHTerpyBaBIIN
KOXHe 3 OJIep>XaHUX PIBHAHb, MaTHMEMO MHOXMHY PO3B’I3KiB BUXiIHOIo
piBHAHHA. IIpy HBOMY OCOGIMBUMM PO3B’I3KaMM PIBHSIHHS IS (1) o6y-
AYTb JIMILE TaKi, SKi € ocobmMBMMM Xo4a 6 IUIA OOHOrO 3 OTPUMAHMX
PiBHSHB.

2. Sxao (1) MoxHa mopaTH y BUIIS I

x=g(»,y") (2)
abo
y=h(xy"), (3

TO 3aCTOCOBYIOTH METOJI BBeleHH: Itapamerpa (MBII).
3acrocyBanHa MBII no pieHsans (2), (3) NIpUBOIUTS 10 TaKMX nepert-
BOpEHB:

s (2) s (3)
x=g(»¥y) y=hxy).
IMoxnageMo y ' = p, ToAi

y=8(y,p); y="h(x, p); @
y=J X =X.
3acTocoByeMo nudepeHIliabHe CITBBIIHOMEHHS |
dy=p dx; (5)
3 (4) Mmaemo
dx=g/dy+g,'dp, dy=h/dx+h, dp. 6)
TMincrasnsauus (6) y (5) mae
(1-pg))dy=pg/dp, (h/-p)dx+h'dp=0 )

((7) — madepeHaNbHl PIBHAHHS 1A 3HAXOIKEHHS bDYHKII y=y(@)
Ta X=x(p)). Inrerpyrou (7), micranemo

y=B@,c), x=M(p,c). (8)
MincraBuBuni (8) B (4), 3HAXOAUMO MHOXUHU PO3B’I3KIB PiBHAHb 2),

3):

x=gBp c)p)=AW@.c) L, [x=M@p,c) )
y=B@,¢) y=h(M (,c),p)=N @, c).

MetonoM BBeZleHHS NapaMeTpa iHTEIPYIOThCS PIBHAHHS Jlarpamxa
y=xp N +y () (10)
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Ta Kiepo

y=xy'+y @) (11)

Ho piBasgHHsa Kiepo 3BoAAThCS 3ajadi 3HAXOMXKeHHS KPMBOI 3a BJIaCTH-
BOCTIMHM 1i AOTWYHOI, SKIIO OCTAHHI He 3aIeXaTh Bil TOYKU JOTHKY.
PopMaTbHO MHOXMHY PO3B’S3KiB piBHAHHA (11) AicTaroTh 3aMiHOIO B
HbBOMY J ' Ha c.

Oco6ymmBHii po3B’a30K piBHAHHA (11) mIykaioTs SK oOBiIHY 3HaimeHOL
OJHOIIApaMeTPHYHOL CiM’1 NPSIMUX.

3. Bigomi BUIIagku, KOJM XOAEH i3 3aIlpOIIOHOBAHMX ITAXOIIB He
Moxe OYTHM 3aCTOCOBAHMIA Ge3rocepeAHbO IO BUXiTHOTO PiBHAHHS (1).
1106 po3p’sa3aty Take piBHIHHA (Y pa3i, KOJIM BOHO iHTeTPOBHE), BapTO
BUKOPHWCTATH IeBHI crieli®ivHi BIACTUBOCTI caMoro PiBHSHHS.

1. PiBaaun4 (1) € y3araJlbHEHO OTHOPITHUM (KBa3iOTHOPIAHUM), K-
1110 BOHO iHBapiaHTHE BiIHOCHO 3aMiHU X —» AX, y— A°y, Je © — IesKe
mificHe 4uciio, A > 0. 3po6MBIIM B HBOMY 3aMiHY

x=e
{ et (12)

e z — HOBa (YHKILIS apTyMeHTy f, AicTaHeMO DiBHSHHSA, SKe MOXHa
pO3B’A3yBaTH BiTHOCHO OAHIE] i3 3MIHHUX f, 24 2.
2. PiBHSHHA

P, y)+Qxy)=0, (13)

me Pi Q — ogHopiaHi byHKIIT 3MiHHMX X Ta Y’ BiITIOBITHO K-TO Ta mM-To
BUMMIpIOBaHb (K> m ), JleTKO IIpOiHTerpyBaTH B ITapaMeTpU4Hiil dopmi,
BBIBILIM TapaMeTp # 3TiTHO 3i CITBBIMHOILIEHHSIM

Y _
- (14)

xi_"Y4_2°Ql"- y:z”x{A_J-Q Lo, (15)
P,1)’ P,

3actocyBaBlM AudepeHIlialbHe CIIBBIIHOUIEHHS dy=y'dx, 3HalimeMo
MHOXWMHY po3B’93KiB piBHIHHA (13) y nmapaMeTpudHiit dopmi.
3. MHOXWHY pO3B’A3KiB PiBHIHHS

Fyn=0 (16)

JicTaHEMO

MOXHA TIONAaTH Y BULJIAAL
F[ y‘—C) -0, (17)
Ile ¢ — IOBUIbHA AilicHA cTana.
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MipkyBaHHS B 1IbOMY pa3i Taki: SKIIO YUCIO g € KOpeHeM piBHAHHSI
F(z)=0, To 3 piBHOCTI ¥’ = g micTaHeMo Y =ax+ ¢, 3BiOKu a:y;xc.

3ayBaxuMo, 110 PiBHSAHHA BUrAAY (13) ui GUTBII 3arabHi PiBHSHHA,
10 He MICTITh OfHi€l i3 3MIHHUX

P, y)=0 wu Q(y,y")=0, (18)
MOXYTb MaTH OCOOJIMBI pO3B’I3KU

X=a a1 y=h, (19)
Iie a i b BU3HAYalOThCS BIATIOBIIHO 3 piBHOCTe
limP(a,y)=0 1a Q(b,0)=0. (20)
y' >t

4. [Ing 3HaXOMXeHH OCOGIMBYX PO3B’A3KiB piBHAHHA (1) 3acTOCOBY-
FOTECS BA 3arajibHi MEeTOMIU.

Memod p-duckpuminanmnoi xpueoi. SIxino byuxiia F (x, ¥, y') Here-
PepBHa IO 3MiHHIA X i HemepepBHO AM(epeHIOBHA IO ¥, y', TO
OCOBMMBHIT PO3B’ 130K (AKIIO BiH ICHY€E) 3aI0BOJIBHSE CHCTEMY DIBHSHb

Fx,y,p)=0;

F'x,y,p)=0,
ae p=y'. BuwiyauBum 3 cucremu (21) p, 3Haiimemo PiBHSHHS p-Iuc-
KPUMMiHaHTHOI KpuBoi. JIJIT KOXHOI BITKU P-IVCKPMMIHaHTHOI KPHBOI
HeoOXiTHO TIepeBipMTH, YM € BOHA IHTETPaJbHOIO KPHUBOIO i YU TIO-
PYLIYETbCA B KOXHIM 11 TOYL YMOBa €IMHOCTI.

Memod c-duckpuminanmnuoi kpusoi. SIxio BiZIoOMa OJIHONAapaMeTpPUYHA
ciM’ss @ (x,y,c)=0 po3B’A3KiB PIBHAHHA (1) i npu upoMy GyHKIts
@ (x, y, ¢) HerepepBHO mMbepeHUiOBHA TIO TpeTiit 3MIHHIN, TO BU-
JIYYMBILIM TTapaMeTp c i3 CUCTEMU

Dx,y,¢c)=0
®Cl (x’ y’ C):O)
3Hal{1eMO PIBHAHHA C-IUCKPUMIHAHTHOL KPHBOJ.

O6BimHa cHcTeMa KpPUBHUX — Ile KpMBa, fKa B KOXHIM CBOIH TOwLi
AOTHKAEThCA MO OHiEl 3 KpUBMX CiM’i. O6BimHa (SKio BoHa ICHYE)
0BOB’13KGBO BXOMUTH O CKIIANy C-TUCKPUMIHAHTHOI KPUBOI.

Bitka y = ¢ (x ) c-mucKpuMiHaHTHOT KpUBOi € OOBIIHOIO, AKIIIO TUTBKM

D, (x,y, ¢ >y

(21)

(22)

#0 abo @, (x,y, c)l #0.

y=9x) y=9(x)

IMpuxknan 1. MpoinrerpyBaty piBHAHHA
Pt xp )yt ey (e y)y —xdyi=0. (23)
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Po3B’43aHH3i 3acTocyBaBIIM mepimii maxia ((2)—(11)), mo-
IaMO pIBHAHHS Y BUTJIIII

(¥ =) (y=x3(y' -yH=0.
InTerpyioun KoxHe 3 OTPMMaHUX PIBHSHB, JICTAHEMO

2 3
y:c'exp(%]’ y:%"*_c’ y+ : =0

X+ C

MHoOXUHY po3B’d3KiB pIBHAHHA (23) MOXHa TaKOX 3alMcaTH SIK

x? x’ 1 _
(y—c.exp[?))(y—T—cj(wam)_O, ce R

IMpuxkanan 2. IlpoiHTerpyBatu piBHAHHS
Iny' +siny’-x=0. 24)
Po3B’sa3aHHS4 lle piBHIHHS He MOXHA PO3B’I3aTH BIIHOCHO
noxigHoi, ToMy 3actocyemMo MBIT. JdictaHemo
y'=p, x=Inp+sinp, dx=%+cospdp;
OCKLIBKM dy = p dX, TO MAaEMO

dy:p(})+cosp)dp abo dy=(1+p(cosp)dp,

3BOKU y=p+COsSp+psinp +c.
OTxe, MAEMO MHOXMHY pO3B’3KiB piBHIHHS (24) y rapaMeTpuMHii
. thopmi .
x =In p +sin p;
y=y=p+cosp+psinp+c, ce R.
IIpuxaan 3. IlpoinrerpyBat piBHAHHS

(xy’—y)ln(y'—){}y. (25)

Po3B’g3aHHsa OCKUBKUA 33JaHe PIBHAHHSA He MOXHa pO3-
B’S13aTH BIZHOCHO XOMHOI i3 3MIHHMX X, ¥ Y y’', TO cIpoOyeMO CKoO-
pUcTaTHCs IHIXOJ0M, 3arpoIrloHoBaHMM Y (12)—(20).

Hocmmmmo (25) Ha kBasinepiogyyHicTs. [linctaHOBKa X — AX, ¥y - A°y
a€

b

A7 (xy’ —y)ln(?»""1 (y’ #%J):N’y.
Orxe, (25) iHBapiaHTHE BIIHOCHO 3alIPOIIOHOBAHOI 3aMiHM, AKIIO TUTBKU
o =1; 3amiHa Tumy (12) x=e’, y=2z (¢) e ' IpUBOAWTH A0 PIBHAHHS
z'lnz' =z, (26)
gKe BXe PO3B’si3aHe BITHOCHO 3MIHHOI Z.
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3ayBaxxMMo, 110 TIPOLe/lyPa 3alpOBaIKeHHs BKA3AHOI 3aMiHU BHMAarae
DETENIBHOCTI, OCKUIBKM MU 3aMIiHIOEMO He OIIHY 3MIHHY, a Ompa3y HBi:

X t dy_dy dx p -
(y)-»[z} ITpy 1momy o PieHsHHS (26) Bxe MoxHa napa

METPU3YBaTH, NOKJABIIM Z ' = p. [licraHemo z=pIn (p); dz=(In p + Dydp=
:pdt:m}&ldpzdt, (> 0).

Cucrema

2

_ (np)” :

t= 5 +Inp+c; 27)
x=plnp, ceR
3ajla€ OfHONapaMeTPUYHy CIM'IO PO3B’43KiB PIBHAHHA (26) vy mapamer-
puuHii dopmi. IToBeprarourcs Ko BUXITHUX 3MIHHHUX, AICTaHEMO poO3-
B’SI3KM PIBHAHHA (25).
Ilpuknan 4. Poss’g3atu piBHAHHS

e’ +y =1 (28)

Po3sB’a3anH4g 3riguo 3 (16)—(20) y MHOXWHY po3B’a3KiB
LIbOTO PIBHSAHHS MOXHA BIMCATH 3pa3y

2

yox
e ” +1;‘C=l, ce R

Ocob6MBHX PO3B’43KiB PIBHIHHSI (28) He Mae, OCKLIBKM cUcTeMa (21
JUL LIbOTO PIBHSHHS Ha0yBa€ BUTTIALY
e’+p=1;
ef+1=0,
II0 € CBITYEHHAM BIACYTHOCTI MMCKPUMIHAHTHUX KPMBHUX, a OTXe, 0
OCODJIMBUX PO3B’SI3KIB.
IIpuxnan 5 Po3p’d3aTu piBHAHHS

'
X = .

Poss’a3auH4a /g 1poro piBHIHHS MOXHA Oymo 6 npoBecTu
JIAHLIIOXOK nepeTBopeHb (4)—(9), moknaBwm y ' = p. [pote rpolenypa
IHTETPYBaHHS 3HAYHO CIIPOILYETHCS, AKIIO ITapaMeTp BBOAUTHLCY 3MIigHO 3
CIIBBLTHOLIEHHSM Y ' = tg (p). licTaHemo

—__lgp  _ Lo
X= — =+ sin p,
V1+tg'p 4
dx=tcospdp, dy=y' dc=tgp dx=tgp (fcos p)dp=tsinpdp. 3Bimku
Yy=Fcosp+c
x=zxsinp
JIydUBIIA TIApAMETP p, 3HAWIEMO OJHOIIAPaMETPUYHY CiM 10 PO3B’43KiB

— PO3B’S3KM DIBHIHHS Y MapaMeTpyyHiil dbopmi. Bu-
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x2+@-c)=1, ceR

Kpim 101x, icHYIOTb 1lie # 0COOIMBI PO3B’43KH, SIKi MOXHa 3HalTH abo
METOIOM C-IMCKPUMIHAHTHOI KpMBOi, ab0 TpaHMYHMM ItepexonoM (20),
TIOKJTaBIIM Y BUXITHOMY piBHSAHHI X = a. JlicTaHeMo x =+ 1.

Hpukaang 6. 3HaifT KpUBY, BiIPi30K JOTMYHOI A0 fAKOI, IO
MIiCTUTBCS MIX OCSIMH KOOPAMHAT, Ma€ CTAly JOBXVHY 4.

Po3B’sa3aHH44 Hexail X, Y —0iXy4i KoopqyHatH, y =y (X ) —
pIBHSIHHA IIyKaHoI KpuBOI, (X, ) — Oymb-fiKa Touka Ha KpuBid. 3
pIBHSHHS JOTWMYHOI OO KpuBoi y Touwi (x, y) | Y-y=y' (X—x) 3Ha-
xomuMo Bimpisku OA Ta OB, gKi OOTMYHA BiATUHAE Ha KOOPAMHATHMX
ocax (puc. 9),

| 0A|=x-2; | 0B|=y-xy".
3a yMoBolo 3amavi AB = a, ToMy
_ Y2 _ nN2_ 2 - @y
(x y’j +(y-xy")=a abo y=xy N (29)

Koxse 3 piBHaHb (29) € plBHﬂHHS{M KJIepo Tomy dopMabHO MOXe-
MO BHITVMICATU OJHOMAapaMeTpU4Hi CiM’l X po3B’a3KiB ofipa3y

- xc + 98¢ _
y xc_m, (30)

JIJ1g 3HaXOMXeHHI OCOOJIMBUX PO3B’43KiB 3aCTOCYEMO METOH C-OHC-
KPUMIHAaHTHOI KpuBoi. LI LIbOTO 3 CUCTEMH

y=xct

Vl+c”
x+ =0
(1+c7')3
Yy 7
N
M X

<
b,
/
]

Puc. 9 Puc. 10
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BWIYYaEMO I1apaMeTp C, OTPUMAEMO
x4y =qg¥, (31)

3HaiineHa acTpoina € o6BigHOIO TNoOYI0BaHMX CiMelt KpUBHX (pHC. 10), a
oTxe, (31) 3amac 0cobMMBMIT PO3B’I30K BUXITHOTO PiBHSIHHS.
IIpunkaan 7. 3Haittk ocobmiBi DPO3B’I3K1 PIBHSHHSA

y=x+y'~-Ilny'. (32)

Poss’a3anusa JdubepeHuiowoun obumpi yactunu (32) o y,
nictaHeMo

0=1--%. (33)

Buwryqaroun 3 cucrem (32), (33) y', Matumemo

y=x+1, (34)
fKe € PO3B’13KOM PiBHIHHA (32), OCKIJIBKM ITiCIS MOCTARISIHHS HOro B
PIBHSIHHS JiCTAEMO TOTOXHICTh X+ 1 = x + 1.

s mepeBipku Toro, 1o (34) ocobimBmii PO3B’SI30K, 3HAIEMO MHO-
XWHY PO3B’SI3KiB piBHAHHA (32) MBII. Maemo: y=x +p-Inp p=y"),
dy:dx+(1—’%]dp:p dx= (1 —p)dx+(1-1ﬂdp=0:> abo x=Inp+c,
Y =P+ ¢ — MHOXVHA PO3B’3KiB y NMapaMeTpu4Hiii ¢opmi, a6o p=l=oy=

=X+ 1, mo 36iraereca 3 (34). 3HalineHy OJHOIIapaMeTPUYHY CiM’I0 po3-
B’SI3KiB MOXHa IT0JaTH Y BUTILAOI .

y=e* " ‘+c (35)

BiseMeMo OBiTBHY TOUKy (X, ¥, ) Ha mpsmiii (34). ITokaxemo, o
yepe3 Hel IPOXOAUTh OfHA 3 KPUBUX CiM’i (35) 3 TIM camuM HampsMoM
nons. IHnumMy cmoBaMu, Heo6XimHO TIepeKOHATHCA, LII0 B KOXKHIil TouIli
npsmoi (34) Mo Hel NOTHKAaeTbcA OMHA 3 KPUBHUX CiM’i (35). Ocranne
CBIIYMUTD, 1O (34) 3ama€ 0COGMMBHIL PO3B’ 30K PIBHIHHS (32).

YMOBU IOTHKY IBOX KPUBMX J =y, (X ) Ta ¥ =y, (x) 3a0MIIEMO B TOYII
(x0s Yo ) :

NG =300), W)=y ). (36)
Hoa (34), (35) ymoBu (36) HabyBatoTh BUIIILY

*o

e “re=x+1, e =1,

3 Apyroi piBHOCTI 3HAXOAUMO C = X,; THACTABJIAIONM HOro y nepity piB-
HICTb, AICTaHeMO X, + 1 =x, + 1. 1lg piBHicTS CripaBelyIuBa Ul BCIX X,.
Otxe, yMOBM NOTHKY MaloTh Micle, i (34) — ocobmuBMit po3B’a30k
piBHgHHA (32).

52



TIpoiHTerpyBaryl piBHIHHS Ta PO3B’A3aTH ITOCTareHl 3amayi Kouri;
392. ' =y+ 1Dy’ +x=0; M, D).

12 _ 12 _ _l_
393.y” =41|y| 394. y = ITaT

395. xy”? -2y’ —y=0.

396. y? -xy”? -4y’ +4xy=0; M0, 1), M, 0), M (0, 0).

397.xy' =V1+y"” 398. x 2y +3xyy’ +2y2=0.

3}_{a1?m:£ ocofS’Jn/rB@ PO3B’43KN PiBHSHb, SKINO BifOMi OJHOHNApaMeT-
PHYHI CiM’1 PO3B’A3KiB:

399. y2 (1 +y )=, (x+c)+y’=d.

400. y? - 4y=0; (y-x-c)(\y+x-¢c)=0.

MeTogoM p-IUCKPUMIHAHTHOI KpPUBOI 3HAWTU OCOOJUBI po3B’43KM
PIiBHIHD:

401. 7 +2yp' +x2=0. 402.y”? +2xy’' +2x%=y.
403. 37 —4yy' —y?+4y=0. 404.y? -4y=0.

3HaiiTi 00BiAHI OXHOIIApaMETPUYHMX CiMel KpUBMX Ta 300pasuTH ix
rpadivHo:

405. y=cx?-c2 406. y=c(x-c).
407. cy=(x-c )~ 408. xy=cy-c>

Posp’a3ati mudepeHIniaibHi pIBHAHHA:

2 2

409. y=2", 2

2
p
410. 6 y-6y”? + (12x2-3xHy' - 6x*+x3=0.
411.y' (x-Iny’)=1. 412. " —y?=y2
413.y’=exp(5y£]. 414. y (y-2xy' Y=y~

2

3 ' 2
415.y=—);—2+ﬁ2-+y7+%+x.

2

416. x= 2 Iny- 2",
y y

417. y”? +y =xyy’. 418. x=y' V1 +y'%
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419. x(y?-1)=2y". 420.2xy' —y=y'Inyy".

421.y" =2yy’ +y2 422. 2yy' =x (y'* + 4).
423. y=xy' -y " 24. y=xy' +V1 -y
425. y=x1 +y" H)+y"™> 426.2y ' +2)=xy "%
27. y+xy’ =4y 428. y? =3 (xy' - y).
429. x=2 -1 430.y" - 1=0.
Yooy’
Bxasiska. VY piBaaHHax 430—433 sukopucratu (16)—(20).
431. y' —siny’' =0. 432.y” -3y +1=0.
433.y' —|y'|=0. 434. 77 F 1Ry 128 =0,

BxasiBka Buxkopucraru (12).

435. X' + Ty - 24X y' = 0.

BxasiBka. VY piBHaHHAX 435—437 Bukopuctatu (13)—(15).
436. 5x* +y " - 21xy’ = 0. 437. 4y "% + x* = 20xy .

438. Yu MaroTh piBHSHHA:
a) yz—(gyy’)”ﬂ;

3

6) y' =y,

B)y' =Vy+1
ocobmBi po3B’sa13kn? YK BUKOHYETHCSA IIPU LIbOMY DOCTATHS YMOBa 06-
BigHO1?

439. MeToIOM p-AUCKPUMIHAHTHOI KPUBOI JOBECTH, IO PiBHIHHS:

a)y-2xy’ -y"?=0;

6) x+yy' =ay’? (a — HiiCHO3HAYHUIA rnapaMeTp)

He MaloTb 0COOJIMBHX PO3B’A3KIiB.
440. B sgxux TOYKax IUIOLIMHM IIOPYIIYETHCH €IMHICTH DO3B’I3KY
3amavi Komn s piBHAHB:

a) y?—(y’+x)y +xy’=0;
6) y?-(x*+y* )y +xy’=0;
B) - (2x+y)y' +2xy=0?
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HarmuicaTi TI0 TpM Pi3HI pO3B’S3KM KOXHOTO 3 IMX PiBHSHB, gKi
MpoxoaAaTh yepe3 Touky (0, 0).

§ 8. 3AJIAUI TIPO TPAEKTOPII

1. Iz020nanvror0 mpaekmopiern cim i Kpusux
®x,y c)=0, (1)

Ile ¢ — mapaMeTp ciM’i, Ha3uBaeTbcs KpuBa L, ( puc. 11), ska repeTvHae
Bci kpuBi L 1€l ciM’i i omHuMM i TMM caMuM KyToM o. Sxio o =n/2,
TO TPAEKTOPISA HA3UBAETHCS OPMO2OHANBHOIO.

I30roHanpHi (OpPTOroHaIbHI) TPA€EKTOpPil 3alXOBONBHAIOTE HesiKe piB-
HIHHA. 19 3HaXOMXeHHS MOoro HeoOXiTHO:

1) cxiacty gudepeH1ianbHe PiBHAHHA ciM’1 (1);

2) 3aMIHUTM B OTPMMaHOMY PpiBHIHHI y’' Ha —— -, 4KIIO
azn/2 (k=tg (a)), abo Ha——l—, , AKIIO o = 1/2.
y

SAxuo ciM’g KpUBUX 3aa€Tbesl TOJIIPHUMM KOOPAMHAaTaMM
@ (r,p,c)=0, 2)

TO i 3HaXOMXKeHHS IUdepeHIaIbBHOIo PIBHSIHHS CiM’i i30rOHaIBbHUX
(OpTOroHaJILHMX) TPAaEKTOpiit MoTpibHO:
1) cknact mudepeHLiabHe PiBHAHHA CiM’'L (2);

2) 3aMi}mmBHb0My5—(:=i' Ha LrR/ HKH.IOOL#H/Z,iHa—rT, SKILO

r/r-k
o =72 (k=tga).
IIpukaan 1. 3HaiiTu oproro-
HaJIbHI TpaekTopil CiM’l Kijl 3 LEHT-
POM B ITOYATKYy KOOPAHHAT

x?+y*=R>2 (3)

Po3sB’sa3aHHa CkiaxeMo
midepeHLiaNbH]l  piBHAHHA ciM’T (3):
x+yy'=0. B oTpMaHOMY pPiBHSHHI
3aMiHMMO y' Ha — 1/¥’, ZictaHeMo
IvdepeHiliaJbHe PIBHIHHS ciM’1 op-

TOTOHAJIBHMX TpaekTopiit x - y/y' =0 /_,/

abo y' = y/x. IuTerpyrouu 1ie piBHIH-

Hd, 3HAXOAMMO IIYKaHi TpaeKTopii 0 X
y=ax(x#0),x=0(y=0). Puc. 11
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IMIpuxknapng 2. 3HaliT OPTOrOHAIBHI TpaeKTopil ciM’]

r=2asin o. 4)
PosB’a3auna 3Haiinemo mudepeHiiambHe piBHAHES ciM’] 4

r=2asin g;

r=2acos ¢.

Bunyyaemo 3 wiel cucremu a: r=rctg ¢. 3aMiHUMO F Ha —r’/F,
OTPUMAEMO — r2/ F= rctg ¢ abo r/r— —tg ¢. InTerpyroun ue piBHAHHS,
3HalfIleMO LIyKaHy CiM’I0 TPaeKTOpiii 7= 2ccos ¢, ¢ € R.

3HalTH OPTOrOHAILHI TPAEKTOPIl CiMelt JHHii:

441. Tnep6on xy = a.

442. Tlapabon y°=2p (x - a).

443. Tinepbon x2-y?’=a.

444. Kin (x-a )’ +(y-b)=r2

445. Enincis x /a* +y Y4 = 1.

446. r’=1In(tg ¢ ) + c.

447. Jlemuickat (x> +y?) 2= (x2-y?).

Bxasiska. Ilepeittu no momsapHux KOOpAuHar.

448. Lucoin 2a-x) y>=x".

449. CriispokycHux napabon y2 = 2p (x + p/2).

450. Kapmioin p = a (1 +cos ¢).

451. 3Haitn KpI/IBl AKi TIepeTUHAIOTE YCi KPUBI ciM’i norapI/ule‘mm(
criipaeii r= ae ° g xyToM n/4.

452. 3HaifTh KpMBi, $Ki TepeTHHAIOTH KpUBi ciM’l xy=a mig
KyTOM T/4.

453. 3Hafitn KpMBi, fKi NepeTHHaOTh KpuBi ciM’i x 2+ 2= 4* mix
KYTOM oL

454. 3HalfTy 130TOHaIBHI TpaeKTOpii (KyT mepetuHy o =m/4) cim’i
NPSIMUX Y = gx.

455. 3HalfTy i30rOHaNBHI TpaeKTopil (kyT mepetvHy o) ciM’i Kix
p=acos0.

456. 3HaifTy i30roHaBHI TPAaeKTOpil cimeit KPMBUX, 3allaHUX IIO-
JHPHUMM KOOpOMHATaMM p, 0: a) p=c¢0; 6) p=c0% B) p=clno;
r)p=c(l-cos9).
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§ 9. PI3HI PIBHAHHS ITEPHIOTO IIOPAJIRY

Jna piBHsaHb 457 —484 3HaliTH:

1) obnacTe BUSHAYeHHS PIBHSIHHS,

2) obmacth icHyBaHHS PO3B’A3KY 3amadl Kot y (X ) = ¥;

3) obmacTb icHYBaHHS W €IMHOCTI,

4) ocobaMBi TOUKM Ta OCODJIMBI KPHBI;

5) BUBYMTH TIOJIE Hal’IpﬂIvﬂB TopoXeHe IMdepeHIIAIbHUM PiBHSH-
HaM (r1o6ymyBaTy KijlbKa i30KJIiH, BUSHAYMTH HalpAMM I10JI B TOYKaX,
gKi JIeXXaTh Ha OCIX KOOPIUHAT);

6) BKa3aT 001acTi 3pOCTaHHA M CIIalaHHs PO3B’A3KiB;

7) 3HaTH JIiHii eKCTpeMyMiB Ta IepervHis;

8) cxeMaTUYHO 300pa3UTH IHTerpaIbHI KPHBI;

9) mpoiHTerpyBaTH DiBHSHHS Ta BUBYMTH IOBEIIHKY iHTerpajbHMX
KPUBUX B OKOJIaX OCOOJIMBMX TOYOK Ta OCOOJMBMX KPMBMX, a TAKOX Ha
MeXi obJiacTi BU3HAYeHHS Ta Ha HeCKIHYeHHOCTI 3TiTHO 3 aHAITUYHOIO
$opmMoIO po3B’A3KiB;

10) 306pa3uTy 3HaineHi iHTerpaJbHi KPHBI Ta 3iCTaBUTH iX 3 8):

457.y' = | x|. 458.y’:71;.
459. y' = I—XL| a60. y' =X,
461. y' =2 x. 462. y' =2 V[ x].
463. y' = ay. 464. y' = ay’.
465. y' = L.;J 466. y' = 1/y.
467.y' =3y " 468.y' =y
469. yy' = - x>, 470.y' =yIn | y|.
471. x° y' =2y. 472.y' =-2 y/x.
473. y' =2y/x. 474. y ' = - y/x.
475. y' = y/x. 476. y' =— x/y.
r_ X 1
477. y =T 478. y =T
479. ' = 222, 480.y' =

481. y’ + 2xy=1.
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1, y>0; X y=0;
483.y’={ ’ ’ 484.y' =4 y
0, y<O. 0, y=0.

Bu3sHayMTH THIT KOXXHOTO PIBHSHHS Ta BKA3aTH MeTOIM Horo iHTerpy-
BaHHA:

485. y' =y -x?+2. 486.y ' =y2_ 2

—3.
487.ydx+(x—2\/_iy‘)dy=o. 488. (x2+y%+ Iy dy+xy dx=0.

489. ydx+ (2x -y 3 dy=0. 490. y-Ddx+2 (x+1)dy=0.
491. +x)dy+(Bx’+3x2y) dx=0.

492. x+y-lydx-(x-y-1)dy=0.

493. Bx+3y-Ddx+(x+y+1)dy=0.

494. (x +2y+ 1) dx - (x - 3) dy=0.
495.2(y-2xy-x2\Vy)+x2y'=0.

496. x +x?)y' - (1 +2x)y=1+2x.

IpoinTterpyBatu piBHAHHSA i TaMm, me BKa3aHO, BUJUIMTU IHTErpabHY
KPHBY, sKa IIPOXOOUTh 4Yepe3 3adaHy TOuKY M (X, ¥,), MOCHIKYIOUH
TIOTIepeTHLO IMMTaHHS TIPO ICHYBaHHS Ta €MHICTb PO3B’ 3Ky 3amaui Komri:

497. |y’ |+y=1. 306pasuru iHTerpasbHi KpUBi.
498. y'|y'|=-2y. 306pasuTu iHTerpaNbHi KpHB.
499. |y’ |=|y|+1; M0, 0).

500. y'=|y|+|x|; M(,O0).

BusgBury, saxi moyaTKoBi 3HaueHHs MOXHA 3ajaBatu, 106 3aja4ya
Komii sBHO Mana equHMIT po3B’I30K:

501. x%y’ +xy=1. 502. y'+yV1+x=0.
503. y'+e*y=0. 504. y' + ylnx=0.

505. Ipu SK31X m KOXHMIA PO3B’ 430K PIBHAHHA € TIPOAOBXYBaHUM Ha
BCIO BICh — ®© < X < + «?

a) s piHsHHA ' =| y[" (m € [0, 1] );
6) mnda piBHAHHA ¥’ =(y*+ e )" (m<0,5).

Po3p’st3aTH piBHAHHS, BKa3aBIIY 1XHi THITA:
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506.
507.
509.
511.
512.
513.

514.

516.

517.

519.
520.
521.

522.

524.

526.

528.
529.
530.
532.

534.
536.

537.
538.

539

Qxy?-y)dx+@*+x+y)dy=0.

y?=Coy'+ Dinx. 508. xy' =2y +V1+y7,
y'=3x+Vy-x7. 510,y = 4y (xy' — 2y -
xp'=xe 7 +2.

xdy-2ydx+xy>Qxdy+ydx)=0.
x>-2xy?)Ydx+3x’ydy=xdy-ydx.

oy’ Y =2Tx (y2-2x?). 515.y’—8x\l;=x—‘§*f_L1,
[2x—]n(y+1)]dx—;—:'l!dy:0.
EN(ES) i 518,y = (Ao’

x +y+1 x+ D-x’
(x‘/—;7+1+1)(y2+1)dx=xydx.
' —-x*VNyr+el=x+DHE*+1).
x?-Dy +y*-2xy+1=0.
y' = Gy=xy. 523. dx — dy+x (xdy -y dx) = 0.

2
y' +yi=1+x>2 525.xydx+[%+i]dy:0,
3

Y Y dy= S

(x+x)dx+(1+xjdy 0. 527.y' = 2.

inx+y)dy+(ycosx—x?)dx=0.
(e’ +2xy)dx+ (e’ +x)xdy=0.
yy-xy')=VxT+y” 53l.x%dy-dx)=(x+y)ydx

(xcosy+sin2y)y’'=1. 833.x(x+ D' - D=y
y2-yy' e =0. 535.y =2 +y.

2y’ =x+1Iny’.
(cosx-xsinx)ydx+(xcosx—2y)dy=0.

xp' =xVy-x2+2y.
LQ2x2y-29%)y =6x2xy?+ 1.
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540. yy' = 4x + 3y - 2. 541. y?y' +x?sin" x =y’ ctg x.
542. xdy-ydx=xVx?+y? dx.

543. x2y?+ D) y+y—1)2xy’ =0.

544. % +x?y  =xy(y?+y”).

545. y' =N 2x—y+ 2 546. (y' - xVy)(x*-1)=2xy.
547. (x—ycosf]dx+xcos§dy=0.

548. y”P +(y7? -2y )x=3y' —y.
549. y'tg y+4x > cos y = 2x. 550. x (y"*+e¥)==2y".

Posp’a3ati pPIBHSHHS, IO 3BOOSTHCS OO PIiBHSHD 3 BiZoxpeMmo-
BaHMMM 3MIHHMMH 3a JOTIOMOTOIO 3MiHM IIyKaHol oyHKuii (f, ¢ —
HerepepBHi yHKIIji):

551. ' - ) fix)=y? - x>
552. y(l+xy)dx+x (1 -xy)dy=0.

553. (x2-y*)y' —xp=0. 554.y’=§+x"f(§).
555.y =y’ f(xp). 556.y' = ¢ (x) fo) - L

’ i L) B P ._ _]z2z>0
557. Po3B’g3aTil piBHAHHSA 4 TY=SfGinx-y), ne f(z) {0’230

3HalT! pO3B’A30K, SKMIi IIPOXOUTE Yepe3 Touky M (0, 1).
558. osectu, mo po3p’sasok 3amaui Kown y(x,) =y, ma mude-

PEHLIATBHOTO PIBHAHHSA % =f(x), ne f — HerepepBHa Ipu X € [ a, + o ),
X2 a, Y, — Oyopb-AKe OiliCHe YMCIIO, MAa€ TOPU3OHTAILHY ACHMITTOTY

y=y+b @y b= f(x) ax).

559. Bmopnc?onylo‘m Pe3yJIbTaT TIONepe/IHBOI 3a1a4i, BUSBUTH, TIPU
SIKMX 3HaYeHHSX A iHTerpajibHa KpMBa PIBHIHHS %’ = x", 9Ka TIPOXOIUTH
4yepe3 TOUKY (X, ¥y ), 1€ X, HaJIeXXUTh obJlacTi BU3HaYeHHS IIpaBOi Yac-
THHU PiBHAHHS, ), — JOBUIbHE, Ma€ TOPU3OHTAILHY aCHUMIITOTY.

560. PosrnmgaHeMo piBHIHHA % =f(x) (f(x) — HemepepBHa y BCix
TOuKax iHTepBany (a,b), KpiM Touku &, £ € (a, b), f(x) > + oo npH

x —&). Toxmi x =& € po3B’43KOM DIBHAHHI % = j%x) JloBecTH, 1110 9KI1IO
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€ b

IHTeTpa jf(x )dxi If(x) dx 361xHi, To x = £ — 0co0IMBUI PO3B’A30K,
a 3

SKIIO X 11 iHTerpamm po3bikHi, To X=§ -— YaCTMHHMWI DPO3B’I30K.

3po6UTH PUCYHKHU [UIS BHIAJKIB f(x ) —> + o MU X —> § +0; f(x) > -»

mpux—&-0; f(x) >+compux & +0:

a) pO3B’SI3aTU PIBHAHHSA %: ;1—2 i %zi (3pofOUTH PUCYHKH);

-13 .
. . dy | x mpu x < 0;
6 iHTerpyBaTH pIiBHSHHS — = 3pobuTH pU-
) TIPOiHTETpyBaTH P > {x_z pE x> 0 (3p p
CYHOK).
561. TIpy SKUX 3HaYeHHAX A QudepeHIliagbHe PIBHAHHS Y _ x* mae

dx
po3’a30k x = 0? Ipn gKux A Ueii po3B’A30K 6yne ocobmBuM?
562. Bkaszati, TIpM SKMX 3HAUeHHAX A TUQepeHLianbHe PIBHIHHI

% =y * Mae po3p’a3oK y = 0. [Tpu sxux A nemt po3B’s30K Oyne ocobmBuM?
BuBuuru Ta rgopiB}mm MOBeiHKY IHTeTPAJIbHUX KpPWBUX PIBHSIHb
d - d

i:\]lyl 171-}’(=\I_y. 3pobUTH PUCYHKH.

563. TTokazaty, sSIK caMe piBHSHHA a (xdy -y dx )+ (b+bx+by) dy +
+(c+cx+cy)dx=0 3BOOUIBCA O OTHOPITHOIO PIBHIHHIT abo 1o piB-
HIHHY 3 BITOKPEMIIOBAHMMA 3MIHHAMU.

564. TTimi6paBlIM YAaCTMHHUI pO3B’SI30K PIBHAHHA y'+yCOSX=
= COS X §in X, 3HAWTH Horo 3aralbHUi PO3B’I30K.

'565. ITiniOpaBIIM YACTMHHUIL pO3B’430K PIiBHAHHA y' + pp (X) =
=@ (x) ¢ (x), 3HAWTH Joro 3araJlbHUiA PO3B’A30K.

566. 3pecty piBHSHHA y" 'y’ +a(x)y™=b(x) mo mHiliHOro 3a
TOTIOMOT0I0 3aMiHM IIyKaHol (GyHKIi.

567. 3BecTy piBHSHHA ' + (V2 —¢> (X)) f(x) - ¢ (x)=0 mo piBHSIH-
Hs BepHyUTi 3a JOMOMOroi0 3aMiHM LIyKaHOI QyHKILI.

Bustsuty, yu 6yne y=0 ocobavBUM PO3B’SI3KOM IS AvidepeHLIiab-
HOTO piBHAHHA:

sinl % 0;
568. y' = y y’ y# 5

0 y=0.

NS '
569.y’={ Yysin y#0;

0 y=0.

570. daxo piBHAHHA %‘ =f(x, y), ne f —HenepepBHa B R ? i Taka, 110
f(x,y)>0 mpu xy<0; f(x,y) <0 npu xy>0. loBecTH, WO pO3B’A30K
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3amavi Kouni y(x), takuii, mo y(0) =0 icHye. Yu rapaHTyerncs ioro
€OUHICTB?
571. 3a gomoMoroI0 3aMiHM He3aJIeXXHO]l 3MIHHOI 3BeCTH piBHSIHHS
y:a(x)y,+f[ y' )

a (x) a(x)

o piBHsHHA Kiepo.

572. Tloka3sary, o po3B’s130K 3amadi Kol 3 1o4aTKoBolO YMOBOIO
¥ (Xo) = Yo 47181 PiBHSAHB: ) y' =x >~y 6) y' = Xy + e ~’ BUSHa4YeHWIA TIpU
x € [x, +) (TO6bro HecKiH4eHHO IIPOJOBXYBAHUIA BIIPABO).

573. Hexaii y piBHAHHI %‘— a@)x=f), a(t)=20, f(t)-> 0 npu
t— + . JJoBecTH, 1[0 KOXHUIT PO3B’A30K IILOTO PIBHAHHSA IIPIMYE IO
HYJIA TIpU  — + oo,

Bkxa3iBka Ilomatu 3arambHMITI po3B’S30K DIBHSHHS Y BUTIISIAI
iHTerpajia 3 HeCKiHYeHHOIO I'PAHHIIEIO.

573. 3HalTH i30TOHAJIBHI TpaeKTopil ciMelt KpuMBHUX (¢ — mifiCHO-
3HAYHUM NapaMeTp, o. — KYT IIepeTHHY):

a)x2-y’=c? a=45 6) y+ex=1, a=30%
B)ey-x=1, a=60% r)y=ce*, a=45
n)%x2+y2=c, o = 90°; e)x’-cy=1, a=90"

€)r=ce ®, a=90" (r, 8 — NONAPHI KOOPAMHATH);
X) r=ko? o =90



Faasa 2

JIMOEPEHIIAJILHI PIBHAHHSA
BHIINX TOPSAKIB

§ 10. PIBHSIHHSA, IO JAOIYCKAIOTDH SHYGKEHHS IOPSARY.
IHNTET'POBHI TUII PIBHAHDb
1. JudepeHuiabHe PIBHIHHS H-TO TIOPSAIOKY

F,,9,9" w0y y™=0 (1)

JIOTTyCKA€E 3HVDKEHHS IOPSIKY:
1. Axamo Mae BUTTISL

Fe,y®, y®b L y™=0, (2)

samiHa y ¥ = z, mie z = (x), 3HVKYE TIOPSAOK Ha kK OMUHMIIL
2.V piBHIHHI

Fo,y,y", ...,y"™=0 (3)

3aMiHa y' = p, e p=p (¥) — HoBa QYHKIIA apIyMEHTy y, SHIDKYE IOps-
nok piBHaHHA (3) Ha omHy omuHuino. IlpyM LIbOMY BpPaxoBYEMO, IIO
y'=pp,y"=@"p+p' ) it N

3. ko piBHsHHA (1) OTHOpiIIHe BIMHOCHO 3MIHHMX J, Y, ..,y ™,
T0OTO

Fx,t,tp' ", ty )y =t"Fx,y, 9", y", .., ¥ ™), >0,

it ToMy IHBapiaHTHe LIOAO PO3TATIB (X, y) —> (X, &), TO IOPANOK ¥oro
MOXHA 3HM3UTH Ha OJMHMUIIIO 3aMiHOIO

y7'=u, u=u(x). 4

4. V3arajbHeHo ofHOpifHe piBHAHHA (1) (IHBapiaHTHe IIIOJO0 PO3TATIB
(x,¥) = (&, t*y)) cnipolyeThes py 3aMiHi

x=e' y=ze" (5)

Ie z=z(f), a Bara KBa3ioMHOPITHOCTI BU3HAYaeTbCs 3 YMOBM iHBapiaHT-
HOCTI

Fx, thy, t*tyr 5y ) =t"F(x, 3, ¥, ...,y ™) = 0. (6)
Tpu 3amiHi (5) IOXixHI TIepeTBOPIOIOTECS 32 (HOPMyJIaMH

=F-D. =5 e'=@' +hke*

63




yllzgst’e~f=(Zy1+(2k_l)Zr+k(k_1)Z)e(k—2)l (7)

1
5. PiBHSHHS y GopMi ITOBHOI ITOXiTHOI

’ " n d ' " n-
Fox,y, 959" 0y M =0 Gy, ',y .y =0
JOITyCKa€ O4YeBHAHE 3HIIXKEHHS ITOPIAKY Ha OOUHULIO, }IiCTaHEMO
G, 3,y " ..,y N=C, (®)

ne C, = const. CriiBBinHOIEeHH (8) Ha3WUBAIOTh HepUUM iHMe2patom pig-
HAHHA.

Axo piBHAHHA (1) He Mae GopMM IOBHOI NOXiAHOI, TO B AESKUX
BUITaJIKax BOHO MOXe HabyTu OaxaHoi (opMH IIpY MHOXeHHI Horo Ha
mesky dbyHkuio m(x, ¥, y’, ...,y ) — iHTerpyBampHuii MHOXHUK. CIIi
MaT{ Ha yBasi, 10 NP LIbOMY MOXYTh 3’SIBUTHCS 3aiiBi PO3B’I3KH (SKINO
m = 0), a TAKOX MOXJIMBa BTpaTa AesKUX Po3B’A3KiB ( Y pa3i po3pUBHOCTI
m). Tak, piBHSHHA y "' = f (), AKIIO TOMHOXWTH Horo Ha m = 2y, Haby-
Ba€ BUTTIAAY

'y =2y'fo) abo L= =L fro ),

a OTXe, PO3B’A3KU HOro 3aJal0ThCd CITIBBIHOIIEHHAM

'[ \/]7()’) d)’+ C1

Jlinitine plBHHHH}I APYTOTO MOPSIKY Y "t P (x) y + g (X)y = f(x), gxmo

qx)=p (x) € piBHIHHAM Yy dopMi TIOBHOI TIoxinHoi. Moro MoxHa nogatu
d

V BUIJIAAL E O'+p )y = e j f(x) dx| 1 3HU3UTH NOPAIOK Ha ONUHUILIO.
HicraHeMo JiHil{He PIBHIHHS MepLIOro MOPIAKY, IKe JIETKO po3B’SI3aTH
BimoMuMU Metogamu (Jlarpamxka, BepHysm Ta iH.).

2. PiBusnHA (1) MOXHa po3B’g3aTH, TOOTO 3HAWTH HOro po3B’s3KU
BUTJIIOI KOMOIHAIIN eleMeHTApHUX (DYHKII YM KBanpaTyp:

1. SAximo BoHO Ma€ BUTTIA

+x + C..

Fx,y™=0, )
TO! \
1) (9) MoXHa po3B’3aTH BiHOCHO
\") f(x)> (lO)

ne f — HerepepeHa Ha [={a, b) GyHKUI%, TOAl MHOXWUHY pO3B’SI3KiB
MOXHa 1o04ati! 7K
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y:”... _f foodx...dx+ Cx" '+ Gx "+ + G, (11)

(n pasiB)
Po3p’s30k 3amaui Kol as piBHAHHA (10) 3 ToyaTKOBMMU yMOBaMM
YO =Y ¥ &)=y ey " )=y (12)
MOXHa 3armcaT y bopMi
n-1

y=”... _[f(s) ds .. dsds+ y° Y -2 """+ .4 (x = Xp) + Y. (13)

Xo X Xo

(n paziB)

3actocoBytoun crissigHoueHHs (11), (13), 3pyyHo KopHCTyBaTHUCA
dbopmyIoro

jy”jf@yk”Juﬁ* leﬂna—onlm (14)

(n pasie)

2) (9) morryckae napaMeTpI/Bauuo x=¢@),y"=vy(@®, TIPMIOMY ¢ —
JwWidepeHLITOBHA (byHKHlﬂ TOAI UL 3HAaXOMKEHHsS PO3B’ SI3KiB I[bOTO
PiBHSHHA y NapaMeTpU4Hiil GpopMi CiIijl 3aCTOCOBYBATH TAKM JIAHLIIOXOK
[IEPETBOPEHD:

dy®V=y®d dy “V=y@Ode®=vOe' @ adt
Yo =fwme di+ C=v @, C;
dy "=y ™V gx dy 2=y, (1, Cho’ (0 dt;
ye 2 =[y @, Cyo (dr+ C=g,(t, G, C)

iT. O
2. SIxao (1) Mae BUITAL
Fop" " y™=0 (15)
i (15) MoXHa po3B’A3aTH BITHOCHO y ) 10610 ¥ ® = f(¥ "), TO BBiBIIM
HOBYy HeBimoMy oyHKuiO % (X)=y" ”, mictaHeMo ' = f(u), 3BioKu
x+C = du
S

TpurycTUMO, 1O 3 OTPMMAHOI PIBHOCTI JIeTKO AicTaTH U = ¢ (x, C)).
Tomi MatnMeMo mudepeHLiatbHe piBHIHHA (1 — 1)-ro mopsanxky y " =
=y (x, C) surmsany (10). Sxamo x (15) MoXHa napamMeTpU3yBaTH
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Yo l=o@®, y"=y (@, (16)
NPUYOMY @-audepeHIliifoBHa byHKIIIL, TO, 3aCTOCOBYIOUM IHepeHL-

albHe CTBBiMHOIIeHHS dy “~ " = y “dx, nicranemo ¢ ' (f) df =y (¢) dx, 38ix-
K1

x:j%’%dﬂ C, (y@=0).
Aani dy 2=y @V dx= ¢ (1) uw'((t) dt,
-2 _ [e(De’ () .
d vy 4G
dy=y'dx, y=¢(t, C, .., C).
Otxe, y mapaMeTpuuHiii popMi MaeMo n-TIApaMEeTPUYHY CiM’I0 po3-
B’43KiB piBHAHHA (15) xzf (P\Tl((t)g d+C, y=t(@, G, .., C).
3. Axauo (1) Mae BurILIn
Fy®2, y ™=0 17)
i (17) MoxHa po3B’s3aTH BiTHOCHO ¥ *, TO, 3aNPOBANMBILY 3aMiHY yrAo

=u (x), mictaneMo y “ = f(y "~ ?) = f(u) abo u " = f (u). 3acTocoByIOUM 10
OTPMMAHOTO PIBHAHHA TIAXiM, 3aIIPOIIOHOBAHMIA Y T1. 5, 3HAXOIUMO

du
———— = x + C,. 18
J‘i\{;‘fjf(u)du+cl 2 ( )

INopeprarounch 00 BUXITHUX 3MIHHMX, TOOTO MMiICTARIIONH 3HaIeHi
3 (17) sHaveHHa u B criBBimHOmIeHHS ¥ " ? = u, micTaHeMO pIBHAHHS
(n —2)-ro nopsanxy Bursiay (10). SIxuro x (17) Moxua IIapaMeTpU3yBaTH,
OTPHIMAEMO

y "= yP=y@;
dy " Doy Ody gy @Dy eeb gy e dy "

y(")
abo
yPdy TPy dy @Iy (e (dr=y " Vdy "D,

Inrerpytoun, gictanemo y "~V =+ N2y (5 ¢’ () dt + C,.

TMonaeuii epeTBOpeHHs 106yTOro AvdepeHI{aIsHOro PIBHSIHHSA TIpo-
BOAVMO aHaJIOTIYHO 3 (16).

ITpukaan 1. Poss’ssam zanayy Kowrn y '’ = xe *, y®=1, y' 0 =0.

Po3B’ a3amnmn s le piBusaua muny (10). JIis 3HaXomKeHHS
MHOXVHHM HOTO PO3B’A3KIB MOXKHA 3aCTOCYBATU OApPa3y (hOPMYIH an,
(14). Oictanemo
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y:_f te'(x-0dt+ C x+ C,.

AJjte OCKUTBKM I po3B’a3yBaHHs 3amayi Kollli HeobxigHO 3HaXOOUTH
e i y', TO 3pyuHillle BUKOHATU ITOCIIJOBHE IHTEIPYBaHHA 331aHOIO
piBHIHHS. MaeMo

y'=x-De + C;

y=x-2)e*+ Cx+ C,.

BpaxoBytoun noyarkosi ymoeu, 0=-1+ C;, 1 =-2 + C,. 3Bigku mIy-
KaHMiT po3B’130K 3afaul Koun Mae Buran y=(x—2) e *+x+ 3.

Npuxkaang 2. Po3p’d3aty piBHAHHA y "' = —e

Po3B’ g3aHH 4. OCKUIBKM iHTerpal Bif MpaBol YaCTUHU He BH-
paXaeThed Yepe3 eJleMeHTapHI GYHKIII, TO 3pYYHO CKOPUCTATHCS Ofpa3y
dopmynamu (11), (14). Hdictanemo y = j e’ x-ndt+Cx+ G,

Mpuknan 3. Poss’szamy piBHaHHI x - e +(¥") *=0.

P0313’513aHH$1.IIaHepiBHﬂ}n{;{emiBaHeHTHex:e’”—(y”)2.Ho—
KIRIEMO ¥ ' = p Ta 3aCToCyeMo IuidbepeHI FaTkHe CITBBIIHOLIEHHA dy ' =Y " dx.
Jicranemo x=e’-p? dx=(e?-2p)dp, dy’ =p(e?-2p)dp. 3Bimku
y'=ep(p—1)—%p3+CI.OCKiJIbKI/Idy=y'dx,TOMa€MO

dy=(e* p-1)-EGp*+2*-2p- Cpe’+3p* - 2Cp) dp.

A 0TXe, CITIBBITHOIIEHHST

y:(%—% ezcg —2p+2 - Cje’+ 5p Cp*+ G
x=e’-p% (C, CGeR)

33/1a10Th MHOXVHY PO3B’43KIiB BUXIHHOI'O PIBHAHHA.

IMpuknan 4. Posp’sasaty piBHAHHA ¥ ' =xy " + (¥ ')

Po3B’g3aHH 1. OCKUbKY 3aaHe PiBHIHHS He MICTUTh IYKaHOI
¢dyHkii, To Horo NopsIoK MOXHa 3HU3UTHU, 3aCTocyBaBum IIiI[CTaHOBKy
y' =z, ne z =z (x). OTpuMaemo piBHHHHH KJIepo z=xz'+(z ’) , SIKe JIeTKO
pO3B’SI3aTH. OzmonapameTpmma ciM’a po3B’a3KiB piBHsHHS Kitepo mae
BUTIISIN Z = xC+C*(C— lIOBUlea CTaJla, MapaMeTp cim’l). Kpim 1poro,
ICHYE 1 ¥ ocobaueuil po3e 930k, IKMI MOXHa 3HAUTH 9K oOBIIHY OfHO-

5 -
. e g zZ=X C
mapaMeTpU4YHO1 ClM’l, BHWJIYYMBIIIM 3 CHUCTCMH { C+

2
JlicTaHeMo z = - x?.

0=x1+2 niapamerp C.
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INoBepTarouch 10 BUXITHMX 3MIHHHX, MAEMO J = -%Cfx2 +Cix+C,—

3
3aTaJIbHUNA PO3B’A30K, J=— =

12
(Cls C € R)
IHpuknap 5. Posp’s3aty piBHAHHA XYy "' — X’ Zoyy'=0.
Po3B’g3aHn H g lle piBHAHHA iHBapiaHTHe LIONO PO3TATIB
(X, ») = (x, 1)). BoHO He 3MIHIOETBCS BII MMACTARIAHHA Y —> 1, y' — Y,
y" —>1ty". 3amiHa y; =u, ie U = u (x), 3HIKYE TIOPSIAOK HA OSMHUILIO.

CripaBmi, MaeMo y'=yu, y" =y'u+yu’, a orxe, X >+u'y - xu > -
—u=0aboxu'=u.

Interpyrouu 3HaiineHe plBH}IHHSI Ta II0OBEPTAIOYMCH O BUXiIHMX
3MIHHUX, mcraHeMo MHOXWHY PO3B’I3KiB JOCIIKYBAHOTO PIBHAHHS:
y=C, exp(Cx?).

Hpnxnan 6. Posp’ssatu piBHaHHS X y”+(xy y) =0.

Po3sB’g3aHHa4 HOKa>KeMo IO PiBHAHHSA u{Bapla}m{e BiTHOC-
HO pO3T5H‘1B (x, y) —> (x, t y) CnpaBm BHACTIIOK TIACTABISHHA X —> X,
y-thy, yr >ty yr>t* 2y JicTaHeMo

2 y”+13kx3y _ 3% 2 y+3t oy y
orxe, ripyu k+ 2 =3k, tob1r0 k = 1, PIBHSHHS He 3MIHIO€Thcd. Tomy
HeoOXimHO 3poOUTH 3aMiHy, TIPUTAMaHHY KBAa3lOMHOPIIHMM DIBHAHHIM,

TO6TO X=€¢', y=1ze' me z=z(f) — HoBa GyHKIA apryMeHry f. Ilpu
IIbOMY HeOoOXigHO MaTH Ha yBa3i, LIO

+ C, — ciM’S 0cobMMBHX PpO3B’I3KIB

3k 3 =0:
>

_‘il_wd__‘,j.l’ _i .4_2 - e"" d_Ze_Z'_.‘_j.Ze'm
dx} dddx) dt\dt T odr? dat”
To6TO
2
dy_ds, , dy (42 &),
dx  dt el \de? dr
Jlicranemo

dz d (&) _
dt\dt)

3aMiHa z' =p, e p=p(2), OpuBee A0 DIBHAHHS TIEPIIOTO TIOPIOKY
p=1g(C -2,
p=0.
3AiiCHIOIOY TIEPETBOPEHHI B 3BOPOTHOMY TIODSZKY, JICTaHEMO

stin(Cl—ijz 1.

% p+p+p’ =0, pO3B’SI3KN SKOTO MOXHA TTOATA Y BN
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IIpuxkaan 7. Po3p’ssatu piBHAHHA Yy "' = y'
Po3B’g3aHH 49 [ToMHOXUBIIM PiBHSIHHSI Ha DYHKLIO m=ﬁ ,
y
JicTaHEMO %:% — piBHAHHA ¥ oOpMi TTOBHUX MOXITHUX. SHIKYIOUH
iioro mopsioK, MatiMeMo ¥’ = C,y, 3Bimku y = Cye .

3HalfTy po3B’a3KU AMbepeHIIaTbHUX PiBHAHD, AKI 3aJ0BOJIBHAIOTH
T0oYaTKoBi abo rpaHUYHI YMOBH:

575.y"=e 5 y(0)=0, y' (0)=0, y" (0)=0.
576. p =<5 y()=0, y'(1)=0, y” (1) =0,
577.y"=1; y(1)=0, y(2)=1. 3pobuTtn pUCyHOK.
578.y" =2, y(-1)=0, y(1)=0. 3pobuty pucyHOK.

SHU3UTY TIOPIAOK PIBHSHB IO TepIIOro:

579.yp" =y' *+2xy”. 580.y"2—yY”'=%J2.
581.y”+%y’+y2:0_ 582. y'2+ 2xyy " = 0.
583.y"+(-2y'=0. 584.y"y =1

585. x> (y Iy -y H =2y - 3xyy'?=0.
586.y2(yryul_2y112):yy12yu :2y14.

587. yy'y" + 2y’ ty" =3y "2

588. x4y +1=(1 - xy'. 589,y +2yy 0= (2x+ D)y,
590. y(2xy " +y N =xy'*+ 1.

Po3B’93aTH piBHAHHSA, CKOPHUCTABIIMCH iX KBa310AHOPIIHICTIO!

591. x2yy" = - xp ). 592. yy" -y’ = 2
V1+x

593. x2 0y -y Y+ xp =y iyl

594. yy' +xyy" —xp'i=x". 595. yy” =y'*+ 15y 2 \x.
596. (x 2+ D' -y =xpy’. S9T.y(y"+y)=xy’ (1 -Xx).
508. x2(y'2-2yy")=y2 599.LZ+y'2=3xy"+32xL'.

X
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70

—3y)\/—x—3.

Po3B’a3aTyt piBHAHHS, BUIUIMBILY [TOBHI MOXITHI:

600. x>y -y +xyy’ = 2xy’
601. x“ ('’ -2y =4x Py’ + 1.
602. x%" - 3xy' +4y+x 2=
603. xyy" +yy' —xyr3=
604. y" =2yy’.

606. yy " =y

608. yy"=y' ' (v'+1).

610. xy " =2yy’' —y'.

612. xy" -y =x2yp".
Po3r’a3at piBHAHHS:

614. xy " = 1.

616. y "' =2xy".
618. y " = Sx,
620. x=¢ 7" +y".
622.x—\(%y”2.

624. x%y" =y"?

626. y" xIn(x)=y".
628. yy' =y’

630. yy"*=1.

632. y? 2yy”’+l—0
634.2yy" =y?4+y'?

636. 2y’ (" +2)=xy">.

638.
640.

O+ =y’

y"+cosxy’ —sinxy=0.

605‘ yyru - y/y "no_ 0
607. y" =y'?y.
609. y'y+y'?=1.
611. y"=xy' +y+ 1.
613. 5 2 3yrryrm=0
615. xy’ = sin x.
617.y" =sin (x ?.

5
619. y" =e*+>x 2
621.y"%=1.
23.yr=—L 1
623.y x-1° x+1°
625. y' 1+y'H=ay
627. xy'" =y’ ln(%j
629. 1+ y'2=2yy".
631. 2yy" +y*+y't=0.
633. ¥ IHy =y " 3
635. ”3+xy”—2y’.
637.y%-y3yr=1.
639.yy" =y2_y'3

641.

1

no__ 4 ! i —_
Y=Y+ Y=

1.



642. 3HaiiTy iHTerpaybHi KpUBI PIBHAHHA yy'y' =y’ 2+y'?
npoxonsTh Yepe3 Touky (0, 0) i moTMKaroTbCA B Ll Todll A0 IpAMOIL
x +y=0. CKUIbKY TaKMX KPHBHUX ICHYE 1 yoMy?

643. 3Haiiti popMy KpuBoi, 1110 ii HabyBa€e THyYKa OJHOpPiIHA HEepO3-
TsKHA HUTKA 3 3aKPITUICHUMM KiHIIIMH, SKILO Ha HUTKY [li€ HaBaHTaXeH-
Hf, TOPM3OHTAJbHA IIPOEKLs SKOro OIHAKOBa Ha KOXHY OIWHUILIIO
JOBXMHU. Macoio HUTKH 3HEXTYBaTH.

644. 3HaiiTu cbopMy KpI/[BOl 1o il Ha6yBae THYYKAa HEPO3TIKHA HUTKA
3 3aKpITUIEHUMU KIiHISMM ITi Ji€r0 BJacHOI Macu.

645. JloBecTH, 11O PIBHAHHA PyXy MadTHUKA y " +siny =0 mae po3-
B’930K J(X), TaKult, 110 IIPA X —> + o0 ¥ (X) —> + oo,

646. 3HaliT KpUBY, padiyc KpMBUHK SKOI JOPIBHIOE 1.

A+y' >’

o

647. 3HailTu KpUBY, pajiyc KPYMBMHU GKOI IIPOIIOPLIMHUN KyDOBi
HOpMaJ.

BKa3iBKa:R=—(l—+y—) — pamiyc KpuBuEM, MN = |y V1 + ' 2| —

JOBXMHA BifpizKa HopMaJi (IuB. puc. 6).

648. Banka 3aBAOBXKM / JIeXUTh KiHLIIMM Ha ABOX oropax. [Jo ce-
pelVHy OaJKu IMBiIIeHO BaHTaX P. 3HaliTH pIBHAHHS IIPYXHOI JIiHil Ta
1l HaWOLTPLIIMIA TTPOTUH.

B x a 31 B K a. SIKuio movyarok KOOpAWHAT IIOMICTUTH B HEPYXOMY
Touky Oajnku, Bick Ox cripaMyBaTyl B3IOBX Oanxu, a Oy —Bepmxamyﬂo

BkxasziBka R=

BHM3, TO 3TUHAJIBHUI MOMEHT y TouLl (x, y) M =P (/- x) = E[ o ae E —

MOJYTb IOnra; I — MOMeHT iHepliil IUTOLII ITOIIepeYHOro nepeplsy Oamxu
BIZHOCHO HeNTpaJIbHOI JIiHii.

649. OOuMCIUTH INBHAKICTH, 3 SKOIO BItage Ha 3emumo (Iin Oi€ro
3eMHOTO TSIXIHHSA) TUTO, IO B TTOYaTKOBUI MOMeHT HepebOyBae Ha opbiri
Micsaug (TIpUCKOPeHHS 3eMHOTO TSOKIHHS 00epHEHO TIPOITOpLiiiHe KBag-
pary BifcTaHi TUIA BiX LleHTpa 3eMI).

650. BuxopycToByrOYM JaHI ITONEpeIHbOl 3aadi, o0UMCIMTY Jac Ia-
iHHYA Tiga 3 MicsayHol op0biTH Ha 3emmo.

§ T1. 3ATAJBHI BAACTUBOCTI JIHIAHUX PIBHAHD

1. Jlinitine HeonHopinhe piBHIHHS (JIHP) n-ro mopganky mae Buriman
Lyl=f®, (1)

re L=y "+a®y” " +.+a,0)y a(x), f(x) — HenepepsHi
byuxui; x e I=(a, b) (i=1, 2, ..., n).
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BinnosigHe fioMy omHOpinHe piBHAHHS (JIOP)
Ly]=0. 2)
3aMiHa He3aIexXHOol 3MIHHOI
x=®d (1), (3)

fie @ — HerepepBHO jvidbepeHIIIMOBHA n-pasiB hyHKIIA Taka, 1o O’ =0
I BCIX 1€ (o, B), Wi IKUX x =@ (9 € (a, b), He TOPYUIYE JIHIMHOCTI
PIBHSTHHS.

3amina HeBimomol GyHKII

Y=o X z+p(x), (4)

Be « (X), p (x) — HerlepepBHO NMdepeHIIHOBHI #-pa3iB YHKLGT; o x)#0
npu x € I, z=z(X), TAKOX He MOPYUIYE MHIHOCTI PIBHAHHA. OnmHopigHa
3aminHa (B (x) = 0), BimmosigHa (4), 3actocoBana mo JIOP He Mopyl1Iye Horo
JIHIAHOCTI 1 OJHOPITHOCTI.

Kombinawii samin (3), (4) BMKOPHCTOBYIOTH IS CHPOINEHHS BH-
xirHoro JIHP w JIOP. [loBeneHo [6, saBmanus 2.25], wo sxuo JIOP (2)
3pomuthes Ao JIOP 3i cramimur koedilieHTaMu 3aMiHOIO (3), To ocraHHs
00OB’I3KOBO Ma€ BUIJISII

t=c| Va, (9 dx. (5)

2. fxmo y, — HeTpUBIIBPHUI YaCTMHHMI po3B’s3ok JIOP (2), To0
MiICTAHOBKA

y=w [z ax, (6)

Ze z=z(x) — HoBa HeBinoMa dyHKUis, ripuBoauts JIOP (2) xo JOP
(n — 1 )-ro mopgaxy.

3. dxano BioMo k HeTpUBIaTbHUX po3B’s3kis JIOP (2), 10, 3actoco-
BYIOYM ITLACTaHOBKM THITy (6) MOCIIOBHO, TOPANOK PIBHSHHA MOXHA
3HU3UTU Ha kK ONUHMIIb i TIpH LILOMY JiCTATH 3HOB-Taku JIOP.

[lincranoBska

y'=yu, (7)

Oe u = u (X) — HOoBa (QyHKLIdA, TaKOX Aa€ 3MOTY 3HMU3UTU Nopsaok JIOP
(2) Ha omuHMIGO, alle TIpM LBOMY DIBHAHHS BTpavya€ JHHIMHICTE.
Otpumane piBHSHHS HaJleXWTbh 10 TMITY Eivrepa—Pikkari. Axwo u, —
HOT0 YaCTUHHMIA PO3B’ 430K, TC

J.u] (x) dx

yi=¢€ (8)
Ovme yacTMHHUM po3r’s3xkom JIOF (2).
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SIxro piBHIHHSA Ma€ BUIVIAA

yPra, 0y "V +a,  (X)y P=f(x), )

ne k e [1, n), #oro mopgaoK MOXHa 3HU3UTH Ha K OAMHMUILIB, 3aCTOCOBY-
JOUM ITICTAHOBKY
y©=z, (10)
ne z =z (x).
PiBusHuA (1), 9K NiHiHe, MOXe OTHOYAaCHO OyTH piBHSHHSAM Y GopMi
TOYHMX TIOXIAHUX. TaKyM, HallpHKIaJ, € PiBHIHHI
y'+p Xy +p ') y=[fx),
OCKLTBKM MOro MOXHA TIOJATH Y BUTJLAOL

(P y)=/®
i micratu
Y +p@y=[fdc+ G
3arameHuit po3s’asok JIHP (1) momaeTeea K cyma |
y=5+% (11)
ne y — 3araybHvit po3B’s30k JIOP (2); y — noBUImBHMIA YaCTUHHMI PO3B’ 30K

JIHP (1). TIpu 1poMy Wi 3HAXOMKEHHS Y 3aCTOCOBYIOTh HalfdacTillle MeTOX
Jlarparxa ab6o MeTon HeBHM3HAYeHUX KoeditteHTiB (usB. § 13).

Po3sp’a3aty JiHiMHI pIBHAHHS, IO JOITYyCKAIOTh 3HVDKEHHS TIOPAIKY:
651.y"+%y’=0. 652. xy" +y"=3x"%

653. x " +xy” —y=3x" 654. xy""Inx+y’'=0.

Posp’qd3aty JiHiliHI PIBHAHHA 9K PIBHAHHA B TOMHHUX ITOXITH{IX abo
BLIUIYKATH ITOIEPeTHBO iHTerPYBAIbHUI MHOXHUK:

655.y" +px)y'+p' () =0.
656. y" + 2tgxy’'+ 22 y=0.

Cos X

14 ’ 2
657. y ~—%y +?y=0.

658. y" +2xy’ +2y=2x.
659.x%y" —xp'+y =x 2.
660.y" —2xy' - 2y=0.
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661. sin > xy " + y’ sin 2x = 2y.

662. 3Haiir Burnan JIOP mpyroro TIOPAOKY, fIKe 3BOAUTECI 3aMiHOIO
(8) mo crienianbHOroO piBHAHHS PikKari

z'+vaz’l=bz"
663. 3HalTH YacTMHHMIT PO3B’ 430K PIBHIHHA
y'+xy - (2x*+1)y=0,

3BIBIIN HOTO 0 PiBHAHHS PikkaTi.
IMosbyTnca momaHKIB 3 IMepIIOIO IOXITHOW0 33 JOIIOMOIOK 3aMiHU
HeBiZoMol GYHKILII:

664.x2y”+xy’+(x2—%jy=0.
665. xy" +2y' —xy=e™.
666.y”+%y’—a2y=2.

TMo3byTHcsa nogaHKIB 3 MepPIIOKO MOXiAHOI, BUKOHABIIN 3aMiHy BUT-
sy (4):

667.x'y" +2x3y +n?y=0.

668. 2xy " +y’ —2y="0.

669. (1 +x)2y" +2x(1+xDy' +y= 0.

670.y" -y’ +eZy=0.

671.y" +ax)y' +b(x) y=0.

" Kombinyroun saminu (3), (4), 3pobutu cramim xoeddiltienT pH HIy-
KaHil yHxKii i mo36yTics MonaHKiB 3 MepIIoo MOXiMHO:

672.x'y" +k?y=0.
673. x'y" —k?y=0.
674.y”+2xy’+(é+x2+ ljy:O.

675.y"—2xy'—(i2+1—x2]y=0.
X

Buxonatu saminy (5) Tak, mo6 koedillieHTH oTpyMaHoro DPiBHIHHS
OyIu cTamiMu:

676. x>y —3x2y" +5xp' — 2y=0.
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677.y" - —* 5y +—L_y=0.

1-x 1-x
678.y" +ax)y'+bx)y=0.
679. JaHo piBHSAHHS
Lyl=y"+hy"+h @)y’ +hx)y=f).

BuxoHaryt 3aMiHy HeBigomol dyHKIII (4) Tak, u100:

a) repeTBOpeHe PIBHAHHA OyJIO JIHIMHUM OZHOPLIHUM i1 He MiCTHIIO
JOJaHKIB 3 (n — 1)-10 TIOXiTHOIO;

6) 3’gcyBatH, gKolO0 Mae Oyru GYHKUIS o (X), 1100 IlepeTBOpeHe

PIBHIHHS JOITyCKAJIO 3HUXKEHHS MOPSIAKY HAa OAVHULIO.
680. 3HaliTi 3araJbHUl PO3B’A30K PIBHAHHSA

(x?2=2x+2)y"—-x2y"+2xy' -2y=0,

SKIIIO BIUIOMO, IO BOHO Ma€ ABa JIHIHO He3aIeXHl PO3B’A3KU, SKi €
MHOT'OWIeHaMMU.
Bxas3iBxka. Hexaity, y,, — 3HalileHi JiHIHO He3aJlexXHi po3-

B a3ku. IlincraHoBKa y = y, | zdx3Bene piBHAHHSA 10 JIOP apyroro nopsa-

Ky, IKe MaThMe YaCTHMHHII PO3B’fI30K z, = (&J .

!
3BecTH [0 JIHIMHMX piBHAHHS Pikkari:
1

681.y'=y2:§+P. 682. xy' -5y-y*-x*=0.

_4
3

683.y' =y’ -x

§ 12. JIHITHI OHOPLAHI PIBHAHHS

JIOP n-ro nopsaaky B KaHOHIYHiM dopMi Mae BUTIIS
LDl =y +hxy " " +h@y "+ +h0y=0, (1)

ne h; (x) — HertepepBHi Ha [ = (q, b) bynkuii, i=1, 2, ..., &

OcHOBHI BIacTMBOCTI po3B’43KiB (1) BHIUIMBAIOTE 3 BIACTUBOCTEH
JIiHiHOTO AMdepeHIiaIbHOTO oIlepaTopa:

1) L[0]=0;

2)Lyl=0= L|> Cy|=0, G=const, i=1,2,.., m

i=1

3) Llu+ivj=0= L{u}=0, L[v]=0.




Oyuxuii @, (x), Oy), ..., D, (X) Ha3UBAIOTBCH AIHILIHO 3anedCHUMU HA
m

MHOXWMHI /, SIKIIO ICHYIOTb o, = const, i = 1, 2, ..., m Taxi, mo Do 2>0,

i=]

Y a®; (x)=0. ()
i=1
Axuro X ToToxHicTh (2) Mae Micle e mpu o, =0(Vi=1,....m) , 10
bynxii O, (x), O, (%), ..., D, (x) THIHAHO He3aexHi Ha I,
1. Tng Toro mo6 ¢ysxuii O, (x), O, (%), ..., ®,, (x) Oy JMiHIHO He3a-
JIeXHUMU Ha [a, b], HeoOXiTHO ¥ MOCTATHBO, 106 BU3HAYHUK I'pama
', ..., ®,) 6yB He TOTOXHUM HyJIO Ha [a, b]:

(@), @) (D), D) ... (P, D,)
r [CDI’(DD - q)m] d=efdet (CDzs (Dl) (q)z, (Dz) ((I)Za (Dm) #* 0’ (3)

((Dm’ q)l) ((Dm7 c1)2) (®m’ q)m)

b
(@, ©) def [ &0, dx, i=1,2,...m, j=1,2,...m xe [a b

2. Adxao ®@;(X) MaloTh HeIlepepBHi MOXigHi g0 (m — 1)-ro nmopsanmky
BKIIOYHO, TO JUIA JIHIAHOI He3aIeXHOCTI cucTeMH BYHKILM {(D,- (x)},'f , Ha
iHTepBai / 1ocTaTHRO, W06 BU3HAYHUK BpOHCHKOro (BpoHckiaH) 6yB He
TOTOXHHMM HYJ/IIO Xo4a 6 B OfHil Touwi iHTepBamy 7, To6to Ix € [ :

@l, @2, ey @m

Wx) = WD, Oy, ..., D] defdet| P> P2 v Pu | g
q)l(m—i) (D2(m-—i) . (D(Invl)

3. Axamo {CD x) }:": , — JiHiiHO 3anmexHa Ha ] cucteMa yHKLGHA i

@, (x) — HerepepBHO nudepeHIioBHI (m — 1) pa3 Ha I, To
We=W[o,d, .. P]=0, xel

4. SIxao y, (%), ¥, (X), .., ¥y (X) — po3B’s13ku megxoro JIOP wa iHTep-
Bayi /, TO BIIMIHHICTb BPOHCKiaHa Bim Hylsi Ha ] € HeoOXioTHOIO It
AOCTaTHBOIO YMOBOIO JIHIMHOI He3aJIeXXHOCTI LMX bYHKLUIH, T06T0

{(D(x)}::l -1 H.3. < WX #0, Vxe I 4)
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YMoBa (4) Jlerko repeBipseTsed, Ko A (1) BMKopucTaTt! dopmyy
OcTporpaachbkoro—JIiyBuLis

W)= W) exp| - _f h, (s) ds | (5)

*p

3 (5) BumumuBae, wo W (x)=0Ha Jabo W(x)#0, xe L

Bymp-gKa cycTeMa A JIHIHHO He3aieXHUX po3s’sa3kiB JIOP n-ro ro-
DSUIKY HasMBacThCA @yndamenmansholo cucmemoro po3e szkie (PCP) uboro
PIBHSHHS.

Sxauo {y, (%), ¥, (X), .., ¥, X)} — PCP piusHHA (1), TO 3araybHUIL
pO3B’430K MOro Ma€ BUIJISA

¥ =2 Gy, (6)
i=1
me C; — IDOBUIBHI CTadi.
oCP {CD x) }:,1:1 € HOPMOBAHOIO B TOYLL X,, AKIIO MaTpULll BpoHch-
Koro, TIoOyIoBaHa IO 1 cucTemi QYHKUIH, Y TOYLl X, HOPIBHIOE OIM-
HI4HINM MaTpuli. Axino {CD (69) }L , HOpMOBaHa B Touild x, PCP pisHIHHSI
(1), To po3B’a30K 3amadi Kouli 3 104aTKOBMMH YMOBaMH

Y(xo)z)’o, y' (xo)=yg)1), ""y("il) (XO):yE)n—l) (7)

MOXHa ITOJATH Y BUTIIAIL

Y=y O +yLm @+ +y{ Py, . (8)

TIpu nobynosi ®CP mna JIOP apyroro mopsaxky 3py4HO KOPHCTY-
Batrcs dopMyiioro Abens

~fn @ ax
= C e
y=Conf yi®

axa € HaciiakoMm dopmymu (5). Ilpu C, = 1, C, = 0 3 (9) Jierko mictati

po3p’a30k JIOP, miHiliHO He3aJeXHUIT 3 HEeTPMBIATbHUM PO3B’I3KOM Y

Lporo piBHAHHA. Sxuro X TpakrtyBaty C), C, K HOBUIbHI cram, To (9)

MOXHa PO3IVISIIaTU K 3aTATBHUN PO3B’A30K PIBHAHHA JADPYIOro MOPSAKY
TIPM YMOBI, L0 y; — BiXOMII1 HETPUBiaJIbHIIT IOrO PO3B’SA30K.

IMpunkaan 1. Joeecty, mo HeoOXiTHOIO i TOCTaTHHOIO YMOBOIO

mHiitHol He3amexHocTi ABoX GYHKUIN @,(x) Ta @, (x) Ha [ € BiAMIHHICTD

Bil TOTOXHOI KOHCTAHTH BiIHOIIEHHS LIMX DYHKILHA:

dx+ C,y, 9

2109 # const, xe L
D, ()
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J

Pos3s
¢ s . . .
o, 8 # const npu x € /, ane GyHxuii @, (x) Ta O, (x) TiHiHHO 3a/exXH] Ha
2
1, Tob10 3 C), G,

Ci+C3>0, GO (M) + G, (X)=0mpu x e I.

A3 aHH g [lpunyctTMo  Bin  cympoTHBHOrO, IO

Hexait, nanpuxnax, C,#0; BpaxoByooum, mio O,x)#0 Ha I, nmi-
CTaHeMo

P C
D0 L const,
D0 G

1IO CYIlepeqYuThb IIPUITYILIEeHHIO.
IIpuxkmapn 2. BUKOPUCTOBYIOUM pe3yibTaT npuxiagy 1, mocmiguru
Ha JIHIAHY 3aIeXHIicTb GyHKIIL:

a) y=tgx, y,=ctgx, xe [0, n/2];
6) ¥, =sin 2x, y,=sinxcosx, x € R.

Po3B’a3aHuH4. a) Ocﬂmm%:tgzx, TO 3amaHi ¢yHKl

JIHIAHO He3ayexHi Ha [0, n/2].
6) BimHomeHHs ﬁ;%{ =2, orxe, GYHKUII ¥, Ta J, JAHIAHO 3aJIeXHi.
IMlpunknapn 3. Jocaaury Ha MHIAHY 3aJ1eXHICT byHKl
|0, axio x € [0, 1/2];
N (x)‘{ x-1/2)%  sxo xe (1/2, 1];

=1 &-172) %, sxmo xe [0, 1/2];
2 0, sxmo x e (172, 1].

Po3B’43aHH g Posmanemo iHilHy KoMBiHalijio oy + oy, = 0.
SAxao x e [0, 1/2], To gicraHemo o), = 0, a ToMy a, = 0. Ha Bigpisky [1/2,
1} maemo oy, = 0, 3Bigku o, = 0. OTxke, y,(X), y,(X) — MiHifHO He3aJleXHi
Ha [0, 1], xoua BpoHckian W[y, y,] =0 Ha [0, 1].

Ilpuxaapn 4. Hepesipuru, mo byHKl y,=x2 ¥,=x > yTBOpIO-
1otb ®CP gesxoro JIOP apyroro nopAnky. Posp’dsami mism mporo
PiBHSHHSA 3ana4dy Komii 3 movatkoBumy ymosamu y (1) = 1, y'(1)=-2.

Po3B’ 43aHH4 3amani byukuii € HerepepsHO IudepeHHiiioB-
HUMU [Bivi. BusHaynyk BpoHcEKoro

x? x°3

W[yla J’2] = 2x Sx 4

Orxe, dyHkuii y,, y, MoXyTs yreopioBati ®CP meskoro JIOP JpYyroro
TOPANKY, Koe(illieHT! SKOTo HemepepBHi GYyHKIII mpH x # 0.

=3x%%0.
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Hemae rmorpebu ckiamatyd piBHIHHS, AOCUThH 3arucaTd Horo 3a-
rabHMA po3B’s130K y= Cx >+ Cx °, ne C,, C, — pmoBumbHi ctaii. 1106
33I0BOJIBHUTH IToyaTkoBi yMoBu 1 = C, + G, Ta =21 2C, 1 5C,, HeobxigHO

noxmacti C,=7/3, C,=-4/3. Orxe, po3B’I3KOM IIOCTaRIEHOl 3axadyl
Ko e(,’pymmlﬂyzgxz—%x s,

Hpuknan 5 Hoeectu, mo byHKU ¥, =X, },=e~, y; =X * yTBO-
prorote OCP nesaxoro JIOP Tpersoro ropsuxy.

Po3B’ g 3aHH 4. 3agadi GyHKIl Tpudi HerlepepBHO IudepeH-
miifosHi. BusHaynuk BpoHcekoro

x e* x?
Wi,y yl=|1 e* 2x|=e*[(x-1)*+1]20,xe R.
0 e™ 2
Otxe, {3, ¥», ¥3} € PCP mma JIOP, axe MoXHa IToHaTHl Y BULIAAL
x e’ x° y

1 e* 2x y’
det O ex 2 y,, _09
0O e 0 ym

abo TIicIg pO3KJIaaHHA 32 OCTAaHHIM CTOBITIEM i CKOPOYEHHS Ha e *
x?-2x+2)y" —x*p" +2xy' -2y =0.
NDpukaap 6. 3HaliT! 3aTabHUIA PO3B’A30K PiBHAHHSI
Xy —3x%" +6xy’ - 6y=0,
SKINO BiloMi JBa MOro YaCTUHHI po3B’513K1/I y=x2 y»=x>

3
,  Ocki W _x*tx
Po3B’a3aHHsa Ockimku Wiy, y,) 2% 32

x# 0, TO PO3B’SI3KH V), ¥, mHmHo He3ayexHi Ha R.
Ho6y11yeMo TpPeTii pO3B’S30K y; — JIHIMHO He3aleXHWII 3 po3-
B’3KaMH y;, ¥,. U1 1IbOro 3HM3UMO MOPANOK PIBHAHHA 3a JOITOMOLOIO

=x*#0 rmpu

3aMiHM y =y, Iudx, e u=u(x) -— HoBa byHKII aprymMeHTy Xx. [i-
CTAaHEMO DIBHIHHSA U ' +%u’=0. OCKUTBKU J,=X* € pO3B’93KOM BH-
’
XITHOTO PpIBHAHHA, TO U= lz =1 — pO3B’I30K TIEpEeTBOPEHOro
X

piBHAHHS. 3pyYHO 3acTocyBaTu GopMyIy Aberst
- j gdx Cl
u=le * dx+GC=-—5+0C,.
I 2 2x2 CZ
A OTXe, 3aTaJIbHUI PO3B’I30K 33aMaHOTO DIBHAHHSA Ma€ BUIIISLL

y=Cx+ Cx 2+ Cx .
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JociiouTy Ha JiHIHY 3aeXHicTh GYHKII B 061acTi iX BUSHAYEHHS:
684. y,=x, y,=2x, y;=x"

685.y,=x2 y,=x]|x|.

686. y, =sinx, y,=cosx, y;=cos?2x.

687.y, =5, y,=cos’x, y;=sin’x.

688. y, =cosx, y,=cos(x+ 1),y =cos (x-2).

689. y,=x, y,=a'*"

690. y, =1, y,=arcsinx, ;= arccos x.

691. y, = 2n, y, = arctg ﬁ, ¥, = arcctg ﬁ

@ _ax P ar_
: I
0

692. y, =e , h=e ?

693. y, = x, y;,_-xj dr, x,> 0.

Kopncryxo*mcn BU3HayHUKOM ['pama, KoBeCTH, 1110 3agaHi CHUCTEMU
byHKIIM JHHITHO 3a/exHi:

694. y, =x, y,=2x (x € R).
695. y, =1, y,=sin2x, y;=(sinx~-cosx), x e (-n, n).
696. y, =3, y,=sin’2x, y;=cos’2x.

3HalTV BU3HAYHUK BpOHCHKOro (BpOHCKiaH) ISt BKA3aHUX CHCTEM
byHKII:
697.y,=x, y,=1/x. 698.y,=¢ y=xe™

699. y, = arccos ¥, y, = arcsin . 700.y,=x, y,=Inx.
n T
ITokasatu, mo 3anaHi GYHKIL y, (X) T2 ¥, (X) JiHIHO He3alexHi, a iX
BU3HAYHHUK BpOHCBKOTO JHOPIBHIOE HYIIIO:

_[x?, sxmo x e [-1, 0], _ [0, sxmo x e [-1, 0],
701.y1 (x)-{O axo x e (0, 1]; 2 ) = x 2, axmo x e (0, 1.

B gkuo x € [0, 2],
702. 3, () = {( - 2)%, gkwmo x € {2, 4];
[ (x-2)7 mxamo x e [O 2],

Y2 () = { Ko X e (2, 4].
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x3, sgxuo x e [-2, 0],

703. y, (0) :{ 0, sxuo x € (0, 1];

[0, sxuo xe[-2,0],
yZ(x)—{xz, axmo x € (0, 11.

704. Bigomo, 1m0 mis GYHKLIA ¥, (%), (%), ..., ¥, (X) BPOHCKiaH HO-
PIBHIOE HYJTIO Y TOULI X, | He AOPIBHIOE B TOULI X;. 11 MOXHA CYIMTH IIPO
JHHIAHY 3aJ1€XKHICTh (He3aleXHICTb) LIMX GYHKILIN Ha BiIPi3Ky [Xp, x,1?

705. BusHauHuk BpoHcbKoro g GyHKUN y; (%), Y2 (X), ..., ¥, (X) KO-
piBHioe Hymo mia Beix x e L Uu MOXyTh 1 ‘dyHKLil OyTH JIHIHHO
Hezamexuumu? JliiitHo 3anexuuMu? HaBecTH IpUKJIAIH.

706. 1o MOXHa cKa3aT¥ PO BPOHCKiaH QYHKIIH Yy, Vs, ..., Yy AKUIO
BimoMo:

a) yHKUII JIHIHO 3aIeXHi?

6) byHKII JiHIHHO He3alexXHI?

707. ®yuxuii  y, =X, ¥, =x", ¥;=|x’| 3aTOBOJBHAIOTH PIBHAHHA
x3y" ~Sxy’ +5y=0. Yu ui dyHkuii niHiiHo 3anexHi mpu x € (-1, 1)?
Biamnosize apryMeHTOBaHO ITOSACHUTH.

708. JIaHO 4YOTWPY PO3B’SI3KM DIBHAHHSA ' + Xy = 0. Bimomo, 110
rpadiki LIMX PO3B’SA3KIiB MOTMKAIOTECS ONWH OIHOro B ONHIN TouI.
CKUTHKM JTHIMHO He3aJIeXXHUX Moxe OyTH cepell IMX PO3B’A3KiB?

709. JloBecTy, IO AKUIO [BA PO3B’S3KM DIBHAHHA Yy + P Dy +
+¢ (%) y = 0 3 Hertepe pBHUMM KoeILIEHTAMK MalOTh MaKCUMYM IIpH OI-
HOMY I TOMY X 3Ha4eHHi X, TO BOHM JIHIHO 3aJIe3KHi.

710. SIxoro nopsaaky JIOP Moxe MaTH 4YOTMPH PO3B’3KM Ha IHTepBaJi

(-1, 1):

i

Y=x2-2x+2 ;p=(x-2% m=x"+x-1; y=1-x
3HaTH 3arabHi po3B’I3KU PiBHAHB, 3aCTOCOBYIOUM GopMyny Aberis
a60 ii yzaraapHeHHd [2, 3aBmaHHA 2.66]:

sin x
-

711.y”+%y’+y:0; Y =

712. y" (cos x +sin x) — 2cos xy ' + (cos x — sinx) y =0, y; = cos x.

3.y + 4x-3 _, 2 e — 2
y Y +x“(2x—1)y

x(2x - 1)y Tx(2x-1)

=0, y=x,=1/x

Pipnsaunug 714, 715 MaioTh po3B’3KM Y BUIVISAI MHOTOWIeHa. 3HATH
OCP g X piBHSHD!

714. x-1)y" - (x+ 1) y' +2y=0.
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715.x2Qlnx-1)y" -x2Inx+ 1)y’ +4y=0.
Cxiractit JIOP gxoMora HIDKY0ro TOPAJIKY, IKe Ma€ TakKi po3B’ 3K

716. y, =1, y,=cos x.

7.y, =x, y,=e".

718. y,=3x,3,=x-2, ;3= + 1.

9.y, =x, y,=x°, y3=|x.

720. y,=x?-3x, »,=2x2+9, y;=2x+ 3.

§ 13. AIHIVIHI PIBHAHHSA n-ro HOPSARY 31 CTAJUMH
ROE®IIEATAMHA

1. s po3p’a3zanus JIOP 3i cramvu koedillicHTaMu

ay” ay" P+.. +a, y' +a,y=0, . (1)

nea;e R (i=0..N), y®= %Xn , HEODXi/IHO CKJIACTH XapaKTepUCTIYHE PiB-

HAHHA
aGr"+ar" '+ . +a, A+a,=0 ¥))

1 3HaliTH 7 #toro XopeHiB Hax mojem C.

Crpykrypa ®CP piBHauHa (1), a 0TXe, i 3araIbHUiL PO3B’S130K iioro
3aJIeXaTh BUI TUITy KOPeHiB piBHIHHS (2):

1. Vci pose’ssky piBHSHHA (2) milicHi i pisui (xpaTHi KopeHi Bin-
cytHi). Toni PCP piBHsauua (1)

_ oM _ oM I N
yl_e’s }’2—9 ,""yn_e ) (3)
3araJlbHU po3B’d30K Oro
A,
y=ce" + e+ . +ce 4)

2. Vci po3p’s3ku piBHAHHSA (2) pi3Hi, ate cepell HUX € KOMIUIeKCHI.
Tak, Hexaii A, = @ + ib — KOMIUTeKCHMIT KOPiHb XapaKTepUCTUMHOIO PiB-
HSHHSA, Tomi A, =d-ib TaKk camo 6yge KOpeHeM LHOTO DiBHAHH,
OCKLUIBKY HOTO KoedIlieHTH AificHi.

IlM MBOM KOMIUIEKCHMM KOPEHSIM BilIIOBIZAIOTH ABA KOMIDIEKCHI JIi-
HIHO He3a/leXHi YaCTHHHI poss’si3ku piBHsHHA (1) y S = e ) y$ = ¢ ™ 260
ABa JUHIAHO He3aleXHi MNCHI YaCTMHHI pO3B’S3KU yR=e*cos bx),
y3 =e%sin (bx), sxi orpumyrotsest 3 ¥€ i yS 3a momomoroio dopmyn
Eitrepa.
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BumicaBum JiHIHO He3aJeXHi YaCTUHHI po3B’A3KH, IO BiITIOBI-
JAFOTh iHIIMM CIIPSDKEHUM ITapaM KOMITIEKCHUX KODeHIB XapaKTepHC-
TigHoro piBHIHHA, orpuMaemo OCP piBHsuHA (1).

JlinitiHa xom6iHauis dyuxuiit 3 OCP 3 mitichuMu KoedillieHTaMU
¢, (i=1, n) nae 3araybHMIT po3B’A30K piBHAHHA (1). Ilpy LbOMY KopeHio
M,=atiby dopmyni 3aralbHOrO Po3B’sA3KY BIMIOBIIATMMYTH JONAHKU
BUTTIAY € “(c, cos bx + ¢, sin bX), a Tapi CyTo ySBHMX KODeHIiB A, , =+ ib
piBHAHHA (2) — cyMa ¢, cos bx + ¢, sin bx.

3. Cepell KOpeHiB XapaKTepMCTUYHOrO PIBHAHHA € KpatHi. Hexait A, —
JilicHMIT KOpiHb piBHAHHA (2) KpatHocti k. MoMy BimmoBimaiors k JiHifHO
He3aIeXHVX YaCTHHHMX PO3B'SI3KIB y, = e ™, yy,=xe = ... yo=x*"1e™
yBiiinyTs 10 OCP, a orxe, y GopMyJIi 3araibHOr0O po3B’a3Ky PiBHAHHA (1)
KOpeHIO )\, BimrmoBizatume 610K

e rex+... +ox kY.

Sgximo X A, = a+ ib — KOMIUTEKCHMI KOpiHb PiBHAHHA (2), KpPaTHICTb
gKoro k, To KOpeHeM Ti€l X KpaTHOCTI [Uid piBHAHHA (2) Oyde TaKoX
Ay =a-— ib.

IMapi %, , = a + ib BignoBinaroTh 2k NIACHO3HAYHMX JUHIAHO He3aJleX-
HUX YaCTUHHMX pO3B’I3KiB pIBHAHHA (1) BUIIALY

k-1

e “cos bx, xe“ cos bx, ..., x" ‘e “ cos bx;

e ®sin bx, xe ™sin bx, ..., x *"'e *sin bx .
V ¢opmyii 3arajsHoro po3B’sa3Ky piBHIHHA (1) widt mapi Bigmnosigae
0ok

(@¥C,+ X+ .4 X T2)COS bX+ €™ (Cp + Crapg X+ .. +Cyex ¥ %) sin bx .

OTxe, BUMMMCABIIY JIHINAHO He3aJIeXHi YaCTHHHI PO3B’SI3KU, 10 BiI-
MOBifafoTh TIPOCTHIM 1 KpaTHMM KOpeHIM (K TiACHMM, TaK i KOMII-
JIEKCHUM) XapaKTepUCTUYHOTO piBHAHHSA, oTprMaemo PCP pirHaHHA (1)
1 foro 3araJibHUIf PO3B’SI30K.

2. Jns 3Haxo[KeHHS 3arajapHoro po3p’a3ky JIHP mocurs, kpiM 3a-
TaJIbHOTO po3B 43Ky BimroBigHoro JIOP, 3HalTH I YacCTUHHMI pPO3B’SI30K
JIHP (mums. § 11).

HartuacTinne 11st 3HaXoKeHHS YaCTUHHOTO po3B’a3ky JIHP

L =f® )

3aCTOCOBYIOTH TaKi MeTOIM:

Memod eapiayii doginbnux cmanux (Jlazpanxca) BUKOPUCTOBYETHCS T
OBLUIBHOI HemepepBHOI f (x) i moJarae B TOMy, III0 YaCTUHHMIA pO3B’ 430K
JIHP (5) mykatots y dbopmi
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y=¢ W1+ 6@+ .+, (X) Yy (6)
ne {(n(X), ¥ (X), ..., ¥, ()}— DCP niniitHoro ogHOpimHOro piBHgHHA (1);
¢{x) — HeBiZoMi yHKIIii, 9Ki MOXHA 3HANTH, PO3B’A3aBIIN CUCTEMY
CiY+Cy »m+...+c¢c,) y,=0;
Cl Yyl +cy¥ys+..+c,y,) =0

.................... (7)
iy Ve WP re y V=0
(n-1) (n=1) _
a(ciy; oo,y =)
BUIHOCHO ¢/, ¢;, ..., ¢, i TIPOiIHTerpyBaBLI OTpUMaHi audepeHIIaTbHI

. de; .
PIBHSHHS BUIIAY — = o(x), i=1,2, .., n

Memod nesusnauenux koegiyienmie (MHK) BUKOPUCTOBYETHCS JIMILIE
Tofi, KO/M f (x) € KBasiMHOrowreHoM, To6T0 f(x) = e °*P, x), 1e c e C,
P,(x) — mHOrowIeH m-ro crereHs. PiHguHs (5) PO3B’3yI0Th 3a (dop-
MYJIOIO

y=x'Q,(x e’ (8)

ne Q,(x) — MHOTOWIEH TOrO CaMoro IOPSAKY, IO i P (x), TUbKM 3
HeBU3HaYeHMMHU KoedillieHTamu; 4ucio s = 0, AKIIO G He € KOpeHeM
XapaKTepUCTUYHOIO PIBHAHHSA (2); SKUIO G — KOpPiHb PIBHAHHA 2), 08
IOPIBHIOE KPaTHOCTI ioro.

1ITo6 3HaliTi KoedillieHTH MHOTOWIeHA O.(x), Tpeba po3r’s3ok (8)
MIIACTaBUTU Y piBHm{Hg (5) i mpupiBHATA KoedillieHTH TIpY MOMIGHMX
JlofaHKax JIBOI i IpaBoi 4acTuH.

Slkio mpaBa yacTuHa piBHAHHA (5) MicTUT CUHYCH i KOCHHYCH,
TO6TO f(X) = € ™ (%) sin Px + p(X) cos Bx ), TO YaCTUHHMII pO3B’T30K
PiBHIHHA (5) IIYKAEMO Y BUTISMI

y=x"e™ (Ryx)sin Px+ Qyx) cos px), 9)

Jie s JOPIBHIOE KPATHOCTI KOMIUIEKCHOTO YHC/IA o + i K KOpeHs Xapak-
TEePUCTUYHOTO PIBHAHHA (AKLLO Lle YMCIO He € KOPeHeM PiBHSHHS (2), To
s =0, k=max {m, n}, R(x) i QX) — MHOrowieHu Kk-ro MOopAIKYy 3
HeBU3HaYeHNMHU KoedillieHTamu).

Memodom Kowi 3HaxopsTh YaCTMHHUIA po3B’a3ok JIHP (5) 3 HyIBO-
BUMU MMOYATKOBHMM YMOBaMU

Yx) =y ()=... =y " P (x) =0, xpe I

Sxkwo B (5) ag=1, f(x) — noBUIbHA HenepepBHa Ha [ dbyHKuig, TO
po3B’sa30K JIHP (5) MoxHa mykatu y BUmISm
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y= [ K 9f0)ds, (10)
e x, € I, K(x, s) — ¢ynruyis Kowi. TIpn KoxkHoMy (iKcOBaHOMY 3HaYeHHI
rapaMetpa s € I BoHa € po3p’si3koM JIOP L[y] = 0 1 3a10BOJIbHIE YMOBU

K (x, S)\xzs:K;(x, syix -

=K, s)l =0, K{"V(x, s)‘x:S:I. (11)

Axwo {y,, Vs, -y Yot € OCP JIOP (1), 10 K (x, 5) MOXHa 3HalTH Y
BUTJIAI

K, 9= ¢y, (12)
i=1

ne c;(s), i=1,2, ..., h 1oOUpaIOTECA Tak, 1100 3a10BOJBLHUTU yMOBH (11).
Ipunyun cynepnosuyii po3e’asKie IMONATa€ B TOMY, UIO YaCTMHHUIA

posp’stzok JIHP L [y} = Z f, € CyMOIO YaCTMHHUX PO3B’43KiB PiBHSHb
i=1
L =fi=1,2,..,m Tobro y=y, + )+ ... + ¥ Ze L[y]l=1.
Mpukaan 1. Posp’axemo piBaanHa y © +2y=0.
Po3B’a3aHH 9. KopeHi XapakTepUCTUYHOTO PIiBHSHHA A° + 2 =0
3HalineMo 3a ¢popmysioro MyaBpa, ToOTO

5
hi= ‘[E (COS]‘—+'521‘CE +jsmﬂ5_2ﬁj’ k:O’ 1’ I 4.

Maemo
A= N0 (cos% +isin %j (k=10);
ho= 2 (cos%w‘sin%} (k=1j;
ho=—2 (k=2);
Ay = 7] (cos%’E ~ isin %E) (k=3);

5
JiitcHo3Hauny ®CP yTBOpIOIOTH QYHKIII

hs = i) (cosﬁ —isin gj (k= 4).

[

) 5N xcost . A
nw=e % y=e 2”055sm[(sm§)\/§ x];
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5‘1— Cosl[' . 5
»y=e °  Scos Ksmgj 2 x];
3n
S'J— xXcos T . . 5
Yi=e 5sin [(sm%) 2 x];

3n
5N cos = . 5
ys=e 2 Scos Ksm%) 2 x}
ToMy 3araJqbHUM pPO3B’SI3KOM BUXIXHOIO PIBHIHHS €

Y=y + Y+ ... +CsYs, Ie ¢; € R.
IIpukaan 2. Po3s’soxeMo piBHIHHS
y" -6y +3y =xe’
Po 3B’ 43aHH g XapakrepyucTydHe piBHIHHA A> -6 A%+ 90 =0

Mae KopeHi A, =0, 4, ;=3
OTtxe, 3arajlbHUIT pO3B’SI30K BiAIIOBIIHOIO OMHOPITHOTO PiBHAHHS

N=ce"+ex+c)e¥=c+ex+e)e™ ceR (i=1,2,3)

OcCKiTbKY TIpaBa YacTMHA DiBHAHHS € KBa3iMHOTOWIEHOM, a G = 3,
KOleB XapaKTepHUCTUYHOIO PiBHAHHSA KpPaTHOCTI kK = 2, TO YacTHHHMIA
PO3B’I30K ¥, Heom{opumoro plBHSH{HSI 3HargeMo y BUysizai (8), me s=2,

m=1;c=3, 70610 ¥, = X (Ax+B)e

Hmc*raBmsum ¥, Y DIBHSHHA 1 3p113}110}otm BIATIOBIMHI KoedillieHTH,
JicTaHeMo

0 [ n=Ux’+BxYHe™

19 | ¥ =(GAx’+ 34+ B)x*+2B)e™

—6 | ¥'=(94x>+(184+9B)x*+ (64+2Bx +2B) e ™

1| y/"=@Q74x° + (81 +27B) x> + (54A + 54B) xe ™ + (6A + 18B) e *

x®| 0=0;

x| 0=0;

x! 184=1;

x| B=-A

SBmlmA— B=-—=. Otxe, yl_lx (x 1) e ™ — yacTHHHMIL po3-

18
B’430K BUXITHOI'O plBﬂsmH;I, ay=y,+y — HOro 3araJlbHU pO3B’I30K.
IIpuxknap 3. PiBHAHHA, NiBa YaCTMHA SKOrO 36iracTscs 3 JIBOIO
YaCTUMHOIO NMPUIJIALy 2, a MpaBa YacTHHA € CYMOIO

y'"-6y" +9y’ =xe>+e*cos 2x,
JIETKO rrpoiHTerpyBaTn, SIKIO CKOPUCTATUCS CTIBBITHOIIEHHAM (8).
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Po3B’g3aHHi Maemo f, = xe ™, oTxe, y, = vx(x—l)e . Ana

f, = e ¥ cos 2x BUKopucTaeMo dopmyny (9). OcKitbKU 6 = 3 +2i He € Ko-
PeHeM XapaKTepHUCTIMHOTO PIBHAHHA, ToMYy B (9) s=0,0=3,B=2; k=0.

OTxe, YaCTMHHMI pO3B’S30K HEOTHOPIAHOIO PIBHAHHA 3 IIPABOIO
YacTUHOO f5(X) 3rigHo 3 (9) IIyKaeMo y BUTTIALI

¥, = e ¥ (Ccos 3x + Dsin 3x).

ITincraBuBim y ¥, y PiBHSHHA ¥ — 6y " + 9y ' = e * cos 2x, 3HailmeMo

- 3 _
C= D= 26’ OTXe,

—e¥_3 _ 1
»=e ( 52cos3x 26s1n3x)

3arayibHUIM PO3B’S30K BUXITHOTO PIBHAHHS Y =V, + V) + .
Pozp’sa3atu JIOP:

721. y" -2y =0. 722.y' -6y’ +8y=0.
723.y" -y' -2y=0. 724. y© - y=0.

725. y@ -5y " + 4y=0. 726. y© +y=0.

727.y" +4y=0. 728. y© - y=0.

729. y"' - y=0. 730. y © + 64y =0.
731y =2y" + 9y’ - 18y=0. 732. y" =0.

733. y"" +8y=0. 734.y9 -6y © +9y" = 0.
735. y¥ —y=0. 736. 4y + 4y’ +y=0.
737. y® - 10y + 9y’ = 0. 738. y @ -2y +y=0.

B x a3iBKka. VY pa3i HeoOxigHOCTI KopucTyBaTHCI dopMmynoro My-
aBpa

n
vz =vp [cos i—inz"k +isin Linz"k],
meo=argz, p=|z|,k=0,1,..,n-1

Po3p’a3ati piBHAHHA MeTOIIOM Bapiallii JoBUbHMX cTamux (JIarpaH-
Xa):

739.y" +y=tg x. 740. " + 3y’ + 2y =1 -
e +

741.y”—y=§.- 742.y" +y=2 sec *x.
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743.

745.

1
cos 2x’

v +4y= T44. y" -2y’ +y=e"/x.

3
2-x x

y”_y,:—'—f_e' 746,y”+y’+2y:l/sinx.
X

Po3p’g3aTH piBHIHHSA, IIYKAIOYM YaCTMHHI po3B’a3ku MHK:

747.
749.
751.
753.
755.
757.
759.

y' -y -2y=2e*-x% 748.y" +y' =3.
y'"=3y'+2y=sinx. 750. y" —y=4e™.

¥ =3y’ +2y=xcos X. 752. y" -3y’ =e > - 18x.
Yy +2y' -3y=x%" 754. y'" —y" =1 - 3x.
y'+y' —2y=3xe”. 756.y" + 5y’ + 6y=3.
y" +y=4sinx. 758.y" +y=4e™

y@ ~y=de™.

B x a 31 B Kk a. Ckopuctatucsa dhopMymnoro JIefiCHila g #-1 moxigHol Bin
nobytky (U- V)P =U PV+ CLU " V' + C2U "2y 4+ .. + UV ™,

760.
762.

y" +y=CoS x + cos 2x. 761. y " + y = 6sin 2x.
y" +4y=sin2x. 763.y" +y=sinx - cos 3x.

Harmicaty BUIISL YacTUHHOrO PO3B’A3KY PIBHAHHS, KOPUCTYIOUWMCH
MHK (urcioBux 3HayeHb KoedilliEHTIB He 1LIYKaTH):

764.
766.
767.
768.
769.
770.
771.
772.
773.
774.
775.
776.
7717.
778.
779.

y" —y=2xe”sinx. 765. y" + y=Xxcosx.
y'+y'=e T+2x- 1

y' + 7y’ +10y=xe ~*cos 5x.

y"' +y'=sinx+xcos Xx.

y' -2y +5y=2xe "+ e ~sin 2X.

y'" -6y’ +8y=>5xe*+2e *sinx.

y" -y =e sinx+2x>

y" +4y=cos x cos 3x.

y" -6y’ + 13y=x 2% * -3 cos 2x.

y' -2y ' +2y=(x+e")sinx.

y®+ 5y + 4y =sin x cos 2x.

y" +4y=x"sin’x.

y@ -4y +8y" -8y’ +4y=e* (sinx + X cos x).
y"-2y" +4y’ - 8y=e¢sin2x+2x "

y" -8y’ + 20y =5xe * sin 2x.



780.y" -2y’ +y=2xe” +e”sin2x.
781. y" +y' +ky=x. 182. y"' +ky=e ™.

3HANTH PO3B’SI3KM PiBHAHb, AKi 3aJ0OBOJIbHAIOTH BKa3aHi MMOYATKOBI
YMOBM:

783.y" -5y’ +4y=0, y@ =1, y'©O=1
784. y" +y=0, ye9=1 y'3=0
785. y" -2y’ =2e", y(h=1, y'(H)=0.
786.y" +2y=0, y3)=y'3)=0.

787. y" + 4y =sin 2x, y(©@) =y'0)=0.

788.y"" -3y’ -2y=9¢™, y©)=-2, y'0)=1,y"©0)=y"O.

789. TIpu sKuX a, b yci po3s’a3ku piBHAHHA y "' + ay’' + by =0 npar-
HyTb 10 HYJIA IIPH X —> +o0?
790. TIpu sxux a, b piBHgHHSA y "' +ay’'+ by =0 Mae xoua 6 omuH

PO3B’I30K ¥ (x) # 0, 1[0 TIparHe A0 HYJIS P X —> +oo?

791. TIpu sKUX a, b KoXeH PO3B’A30K DiBHAHHA y " +ay ' + by =0,
KpiM po3B’s13Ky y (x) = 0, MOHOTOHHO 3pOCTAa€ 3a abCOIOTHMM 3HaYeH-
HSM, TIOYMHAIOUM 3 IeIKOro x?7

792. TIpu sSKUX @, b XKOoXeH PO3B’SI30K PIBHAHHA y " +ay’'+by=0
TIePeTBOPIOETHLCS HA HYJIb Ha HECKiHYeHHil MHOXMHI TOYOK X?

793. Tlpu skvx kK i ® piBHSHHA Y ' + Kk %y =sin of Mae xoua 6 oaUH
e PIOMMYHITI PO3B’A30K?

794. 3HaiITH NepiOTMYHMI PO3B’A30K PIBHAHHA y '’ + ay ' + by = sin of.

795. YacTUHKA PYXaEThCA B CHJIOBOMY TTOJII ITPSAMOJIIHIFHO B3IOBXK OCI
Ox, BiIIITOBXYIOUMCH Bifi TOUKU X = 0 3 CHIOIO 3 mr, i MPUTATYIOUUCH 10
Touky x = 1 3 cuyiomo 4 mr,, e r, Ta ¥, — BIICTaHi Jo LIMX ToyoK. Ormicatu
3aKOH 3MIHM KOOPIMHATH 1Ii€l TOYKH B YACi, IKUIO B [I0YaTKOBUI MOMEHT
x(0)=2,x'(0)=0.

796. TlocmimoBHO 3’€qHaHI caMoiHmyKiig L, omip R 1 KOHAEHcaTop
emuocti C, 3ap4/ sikoro npu ¢ = 0 nopiBHIOE ¢. JIaHIIOr 3aMUKAETHCSA TIPU
t= 0. 3HaliTh CWiy CTPyMy # 4acTOTY KOJWBaHb Yy IIPHUITYIIeHHi, HIO
pO3pAI Ma€ KOJIMBHUM XapakTep.

797. Omip R Ta KoHaeHcatop emuicTio C 3’emHaHi nmocnigosHo. Ilpu
¢ = 0 3apsyl KOHAEHcATOpa HOPIBHIOE ¢. 3HAWTU CUIY CTpyMy mpw f > 0,
SKIIO JIAHITOT 3aMKHYyJ 1ipu 1 = 0.

798. JIxkepeno CTpyMy, HaIpyra SIKOTO 3MIHIOETbCS 3TiIHO i3 3aKOHOM
E= Vsin of, a onip R Ta camolHaykuia L 3’€qHaHi ITOCINOBHO. 3HAUTH
CHJIy CTPYMY IIpH YCTaJIEHOMY PeXWMi.

B zapmanusx 799—S800 BBaxaTy, 1[0 TIPY BiIXWIEHHI BaHTaXy Bif
TOJIOKEeHHS PiBHOBArM Ha BiICTAHb X HAa HBOTO JIi€ NMPYXHUHA 3 CUJIOO KX,
CIpSMOBHOIO O TTOJIOXKEHHS PiBHOBArM:
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799. 3HaifTH Ilepiol BUTBHUX KOJMBaHb Macy m, TILIBILIEHOI Ha py-
XMHI, SIKIIO PyX BiIOyBaeThCS IIPU BIICYTHOCTI OIODY.

800. OmuH KiHelb TIPYXWHM 3aKpilUIEHHI HEepYXOMO, a [0 APYIroro
KIiHIIA TIPUKPITUIeHME BaHTaX Macoro m. Ilim 4ac pyXy BaHTaXy 3 LIBH-
KICTIO v cMJa oriopy AopiBHioe Av. Ilpu ¢t = 0 BaHTax, 110 repebyBaB y
TIOJIOXEHH] PIBHOBAIH, IITOBXAIOTh 3i IUBHAKICTIO V.

JoCiaUTY pyX BaHTaXy TIpH h 2 <4km i h > 4km.

§ 14. JUOEPEHIIAJBHI PIBHSTHHS, 3BIIHI 1O JIHINHUX
31 CTAJIMMH KOE®IIEHTAMA

3rigHo 3 TBepIXeHHIM § 13 1 NesKuX JiHIAHMX pIBHIHB, 9Ki He
MaIOTh CTaJMX KOe(IllEHTIB, MOXJIMBA 3aMiHa He3aJleXHoi 3MIHHOI THITY
(5), AKa 3BOMMTEL 1 PIBHIHHA X0 JHHIMHUX 3i cTamMu KoedilieHTaMH.
Ilo mpoleaypy MoXHa 3aCTOCOBYBATH A0 6araTboX JiHIiMHMX DiBHAHB 3i
3MIHHMMM KoeDillieHTaMU, TT0YacTH i 10 HACTYIIHMX PiBHSHb.

Pignsnnsa Eilinepa

ax "y P+ax "y Vi ta, xy'+a,y=f), €]
ne ay, a,, a,, ..., a, =const. 3amiHa Tuny (5) (mms. § 11) mna piBHIHHS
Eiinepa HaOyBae BurIamy

t

x=e', gxuo x> 0;

t

x=-e', aximo x<O0. 2)

Hemae notpebu primoBatn 3amiHy (2) 6esrocepemHbo. JJocHTh BH-

XOIUTH 3 TOTO, 110 PO3B’A3KM piBHSHHSA Eltepa MoxHa mykati y dopmi

y=x", e 3HaueHHs IapameTpa A IIYKAIOTh K PO3B’I30K XapaKTepuc-
THYHOTO PIBHAHHA (BUITUCYEThCA 3a PiBHAHHAM (1))

aMA-DA-2)... A-n+1+ar(r-1)... A-n+2)+.+a,=0. 3)

1 CIIiBMHOXHUKIB (n ~1) CIIIBMHOXHVKIR
3armucaBum piBHAHHS (3) y dopmi
boA"+bA " 4. +b,=0, (3)

JIeTKO MOXHa BIITBOPDMTM Te JIHiliHe pDIBHAHHA 3i CTaIMMHM Koedii-
€HTaMM, [0 SKOro 3BelleTbCA PpiBHAHHA (1) BHACMOOK 3acTocyBaHHS
3aminu (2):

[CED)]

d" d
b°E"Z+bldt""+"' +by=f(e"). | 4)

Pignsnns Jlexcandpa
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Polax+b)"y @ +p (ax+5)" 'y P+ 4p, (@x+b)y +p,y=0 (5)
3aMIiHOIO
ax+b=e' (a0 ax+b=-e') 6)

3BOMMTHCA IO JiHIMHOro piBHAHHA 3i cTaMu KoedillieHTaMU.

Pisnsnna Yebuwoea

A=-x3y"-—xyp'+n’y=0, (7)
n = const, 3aMiHOl0 x = cos f ipu | x | < 1 3BomMTBCS HO PIBHAHHA
2

47, pn%=0.
dt .

II p u K a1 a 1. Po3p’3aTH pIBHSHHA

ym_gy,,+£2y,_%:\[;_
x x x

Po 3B’ g3aHH 4. PiBHaHHA BU3HaveHe 11py X > 0. JJOMHOXHMBIIKA

Jioro Ha x°, JicTaHeMo piBHSHHs Eiinepa

x3p"=3x %y +6xy’ - 6y=x\x, /
IIJIST IKOTO JIETKO BUITMCYETHCS BINTIOBIIHE XapaKTepUCTUYHE DiBHAHHS
AA-DO=-2)-3A(A-1)+61L-6=0 abo (A—-1)(L*-51+6)=0.

Po3B’sa3kaMy XapaKTe pUCTHIMHOIO PiBHAHHA € A, = 1; A, =2; A; = 3. Or-
1 2 s M3
Xe, 3aMiHOIO X = e ' 3amaHe piBHAHHS 3BoguThes xo JIHP 3i crammvu
KoedilieHTaMu1
ynr _6yn + llyl _6y=e 7/2I.

YacTuHHUIT po3B’I30K IIbOro piBHAHHA 3Harimemo 3a MHK. KoHT-
pOJIBHE YMCJIO © =% He € KOpeHeM XapaKTepHCTHUYHOIo PiBHSHHS, a
orxe, y = Ae /%, Tlicis MiACTABISAHHA B PIBHSHHA 3HaleMo A = %.

3a KOpeHIMH XapaKTePUCTHYHOTO PiBHAHHS Ta YaCTMHHUM PO3B’S3-
KOM MOXHA 3aITMCaTH 3arajJIbHUI PO3B’430K TIepeTBOPEHOIr0O PIBHIHHSA

y=ce'+ce’ +ce 3’+%e7/2’
3_ ODJIIAY Ha Te, IO € '= X, MiCTAHEMO 3arajbHUN PO3B’S30K BUXIIHOIO
PIBHAHHS
y=c,x+c2x2+c3x3+%xm.
801. 3HaitTit BCi piBHAHHSI BUTIALY Y ' + g(x)y = 0, 9Ki MOXHa 3BeCTH
o JIOP 31 cramMu KoedillieHTaMM 3a JOIIOMOTOIO 3aMiHM He3aJleXXHOI
3MIHHOI.
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802. 3HaiiT! Bci piBHAHHA BUrIADY V"' + Py’ + q(x)y =0, 9xi MoXHa

3BeCTH

1o JIOP 3i crammmi koedillieHTaMu 3a TOITOMOTOI0 3aMiHU He3a-

JIeXHOI 3MiHHOI. JIoBecTH, 1110 3HaliZleHa yMOBa BUKOHYETBCH IS DIBHIHB
Eiinepa ta Ye6umosa.

Posp’a3at piBHSIHHS, 3BIBIIM iX MO JiHIMHMX PIBHAHB 3i CTAIMMH

kKoedilieHTamMu:
803. x2y" —xy’'~3y=0. 804. x2y" +2xy’' —6y=0.
805.x2y" +xy' -y=0. 806. xy"” +y'=0.
807.x3y" +xp'—y=0. 808.x2y" -2y’ =0.
809.x3y" - 3x2y" +6xy' - 6y=0.
810. 2 2x+ 1)2y" - 2x+ 1)y’ +2y=0.
811. x?+ D2y" +3(x+ 1)y’ +y=0.
812. x>+ 1)}y -3 x+D2y" +4 (x+ 1)y’ —4y=0.
813. (x+2)2y" —4(x+2)y' + 6y=0. 814.y”+%+m=0.
815. x3y" —x2y" +2xy’ - 2y=x3+ 3x.
816. x+ 1)’y +9x+ 1D2y" + 18(x+ 1) y' + 6y =In(1 + x).
817.x*y @ - 6x3y" - 5x2y" ~xy' +y=x2
818. x2y" +3xy' +2y=x1. 819.x2y" —xy’' - 3y=>5x"
820. 2x+ )?y" - 42x+ 1) y' + 8y=-8x—4.
821.x2y" —-xy'+y=6xInx.
822.x2y"—xy’=—x+%. 823.x%y" +xy' + y=2sin (Inx).
824. x2y" —xy' +y=8x3. 825.x2%y" + xy' + 4y = 10x.
826. x3y"" -~ 2xy=6Inx. 827.x %" — 6xy=5x3+8x2
828. (x-2)2y" —3(x-2)y' +4y=x.
829. (2x +3)* " +3Q2x +3) y' — 6y=0.
830.x2y”—2y=x—3§1. 831.x2y”—xy’+y=h‘7x+ﬁ.



Faasa 3

JIHIHT JUPEPEHIIAILHT PIBHSTHHS
JAPYTOIO HOPSJIRY

§ 15. CIIEIIIAJBHI ®OPMHU TA BJIACTHBOCTI PO3B’I3KIB

1. Kanoniusoio ¢popMolo piBHSHHS
y'+px)y' +qxy=0 (1)
€ nudepeHIiaJIbHE DIBHAHHA
z"+1(x)z=0. )

Tepexin Big (1) A0 (2) MOXHa 3RIACHUTH ABOMa cITocobaMM:
1. 3amiHoro mykaHol GyHKI y = o (X) z, o6HUparodM o (X) Tak, 1mod
SHVIUTH ZOJAHKH 3 ITepHIOIO ITOXiAHOI0, TOOTO IMOKJIaBIIN

y=_zexp (— I%ﬁdx) 3)
Toni iHBapianT pisHsaHHA (1) € dyHKIi€o [ (x) 1 Mae BUTIIS
[0=-E@ 20, g, ()

SAxwo I (x)=const a6o I=c(x-a)? a, c=const, To IepeTBOpPeHe piB-
HSIHHA IHTErpYEThCd B KBaapaTypax.
2. 3aMiHOIO He3aleXHOI 3MiHHOL

t= e s (5)

2. CamocmpsxeHnoio ¢opmoro JIOP npyroro mopsiaky € mudepeH-
1[aJTbHe PiBHAHHSA

Py +p )y 0)+qx=0. 6)
Bynb-ske piBHIHHS 3arajIbHOrO BUIJLALY

P X)Y' +pX)y' +p, () y=0

Tic/is MHOXeHHS oro Ha dyHKito m(x)
1 X
mx)=——: = dx
®= e P { ® J @)
HabyBae BurAdy (6).
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3ayBaxuMo, 1o Trepexix Bix (1) mo (2) 3aMiHOI He3aMeXHOI 3MIHHOL
MoXe BiIOyBaTHCA y JBa TIpHMItoMM: criodatky (1) 3BomuThcs OO caMo-
CIipsoKeHoi dhopMM, a BXe IOTIM 3IiHiCHIOEThCH 3aMiHA (5), gxa crane
OYEBHAHOIO.

3. Ilopanok JIOP (1) MoXHa 3HM3UTH 10 TIEPLIOTO 3aMIHOIO

y'=2zy, (8)
ne z =z (X) — HOBa QYHKLUIA; IIPH LILOMY BTpayaeTbed JiHiiHicTs. dicta-
HeMo piBHSHHA Eitnepa—PixkaTi

Y'=a@y?+b®y+c®. )

4. ITepexin Bin piBHAHHA (9) Ko JIOP Apyroro mopsaxy 3MifCHIOETHCS
3aMiHOIO

y=- L U_’, (10)

e u = u(x).
Sxio Bigomuit YaCTMHHMI PO3B’A30K ¥, piBHAHHA (1), TO 3araxbHMil
PO3B’130K MOXHa 3HalTH 32 JortoMorolo bopmyim Abens (mus. § 12, (9)).
IMIpuxnan 1. Poss’a3ati piBHAHHA Y - 2xy+x 2y =0, 3BiBIIM
yoro 10 KaHOHIYHOI GopMu. ,
13 aHH g [loknazeMo y=_zexp U%xdx) =z exp ["7),

3

Poszs
Tomi I (x)=1.
HicraHemo z" +z=0. OTXe, z=¢; COS X+ ¢, $in X € 3araIBHUM poO3-
. : x .
B’I3KOM OTPUMAHOT'O DiBHAHHS, a y = eXp 7] [c;cosx + ¢, sinx] — 3a-
TaJIBHUM PO3B’SI3KOM 38JIaHOI0 PiBHSIHHSL.
IIpukaapn 2. Po3s’s3atv piBHAHHA XY " +%y’ -¥=0 (x> 0), 3BiB-

1M ¥IoTo OO0 caMOoCTIpsiKeHol dhopMu.
Po3B’ 43aHH 4. JJOMHOXMMO 3aaHe DIBHIHHA Ha (QYHKLIIO @)

m(x) = i exp Q;g—xg = -j; Hictanemo (Vxy')' - ?jli y=0. 3mmmumo nopa-

X

HOK 3 IiepIIoko MOXIKHOIO, 3aCTOCYBaBILM 3aMiHy (5):
_ [ oz
t= [ &=,
Yo' —y= 0.
Po3r’sskeMo obyTte PIBHSIHHSL: y=ce'+ce™ OTxe,

b -2 o .
y=ce " +ce " — 3araJbHUM PO3B’I30K 3aJaHOTO PiBHIHHA.
Ilpuknan 3. 3Halitu 3aralbHU  pO3B’A30K  pIBHAHHA
x*(nx- )y" -xy'+y=0, axkuio Y| = X — HOr0 YaCTHHHIIA PO3B’430K.
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Po3B’ 23aHH 4. 3actocoByroun dopMmyny Abend, gicTaHeMO

exp[jL]
Inx-1
y=cx| %dx+c2x=cllnx+czx.

Hpuxkanan 4. Po3B’;13aTnpiB}LqHH;1y”—%y’+%y:2.
X

Po3B’ g3aHH4. CkopHcracMocsd TUM, IO 3a/laHe PIBHIHHA Mae
¢opMy TTOBHHMX MOXiTHUX:

2),_2 2\
(—;) —xz,aome, (y xy) =2.

Tomy y' - % y=2x+ c,. IHTerpytour oTpuMaHe PiBHSAHHS, 3HalemMo

y=x*Inx*+ ¢, X+ ¢, X’ — 3aTAIBHUIL PO3B’I30K 33JaHOTO PiBHIHHI.

3BecTH PIBHSIHHS IO CaMOCIIPSKEHOrO BUTIISIY:

832.xy"-2x+ 1)y’ +2y=0.

833. x%y " + 2x%y ' + (x* - 2) y=0.

83. xy"+xy'+(x?>-n?)y=0 . (piensHHA Beccens).

835. x(x2+6)y" -4 (x2+3)y’' +6xy=0.

836. (1 -x)y" ~xy' +n%y=0 (piBHAHHA YeOUIIOBa).
837.xy"+(1-x)y"+ny=0 (piBusgarng Jlareppa).

838. y" - 2xy’ +2ny=0 (piHaHHA Yebrmosa—EpMirTa).

839. x(x-1Dy"+(y+(Q +a+P)x)y'+ap y=0 (piBuauaa I'aycca).

3BeCTH PIBHSHHS 10 KAHOHIYHOTO BUTJISLY. 3HAWTH iX iHBapiaHTH. Yn
MOXHa TIPOIHTETpYBaTH 3alaHe PIBHAHHA B KBagpartypax?

840. (x2+ 1)y"” +5xy' +4y=10.841. (4x* - x)y' +22x - )y’ -4y =0.
842.y"+%y’+y:0. 843. x(x- 1)y" +(1+xy’' - y=0.

844. x%y" - 2xy' + (x*+2)y=0.
845. (1 - x)y" - 2xy' +n(n+ 1) y=0.

3HalTH 3araJIbLHUI PO3B’A30K PIBHAHHSA, KOPHCTYIOUMCh YaCTUHHWM
PO3B’A3KOM:

846.y”+—i—y’+y=0; y1=5i£‘

x -
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847. (sinx-cosx) y" - 2sinxy’ +(cosx +sinx) y=0; y = e~
848. (cosx +sinx)y” —2 cos xy’ + (cos x — sinx) y = 0; y, = cos X.
849. (1 —xz)y”—xy’+%:0; y =1 +x.

850. y" +2xy’ - 2y=0 (4acTMHHMII PO3B’A30K IiAiOpaTH).

3HallTH YacTHHHUK PO3B 30K Y BMIVIAAL MHOIOWIEHA Ta PO3B’93aTH
PiBHSHHI:

851. x-Dy"-(x+1D)y' +2y=0.
852. *-3x)y" +(6-x)y" +Bx-6)=0.
853. ;-1 y" =6y. 854. x?y " +4xy’ +2y=0.

855. 3Haitry 3arajabHMIl pO3B’A30K PIBHSHHA y " +(1-x)y ' +y=1,
AKIIO BioMi Ba HOro YaCTWHHI PO3B’SI3KM y, = 1; ¥y, = x.

§ 16. IHTEI'PYBAHHSA JUOEPEHIIIAJBHUX PIBHIHD
3A JJOIIOMOTOX0 CTEIIEHEBUX PSAAIB.
PIBHSTHHSI BECCEJAS TA TAYCCA (TTHHEPTEOMETPUYHE)

1. Axano xoedillieHTH piIBHIHHS

A Y'+pX¥)y' +qx)y=0 O
€ a”HanmiTmyHuMy GyHKUIIMY Ha iHTepBai /= {x : |x - x] < a }, To6TO po3-
KJIaNaloThCsl B cTereHeBl pAIU

PX=Y, px-Xx)* g=Y q(x-x)k,

k=0 k=0
30ixHI Ha /, To piBHAHHA (1) Mae equHUII PO3B’I30K Y= y(Xx), HIO 3a-
JIOBOJIBHSIE TIOYATKOBI YMOBU
¥ (%) = Yo, ¥'(%) = W )
1leit po3B’d30K MOXHA MOAATU Y BUTJLIL CTETIEHEBOIO PALY

Y=Y G x-x)" 3)

k=0

Pan (3) € 30ixuuM Ha 1.
SIKIo y,, ¥y 3adaHi, To KoedillieHTH psany (3) BU3HAYAIOTHCS ONHO-
3HayHo niacTaBIaHHAM (3) B (1) (Meron HeBU3HaYeHUX Koedilli€HTIB).
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Jnsa nobynoBu 3araibHOro po3B 43Ky piBHAHHS (1) HaigacTile 6ymy-
1otb OCP {y,, y,}, HOPMOBaHy B TOYIL X,, TOOTO J,(%) = I, ¥/ (xp) = 0;
Yo%) =0, y 5 (xp) = 1.

Axino po3B’I30K ¥, BUpaXeHMI1 Yepe3 ejleMeHTapHi (yHKLIT, BITOMMIA,
JpYTHii po3B’SI30K ¥, MOXKHA 3HAHTH 3a JOITOMOrorw dopMynmi Abens

~[peodx

m=y |

dx. 4
341

2. Axauo B piBHgHHI (1) dyHKIGl p(x) Ta ¢(x) pallioHasbHi, ToOTO

Pi(x) 7:(X)
P P q(x)= %’
e pi(x), po(x), ¢(x), go(X) — MHOrOWIEHH, TO TOYKHU, B IKHX py(x) = 0 abo
go(x) = 0, Ha3UBaIOTBLCS ocobaugumu IS piBHAHHA (1).
B oxomi ocobmBoi TOYKHM pO3B’M3KY Y BUIJELI CTEIIEHEBOrO pAAY
MOXe He ICHyBaTW. Y IIbOMYy pa3i po3B’SI30K piBHAHHA (1) 3HAXOAMMO Y
BUIVISIZIL Y3aTaJIBHEHOTO CTETIEHEBOTO Py

y=@-x)" Y ale-x) (¢ #0), Q)

k=0
36DKHOrO B iHTepBali | x — Xo| < R, me R — nmestke momaTHe 4mciio. SIKIO
koedilieHTH piBHAHHA (1) B OKOJI 0COBIMBOI TOYKHU X, MOXHA TIOJATH K

¥ pdx-x)f Y ax-x)
PO == gy =t

(x- xo)2

; (6)

ge po+qa+q#0 i pamm B uMCeNBHMKAX 36iraloThcs B iHTepBaji
|x—X| <R, To piBusHHs (1) Mae xoya 6 omuH po3B’s30K BurIALy (5),
SIKUH € 30DKHUM Y BKa3aHOMY iHTepBaJii.

Touka X, 3 BKa3aHOIO OCOOJIMBICTIO HA3MBAETHCA PeZYIAPHOIO 0OCO6-
JIUBOIO TOUKOIO. Tak, WA piBHAHHSA

yrrnEy et dy=0, )
me m(x) i n(x) — aHamiTMuHi GbyHKU TpU | x|<a, Touka x,=0 €

PeryJIsipHOIO OCOOIMBOIO TOYKOIO, fAKIIO X04a 6 omuH 3 KoedillieHTIB
my(x) 91 hy(x) po3KIafaHHSI LMX GYHKIUNW V psAJ 33 CTEleHSIMU X He
TOTOXHUMN HYJITIO.

Hia BigLIyKaHHA MOKAa3HUKA A i KoedillieHTiB ¢, cniBBiaHOLIEHHS (5)
CJLJ IACTaBUTU B PiBHAHHA (1), cKOpoTWTH Ha (X - X,)* | NpUpiBHATH
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Koe(illieHTM MpY OJHAKOBUX CTEIleHAX (X —X). IIpM LHOMy 9Hclo A
3HaXOAATh 3 TaK 3BAHOTO GU3HAMAAbLHO20 PIBHIHHSI :

Mi = 1)+ poh + ¢, =0, (®)
ae
Po=1im (x = Xo) p(x); g = lim (x — x)? d(x). 9

Y pasi, kom1 A, A, (KOpeHi BM3HAYAILHOTO DIBHAHHS (8)), pisui
PiBHSHHSA (1) 3aBXIM Ma€ po3B’130K BUMIARY (5), e A — KOpiHb, SKHUit
Mae Outbly AilicHy YactuHy. Tak, SKIIO A; — TaKuit KOpiHB, TO pO3B’A30K
Ma€ BUTJIAN

==X Y e (x-x)F  (ch=0). (10)

k=0

AKwo pisHULA 4, ~ A, He LIiJle JOIaTHe YKCJIO, TO iCHYE TAKOX APYTHiA
PO3B’SI30K piBHAHHSA (1), 1110 33Ja€TBCS y3araIbHEeHUM CTETIEHEBUM PSIOM

«

V=(x-x)" D G (x-x)* (c2=0). (11)

k=0

Sxmo X A, - A, Lile ToJaTHe YMCIIO, TO YACTMHHUI PO3B’430K Mae
BUrIan abo (11), abo € CyMOIO y3arajJbHEHOIO CTeIeHEeBOrO pany i
J0OYTKY HesIKOro y3arajlbHeHOI'O CTeIleHEeBOTO PAdy Ha In (x - x,):

©

Y= (X =X)" ) ¢ (x— X + Ay In (x - xp), (117)
k=0
e A — yucIo, M0 MoXe AOPIBHIOBATH HYJIO.
Hapemrri, akuo A, =X,, To iCHye JmMille OOMH pPO3B’SI30K y BV
y3arajlbHeHOTo crerteHeBoro pany (10), apyruit po3s’s3ok 06oB’S3KOBO
MicTuTh In (x — x;). Moro crnip mrykatv y Burmsini

Vo= (=%)"Y ¢ (x—x)* + By, In (x - xp), (117)

k=0

e B=0.

Buxopucranns dopmyn (12) i (13) ana pisHsauaa (1) He 3aBxoM
3pyure. ToMy y pasi, ko A, — A, — Iijle yncio abo 0, MoXHA 3HANTH
OIMH PO3B’430K Y BUIVIALI Y3arabHEHOTO CTEIIeHEBOrO DAY ( 10); rug-
CYMYBaBIIH Psii, BAKOpHCTATH bopMyiy AbGend (4), amxe y, BUpaxaeTbes
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yepe3 ejieMeHTapHi GyHKIil. Axio cymy pamy (10) He BIa€TLCS 3HANTH B
eneMeHTapHUX yHKILIISX, 3acTocoBYIOTH dopmymm (12) uu (13).
Hpuxnana 1. dna piBHIHHA y" +xy’' +y=0 3sHaiinemo OCP
{¥\, ¥»}, HOPMOBaHy B To4lli X, = 0, y BUIVISAI pgAiB 3a CTETIEHIMU X.
Po3B’sa3aHH 1 Koedimientnt p(x) =x Ta g(x) =1 € aHamiTI4-
HUMM GYHKIISIMU 719 BCIX X; OTXKe, PO3B’A3KHU IILOIC piBHIHHA MOXHa

3HAUTU y BUIJIAOI CTETIEHEBHUX DPSNiB y = z ¢, ¥, 3000yTi psamu 6yayTh
k=0

30ikHuMM g Beix x. Jua orpumanns ©CP, HopmoBaHoi B HyJH, Iif

OTHOTO PO3B’A3Ky OymeMo BuMaratH, 1mob c¢,=1, ¢, =0, a s mpyroro,

HaBMaxy, ¢, =0, ¢, = 1. Matrmemo

Doktk- DX+ xY ekt Y X =0,
k=2 k=1 k=0

abo
y=c+CoX+ceX +... +c X+ ..
y'=c +2ex+... +keX "+
y'=20+.. +ktk-Dcx ?+..;

oTXe, IKIO KoedillieHT IpM MOCHIOBHUX CTENEHIX X NPUPIBHATU
HYIO, XICTAHEMO
X | ¢+2¢=0,

x' | 2¢,+6¢;=0,

| k+Dk+2) e+ (k+ e, = 0.

? = = :——(_l)m =
Ona po3p’asky y, MaeMo ¢ =1,¢=0, c,, 746y m=1,2,...).

Koediientu ¢,,,, , = 0. Tomy

2 x4 x6 - l)mem

2
N T S S = _x
n=l- g et T L am eXp[ 2]‘

g po3p’si3ky y, MaeMo ¢, =0,¢,=1, ¢, =0(m=1, 2,...);

()
1-3.5-...-@2m+1)’

c2m+1=

TOMY
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@

y =Z (_1)mx2m+l .
2 —1-3:5 .. -Qm+1)

4epes3 eJleMeHTapHI QYHKIII Liell pAx He BUpaXaeThCd. 3arabHUM po3-
B’S3KOM BUXIiTHOrO PIBHSAHHA Oyne y = CY + Gy, Ie ¢y, ¢, — JIedKi [10-
BUIBHI CTal.
IIpukaan 2. 3xaitmemo HOpMOBaHY B To4lli X,=0 PCP mia
PiBHSHHA (1 -x%) y" —xy' - y=0y BUMIAMl pIOiB 33 CTENeHAMH X.
Po3B’a3aHHa4. [lepm 3a Bce TIepeKOHAEMOCH, IO pPIBHAHHA Mac
PO3B’A3KM Y BUIVIIL CTENIEHEBUX UM Y3arajlbHeHHX CTeeHEBIX PSIiB:

yu_ X y' - 1

=0.
1-% l—fy

Touku x = F 1 € ocOOIMBUMM IS 1IBOTO PIBHAHHS. Alle inTepBai (-1, 1)
He MICTUTh Oibille 0COBMMBHX TOYOK. Y HbOMY KoedillienTu

X 1
23 Q(x)=“ 2
1-x 1-x

Px)=—

— aHamtyyHi GyHKuii. Tomy BHXiZHe pPiBHAHHA Mae PO3B’I3KM, 1LIO
3a/laloTbCs CTENEHEBUMU PSIIaMH; KPIM Toro, 11 paau 36ixHi Impu be|<1.

3HaligeMo y, = Z ¢y . Tincrarmsioan ued psAn y piBHAHHS, OTpU-

k=0
MaeMoO

V=D kex = +2ex+ 3e + .+ ket 4

k=2

V=D ktk-1cx* =2, +6c,x+... +hk(k-1)c,x* 2+... .

k=2

IMpupiBHIOEMO IO HyIA KoeilliEeHTH NPU TIOCIIOBHUX CTETIEHSX X-
x| -1+2¢,=0, c=1/2,
x| 3:2¢,=0, =0,

x| ey~ ke + (k+ 1) (k+2)c,, , - k (k- D, ¢=0;

€., =t ¥ ¢, k=2
k427 k+ D k+2) P =5

C=C=...=Cp,, =0, ¢=

gres o

e =1#2)a+4)
v 6T 6!

Otxe,
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A+ +4) .. d+@m=-) 2 .
2m)!

y1—1+ L+

Ockimekut 11 ¥, ¢; =0, ¢, =1, To Angd y, BUMaratuMeMo, 1ob ¢, = 1,
¢, = 0, TO6TO LIyKATUMEMO ¥, Bilpasy y BUITIAM Y, = X + C° + CX + ... .
IlipcTaBnaroun y, y piBHSHHS, aHAIOTTYHO 3HAXOIUMO ¢;. JicTaHeMo

2 5, 201+3) L2043 d+@n-D’) ome
=X+ f+ 51 X 2m+ 1)! S

3uaiineni panu 36ixHi (pagiyc 36ixHocTi r < 1), a GyHKuil y, i y, yTBO-
prorots @CP BuximHoro piBHAHHA, i OCKLIBKH

»O =1, »(0) =0

»0)=0, »0)=1,

T0 3HalineHa OCP € HopMoOBaHOIO B HYJI.

3araJbHMII po3B 430K BUXUTHOFO PIBHIHHSI MOXHA TTOJaTH Y BUIVIAAI
Y=y, + Gy, e ¢, ¢, — IOBUIBHI AilicHI cTami.

3. Pisnsannsa beccens — 1ie piBHIHHS BUTIIAXY

Xy 4xy + (- m)y=0; (14)

TOYKa X, = 0 € peryJIIpHOIO 0COOIMBOIO TOYKOIO PiBHAHHA (14), a BU3HA-
YaJibHe PiBHAHHS

p(p-D+1p-n=0 abo p*-n’=0 (15)

3 PO3B’I3KaMM p;, p; = + # 1 Pi3HUILIEIO PO3B’SA3KIB p, — p, = 2n. OTXKe:

1) axmo 2n He 1ijle XoAaTHe UMCIO, TO PiBHsHHA (14) Mae mBa
pPO3B’A3KM, AKi 33/1a}0ThCA Y3araJlLHEHIMM CTeTIEHEBUMU PSIIaMyl BUTIIALY
(10), (11);

2) gKilo X 2n — 1ijle AOHaTHe YMCJIO, TO MOXHA TapaHTyBaTH
ICHYBaHH4 JIMlIlle OZHOTO YaCTMHHOTIO pO3B’ 3Ky piBHAHHA Beccend, gaxuit
3aJa€ThCA y3araJlbHeHMM cTeneHesuM psanoM. lleil po3s’a30k nopoi-
XKYEThCA OLIBIINM 3 KopeHiB BU3HAYaJIBHOTO PiBHAHHY. ICHYBaHHA Jpy-
FOrO YaCTUHHOTO PO3B’A3KY Y BUIVISAL Y3araJlbHEHOTO CTENeHEBOro psmy
BUMAra€ JOAaTKOBOrO JOCI/KeHHs. Y 1bOMY pasi LIyKaloTh po3B 51301( y
dopmi (12). Axauo B (12) A nopiBHIOBaTHIME HYJIIO, TO APYIUii PO3B 430K
Yy BUIVISAI y3araJlbHEeHOT'O CTeIleHeBROI'O PSAAY BCe X ICHYE, IKIO X A He
IOPIBHIOE HYJIO, APYTUH PO3B’SI30K 000B’A3KOBO MICTUTE In X;

3) akuto # = 0, TO iCHye Jiile OOWH pPO3B’A30K, IO € CYMOIO
crereHeBoro paay (IuB. IIpUKIIALN 3).

Otxe, piBHIHHA bBeccens 3aBXmyu Ma€ NMpUHaiiMHI OMUMH PO3B 30K,
M0 BUPaXa€EThCA y3araJlsHEeHUM crelleHeBUM psanoM. KoediltieHTH pamy
JIerko 3HaxoxaThed 3a MHK. Jlictanemo
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=X ), ¢ @ 2
g k:zo( ) R+ ) (n+2)... (n+ k)

Pex (15) 36ixmMit TIpu BCiX 3HAYEHHAX X, a OTXe, 3ala€ PO3B’I30K
piBHAHHA Beccend npu moeimbHoMy Bubopi koedinienta C,. Tomy 3pydro
Bubupaty C, TaKMM 9MHOM, 1106 KoediuienTu pany (15) Habysmu sKomora
TPOCTINIOro BUIJIAAY. L[bOro MoXHa KOCITTH, SKUIO TIOKJIACTH

1

Cp=-—, 16
T rm+ ) (16)

me T (o) = Ix“‘l e dx  — eamma-ynxyis (o > 0).

0
BuxoprcToBYIOYM BiZIOMYy BIACTMBICTE raMMa-(DYHKLII

Fo+D=al (o), 17)
JIETKO ITOpaxyBaTH PeKypeHTHO KoedilieHTH ¢, k=1, 2, .... JicTaHeMo

IYKaHWH TIEpUInii po3B’I30K piBHAHHA bBeccemns

© n+k
— — _1Vk 1 x
yx—Jn(x)—Z_o( D oD [2) : (18)

Dynkuis J,(x) HasuBaeTbes @yrkyicto Beccens nepuiozo pody n-20 nopadky.
Tak, mepiuuii po3p’ 430K PiBHSHHA NpUKIIany 3 y, = J,(x) mictanemo 3 (18)
npy n = 0, ockimbku I'(k + 1) = k. SIxuio » He uite wmcno, To icHye i
ApYryil YaCTUHHUWI PO3B’430K PiBHAHHA Beccess, 110 € cyMoio y3arasb-
HEHOT'O CTeIleHEBOTO ARy

@ -n+k
_ - _1Y 1 X
7= L= O (2] . 19

Orxe, 3araJibHMi1 po3BR’sI30K piBHAHHA Becceis y BUIIaZKy Helioro n
MOXHa TIOHaTH Y BUTIIAOL

Y=, + el (). (20)

Sxauo x n uine rogatHe yMcio, To (19) Gyne po3s’s3kom piBHAHHA (14),
aje criBBigHoWeHHA (20) BXe He 3aJaBaTHMe 3araJbHOIO PO3B’I3KY
LIbOTO PiBHAHHA, OCKUTBKM (yHkuii J,(x) Ta J (X) 6yoyrb miHiitHO 3a-
nexummu: J,(x) = (-1)"J,(x). Orxe, Apyruii po3B’d30K, JiHilHO He3a-
JeXHMI 3 MepimM, 06oB’13KkoBo MictumuMe In x. Moro cmin imykatm y
purssizgi (13), Tobto
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¥,=xX"Y ¢ (x - %)+ Bl,(x) Inx. @D

k=0

3pyuyHo nokiacty B = 2.

3a3zHaunmo, 1o ¢yHkuii Beccems J,(x), Je n HOPIBHIOE TIOJIOBHHI
HEIapHOIO YKCiia, MOXHA BUPAa3UTU Yepe3 efieMeHTapHi dyHKLii, 3Hal-
moBHIM KoedilliEHTH BIIIIOBIIHMX CTEIIEHEBHUX PSNIB Ta ITACYMYBaBIIM
octaHHi. IIpu LILOMY KOPHUCTYIOTBCS TAKMMM BJIACTUBOCTSIMM TaMMa-
byHKIIi:

ra/2)=vn; e+ =al (@)
oTXe,
r(% 1) —r(l/z)——
( j 1357 (2k—l)'\[7?;

(5+k):1 3-5- 72k.+,1. '(2k+1)'\];t—‘

NMpuxaana 3. PiBHaHHA

RN SN FRIE T P
y +x+(l 9szy—O (22)

€ piBHgHHaM beccens.
Po3ss’43aHHa Cropaeai, Horo MoXHa IT0JaTH Y BUTTISAAI
1
Xy +xy! +[x2—%}y=0; n2=%, n, m=%¥ 3
OCKUIbKM 1 He LIJie YMCHo, PiBHAHHA (22) Ma€ Ba JIHIAHO He3aeXHUX
pPO3B’I3KM, fKi BUPAXKAIOThCA Y3arajlbHEHMMU CTelleHeBMMHU psIaMu
Ji,3 (%) Ta J 5 (x). 3arabHUM PO3B’SI3KOM DIBHSHHS Oyae

y=cJ,5(x) + ¢y 5 (0).

Npukaan 4. Po3p’asatu piBHIHHA Becceng xy'' +y ' +xy=0.

Po3B’s3aHH4. 3anadHe piBHIHHI Ma€ pO3B’430K Y BUITIAII y3a-
TalbHEHOTO CTeIIEHEBOTO PALY, OCKUTBKY HOro MOXHA 3aIllcaTy Y BUTTISAOL
(7). JoMHOXMBIIM Ha X, JiCTAHEMO

Py +xy +xy=0.
Ockimbku p(x) = 1, g(x) = x, To Touka X, = 0 € peryisapHoI0 0coOIMBOIO

TOYKOIO 1[bOr0 PiBHAHHA. JJ1 cKjlalaHHg BU3HAYAJBHOTO PiBHSHHSA 3Hali-
JIEMO Pg, 4o- Maemo
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" l 1] — __1,- —
yr+Ly +y=0, X =75 qg(x) = 1.

Otxe, p,= ljmx;Cl~ =1, gy=1im x=0 i BusHayanbHe piBHIHHS Mac BH-
x->0 x>0

s
ML-D+1=0, abo 2?=0,

KOPEeHAMH FKOTo € A =, =0. ToMy 3amaHe piBHIHHS Maec Jie OIMH
PO3B’430K y BUIVIMI y3araJbHeHOTO CTelleHeBoro psamy. OcTaHHil, KpiM
TOrO, IEPETBOPIOETLCA HA 3BUYANHMI cTelleHeBUIT Pl

y=2al (=0
k=0

Kopuctyiouwich MeToioM HeBU3HaYeHHX KoedillieHTiB, 3HalinemMo C, (11o-
kinagemo C, = 1). Hdicranemo

= 1 =
c2k_1+l§( 1) (k!)2-22k, CZIHI_O; kZl

Ortxe, po3B’3KOM BUXITHOIO PIBHAHHS Oyne

* 2%
=1+ ) LX) =
y=1+Y o (2 i),
ne Jo(x) — ynxyia beccens nepuiozo pody Hyavoeozo nopadky.
JApyruii yacTMHHMIT pO3B’SI30K 00OB’3KOBO MICTUTB Inx i #foro cin
rykaTu y Buraaai (13), tobro

0

¥,= 9. ¢+ Blyx)In (x), B=#0.

k=0

Bukopucrosyroun MHK, mnoknaBum npu wsomy B = | (m1s1 Bu3Have-
HOCTI), HicTaHeMO

2 2 6
y=Kx) = Ix) In x + ; - 2; % (1 + 1) + 7—%-'-—5(1 +14 1) - .

2 23

Hobyra dynkuin Ky(x) HasuBaetbes ynxyieio Beccers dpyeozo pody ny-
Ab06020 NOPACKY.

Otxe, y = ¢, Jy(x) + ,K\(x), me c, € R, ¢, € R, € 3araxpH1M po3B’s13KoM
BUXITHOrO PiBHAHHA.

4. Tinepeeomempuunum (piensnusm laycca) Ha3UBAETbCS PIBHSAHHS BU-
any

104



x(x-Dy" +[-y+{ +a+pux]y' +apy=0, (23)

Ie o, B, y — AliicHi cTasi.
Ile piBHsHHA Mae mBi ocobymei toukm 0 i 1. Ilporte, sxio

== x* mpu|x|< 1, piusaHHa (23) B OKOM TOUKK Xo = 0 MoxHa
k=0
To[aTV Y BUTTIA/L

1
x-1

v, Yt +a+pB)x
+
x(x-1)

of
x(x-1)

y y' - y=0,

a oTXe,

(y——(l+<x+[3)x)2xk aBZX’Hl
yu+ k=0 yr__ k:oz y=0' (24)

x X

PiBrannsa (24) 36iraetbes 3 (7), SKUIO MOKIACTH

@

mx=@G-1+o+ppY &, nx=-ap) x*"
k=0 k=0

ToMy BU3HaJaJbHe piBHSHHS Ad (24) HabyBae BUITLAMY
AA—-D+yA=0, (25)

KopeHi SIKoro A;=0; Ay =1-1y, ix pisHMLA A, -Ay=y-1 (abo A -, =
=1-v). OTxe, AKIIO y He IJle JOJaTHe 4Kcjio abo Hymb, TO B OKOJI
ocobmBoi Touku x, =0 MoxHa MoOymayBaTH IBa JIHIAHO He3aIeXHMX
PO3B’I3KM Y BUITIA/I y3araJbHEHUX CTelleHeBMX PANiB

=y axs yp=x"" Y gx (26)
k=0 k=0

Ulykatouu Koedirient c;, k=0, 1,2, 3, ..., 33 MHK, 3Haxogumo

y1=ﬁF[a,B,Y;x]=

=1+ ac+D@+2)... o+ G-DIpE+HB+2) ... [B+(k—1)]xk. 27
:L:;) Hygr+ Dy +2)... [y+ (k- 1] (, )
V (27) psaa, po3TalloBaHMIi MMpaBOPYY, HA3UBAETHCA 2iNEP2eOMEMPUHHUM,
OCKUIBKM TIpU o = 1, B =y BiH MepeTBOPIOETECA HA TeOMETPHUYHY IIpo-
rpeciio
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F(l,B,B;x)=1+2xj‘=l+x+x2+...+x"+...:—%c. (28)

k=0

Is s6ixHocTi pamy (28) mpu | x | < 1 BurUmMBae 36ixHicTb pany 27) y
LIBbOMY 3K IHTepBaJli.

Apyruii YacTMHHMIT po3B’#30K (26) 3HAXOAATH, 3MIHCHIOIOYM B
piBHAHHI [Naycca (23) 3amiHy mykaHoi dbyHKIT

y=x'"z, (29)

me z =z(x). licraemo piBHsaHHA Taycca, B KoMy ponb HapaMeTpis o, B, v
BIIIrpatoTe BiMMOBIMHO o+ 1 —y, B+ 1 -y, 2 v :

Xx-Dz"+[-2-N+( +a+1-y+p+
+1-z'+@+1-yP+1-7)z=0. (30)

ITobynyBaBIIY z; — YaCTUHHUIA PO3B’I30K PIBHAHHS (30), axwit Bin-
TOBia€ HYJIbOBOMY KODEHIO BH3HAYaJbHOIO PiBHAHHS, Ta ITiACTABMBIIM
toro B (29), orpumaemo

yzle'yF(a+1—y,[3+l—y,2—y;x). 31

3Haiineni ¢yHkuii (27), (31) yrBopiowots ®CP rinepreomeTpuusoro
PIBHSHHA y pasi, KOJM Y He € LM 4MCJIOM Y4 HyJieM. Ko x Y —LUIe
yKciao abo Hyib, TO MepLIMii YACTMHHMIA pO3B’S30K (27) Mae ceHc, a
Apyrvii Moxe MICTUTH In x i fioro Tpe6a wmykaty y surnsami (12).

PiBHanHua Taycca # Beccens mobpe BuBYeHi, | TOMy YacTo piBHSHHS
IHIIMX THMIB 3BOAATH A0 HUX. Hanpuxuan, piguanns Jexcandpa

A-X)y" -2y +nn+ l)y=0, (32)

AKe Ma€ [Bi pery/apHi ocoOIMBi TOUKH X, = 1; x, = — 1, 3aMiHoW0 X = 1 —
~ 2¢ 3BoAUTRECS 0 PIBHAHHA ['aycca, IpU IboMy OCOGMBI TOYKM {1, -1}
niepexoasaTs B ocobymBi Touxu piBHAHHA Taycca {0, 1}, a a=n+1,
B=-n,v=1. Orxe, BUSHAYWILHIM € DiBHAHHA A(A — 1)+ 1 =0 3 Kope-
HAMH A, = A, = 0 i NepliMM YaCTUHHMM PO3B’SI3KOM PIBHAHH#A (32) B OKOJI
TOYKHU X, = 1 (OCKUIBKM caMe BOHA IIepeXomMTh B TOUKy O)

yl=F(n+1,—n, 1;1—;’5). (33)
Sxuro X n — uine nomatHe ymcio, To psan (33) obpuBacThCH Ha n-My
noaaHKy. ToMy po3B’a30K (33) € MHOTOWIEHOM A-TO TIOPSAKY

Px)=F (n +1,-n,1; 1%") (34)
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n — Liite momaTHe yucio. [loninoM (34) HasuBaeTbCs noainomom Jlexcan -
dpa n-¢o nopﬂdxy

MoxHa iHTerpyBatu piBHaHHA (32) GesmocepedHBO M He 3BOAWUTH
fforo o rirepreomMeTpuyHoro. Hampukiian, s peryisipHoOi ocobamBol
TOYUKM X, = 1 BU3HAYANbHUM € PIiBHAHHA A (A - 1) + A =0, iforo KopeHi
% =A,=0. ToMy oAMH PO3B’30K B OKOJI L€l TOYKU fyne 3BUYANTHIIM
CTeIeHeBUM PSIOM 3a CTereHAMHM pizHuii (x — 1), a Apyruit po3s’da30K
060B’93KOBO MIicTHUTB In (x — 1). AHaJIOTiUHI pe3yJIbTaTH MaloTh Miclie IJid
0CcoBIMBOL TOUKU X, = — 1.

3uaitty ®CP y BUISIAI pAmiB 3a CTeNeHAMU X, HOPMOBaHY B TOYLII
x=0:

856. xy=y". 857.y" +xy’' - (2x*+ )y =0.

858. y" +x*y=0. 859.y”+-iy:0

3HaiiTy OBa JIHINHO He3aIeXHMX YACTHHHUX pPO3B’SI3KH PIBHSHD B
OKOJI 0COBIMBOI TOUKM X, = 0 y BUITIAMI y3aralbHEHUX cTelleHeBUX PAiB,
abo p4mis, 10 MICTATH LOJATKOBO In X:

860. x(x- 1)y +(3x-2)y' +y=0.
861.x(x - )y" +(2x—-2)y' - 2y=0.
862. x(x-y"+x+ 1)y —y=0.

863.x(x—l)y”+(3x—1))"+y=.0-

864. X%y "' Bx+x)y ' +4y=0. 865.x(x-1)2y"+x(x-1)y' -y=0.
866.y”+%y'+y:0, 867.x2y”+xy’+(x2—%)y=0.
3HafTH y BUIVIAO] PAAY 3a CTeTIeHSAMU X OIMH YaCTUHHMIA PO3B’S130K,

SKUI 33JJOBOJBHSE JTOCTaBJIEH] TIOYATKOBI YMOBM. 3HaWTHU CyMy psdy Ta
o6y ayBaTy APYIUl YaCTUHHUI PO3B’SI30K 3a opMyJioro Abesr:

868.y" -2xy’' +2y=0; »(0)=0, y/(0)=2.

869. 1-x)y" -2xy' +2y=0; y(0)=0, y/(0)=1.
870. 1 -x)y" +xy'-=y=0; »0)=1, y/(0)=1.
871. 1 -y -xp'+y=0; (=0, y(O)=1.
872. 1 -xy"-xy'=0; »(O)=1, »(0)=0
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3HalTH 3arajbHi po3B’43KM PiBHSHBL Beccers:

i

873. Y"+§Y'+J’=O- 874.y”+—)3;y’+4y_—_0. ‘
875.xy" +3 '+ 5 y=0. 876. X%y " — 2xy' +4(x* - 1) y=0.
877.y"+iy’+4y:0. 878.y”+§y’+%y=0.

879. xzy”+xy’+(x2~i)y=0. 880.x2y”+xy’+(4x2—-éjy=0.

3HalTH PO3B’A3KM, AKi BUPAXAIOTHCH CTeNeHeBMMU a6o y3arajbHe-
HUMH CTeTIEeHEBUMM PSAaMIA:

881l.xy" +y' —xy=0. 882. xy" —xy' -y=0.
883. X%y " +2xy’ — (P +2x+2)y=0. _
884. Xy - X%y’ + (x - 2)y=0. 885. 9x%y " ~ (x2-2)y=0.

886. 2x%y " + (3x-2x*)y' —(x+ hHy=0. 887. xy" +2y"+xy=0.

SHalTV y BUIMALI CTeNeHeBUX PSANiB po3B’s3KM 3amay Komi. O6-
YUCIATH KoedilleHTH pamiB (Lo TpeTsoro BKJTIOYHO):

888.y' =1’ —x; y0)=1. 889.y'=x+§; 0) = 1.

890. y' =y +xe¥; 10)=0. 891. y' =2x+cos y; 10)=0.
892.y'—-x2+yp3% y(hH=1. 893.y"=xy' -3, »0) =1, W0)=2."
8%4. y" =y +xy; n0)=4, ¥0)=-2.

895. 3HaliTH YaCTMHHMI PO3B’SI30K y, PIBHAHHA xy"+A+x)yy" +y=0,
KV 3aJIOBOJIbHAE ITOYATKOBY YMOBY J; — 1, y/ — +1 npu x — 0. IToGymy-
BaTH 3aTAIbHMIA PO3B 130K LBOTO PIBHIHHS.

896. Tlokasatn, mo pisHanHs Yebumosa (1-x°)y" - xp’ +n’y=0
MACTABISHHAM X = 1 — 2f 3BOOUTHCA 110 rinepreoMeTpuuHoro. JloBecTy,
IO TIPY LJIOMY IOAAaTHOMY X OOWH 3 YACTUHHHUX PO3B’43KiB PIBHSIHHS
Yebuuiopa Gyme MHOTOWIEHOM /1-T'O TTOPSIKY.

897. BimmnoBinHO0 3aMiHOIO He3asleXHOI 3MiHHOI 3BecTH PIBHSHHSA
Xy +xy" +(kF - )y =0 (k0) Jo piBHsAHHs Becces.

898. 3Becnn 3y’ - ;lc y'+|1- ﬁz ¥ =0 mo piBHgHHa Beccess 3a momo-
X
MOTOIO BiATIOBITHO! OMHOPIAHOIL JHAINHOI 3aMiHK LIyKaHO1 (PYHKIIII.
899. 3HaiiTH 3arajbHUIT PO3B’I30K PIBHAHHA xy"+y' ' +y=0.
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900. 3HAiTM YACTMHHMIA PO3B’A30K y, PiBHAHHA (X —2x+2)y'" -
~xXy" +2xy'—y=0, KMl 3aHOBOJIBHAE IoyaTKoBi ymoBu yi(0) =1,
yiO=1, y'0)=1

901. OGuMCIUTH BPOHCKIaH AJIS JBOX JHINHO He3aJleXXHUX PO3B’SI3KIB
pieHgHHa [aycca x (x - l)y” + [~ Y+ o+ P+ l)x]y +apy=0.

902. O6uncT! BpOHCKlaH IUTS ABOX JIIHIHO He3aJeXXHHUX PO3B’A3KiB
pisHsgHHs Jlexannpa (1 - Ay -2xy' +nn+ y=0.

903. O6uuciuTH BpoHCKiaH ang aBox ¢yukuiii Beccens J,(x) 1 J,(x)
(v He 11iJTe YKCIIO).

§ 17. KPAMIOBI 3AJTAYI

1. Kpaiiora 3amaua
a(x)y" + by’ +cy=,(x), x € [a, b]; (1)
aya) +By'(@ =0, yub)+3y'(h)=0, (2)
ne a(x) # 0, x € [a, b], B yMOBax, KoJu BlI[HOCHO JIETKO 3HAMTH 3aTaJIbHUM
PO3B’A30K pmnsmml (1), moxe Oyt po3B’si3aHa IPAMUM MiICTaBIIHHAM
3arabHOTO O3B 13Ky B KpalioBi yMOBH (2). Aire He 3aBxmu 3axava (1),
(2) Ma€ pO3B’A3KH, a Y pasi iX HAABHOCTI He rapaHTYEThCs EAMHICTb.

2. Sxao Koe(bunel{m PiBHSHHS (1) abo xpaitoBux yMOB (2) 3anexaTh
Bili MeAKOTO NapaMeTpa A, TO Ti 3HaYeHHA A, I AKuX 3axaya (1), (2) mae

HeTpuBiaJbHHUM (¥ (x) # 0) PO3B’A30K, HA3UBAIOTECA @1acHumu. BinnosinHi

BIACHWUM 3HayeHHsAM pO3B’A3KU — eadachi @yuxyii. Hanpuxoan, mwis
KpajfoBoi 3a11atny”+7»y 0, ¥0) =y (n) = 0 umena 12, 2%, 3%, ... i bysxuii
sinx, sin 2x, .... € BiAMOBIIHO BJIACHUMM 3HAYEHHAMM Ta BJIACHMMH
dyHKIIMYL.,

BaxxIMBMM BUITAIKOM 3aadi Ha BIACHI 3HadyeHHH € 3aaaya Iltypma—
JliyBimd:

4 (p9y") - gy + 1p(9) y =0 3)
@) + By’ @ =0, yy (b +3y'(h) =0, 4)
me yHKUil p(x), P'(x), g(x), p(x) — HerepepBHi, #Kwo x € [a, b],

px)>0,p@>0; o’ +p*>0,y+8 >0.

3. TpalUId10TbCd BUMAAKU, KoM Koe(ilieHTH PIBHSIHHA, IO 3aja-
€TbCcA B KpailoBiii 3aadi, B CKIHUEHHUX TOYKaX OCHOBHOI 00JIacTi MaloTh
ocobmBocTi. Hampukian, koeditieHT p(x) piBHIHHA (3) obepTacThcd Ha
HyJb B JesKiil CKiHYeHHil TovLl ¢. [/ Takvx 3a7ay 3TiTHO 3 XapaKTepoM
0cobMBOCTEN BUHMKAIOTE YMOBH, AKi BilirpaloTh poib KpaitoBux. Lumu
YMOBaMHM MOXYTb GyTH HerlepepBHicTb ab0 0OMeXXeHICTk po3B’sI3Ky, abo
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X INpSIMYBaHHS PO3B’A3KY Ho Ge3amexHocTi ¥ T. a. Hampwioam, mis
piBHsaHHA Beccens

) -nlehxy=0, (%)

aKke samicade y opmi (3), xoedimieHT p(x) = x. Tomy, axmo (5)
PO3IIIa€EThCA Ha Biapi3ky 0 < x < 1, to p(0) = 0. O1xe, BUMoOra o6Mexe-
HOCTi PO3B’A3KY PIBHAHHA (5) npu x —> 0 MoXe po3MIsSaTHcs K OMHA 3
KpaifoBux yMoB. Jlpyra yMoBa € TMIIOBoIO, Harpuxuian y (1) = 0. 3mobyty
KPaKoBy 3a1a4y MOXHa cOpMYIIIOBaTH TaKMM YMHOM: 3HAMTH PO3B’I30K
PIBHSHHA (5), AKMi 3aMIIacTbCA OOMeXeHMM TIpu x — 0 i ZOpiBHIOE
HYJIo fIpu x = 1.

IcHyrOTE TaKOX KpaMoBi 3a/1adi 3 HECKIHUEHHOIO OCHOBHOIO 06J1aCTIO.
Hanpuxiian, 3amaya 3HaXOIXeHHS pO3B’ 43Ky PIBHAHHSA y" +iy=0, axumi
3a/MIIAETECS OOMeXEeHUM MpH X — + o, € KpaioBow. OYeBHIHO, LIO
KOXHe HeBlI'€MHe 4MCJio ). — Lie RIIacHe 3HaYeHHA i€l 3amayi, a GyHKIi
sin (VAX), cos (VAX) — ii BiacHi yHKIIi.

4. Pyuxyiero Ipina KpaiioBoi 3anaui (1), (2) Ha3MBaeTbCA Taka dbyuxaria
ABOX 3MIHHUX ((x, s5), BU3HaYeHa IIpH X € [a, b}, s € (a, b), 9Ka Mae Taxi
BJIIACTHBOCTI:

1) G (x, 5) 3aKOBOJILHAE BIMTIOBITHe OTHOPIIHE PIBHAHHSI

a@y"+b@y ' +c@y=0 (6)
TIPU X #
2) aG(a, 5) + PG/ (a, ) = 0; G (b, 5) + 3G, (b, 5)=0;

3) npu x = s dyHKUiA G (x, s) HellepepBHA TI0 X, a il MMOXiAHa G, Mae
PO3PUB IIepLIOro poay 3i CTpUOKOM }%, TOOTO

G(s-0,9=G(s+0,s); 7N
G/ (5+0,9— G/ (s—0,5) = | (8)

alx)

s mobymosu dynkuii I'piHa 3amadi (1), (2) 3HaXoOATH PO3B’A30K
y1(x) # 0 piBHsaHHA (6), AKMIi 33TOBOJIBHSE JIMLIE TIEPUIY (X = @) KpailoBy
YMOBY, Ta PO3B’S30K Y,(x) # 0, IKuMi1 cripaBIKye Apyry (x = b) KpaiioBy
yMoBy. DyrKitiro TpiHa mykaooTs y BUDILO

P () X)), xela,s]
X, §) = 9
G( ) { W(S) yZ(x), X e [S’ b]a ( )
mobuparoun GyHKL ¢(s),  (5) TaK, o6 BUKOHyBamicsa yMoBH (7), (8).
3Hatoun ¢yHkuilo I'pina kpaitoBoi 3amaui (1), (2), po3B’s30K 1€l
3aJa4i MOXHa ITONATH B IHTErpaJbHIA dopmi
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y=|[ G, 9 f(s) ds, (10)
b

NpUYOMy 1left po3B’si30K Oyme emuHmM, Ko BimmosigHa (1), (2) om-
HopigHa 3anava (f(x) = 0) Mae Jvle TPUBIAIbHUAN PO3B’A30K.

5. TIpy po3B’sa3yBaHHI JHIMHMX KpaloBUX 3aqay HaOJVDKeHUMU Me-
ToZlaMM 3pY4YHO IIYKAHMI PO3B’SI30K TOAATH Y BUITISAAL CyMH

Y (X) = yo(x) + put (x) + w (X), (11)
ne DYHKL yy(x), u(x) Ta WX) € po3B’a3KaMH TpboX 3axad Komri:
a®) yy' +bx) y +c@y=rx), ¥ (@a)=y(a;
a@@u"+b@u'+cxu=0, wa=1, u'(a=0;
a@v'+bXv' +cx)v=0, v(@=0, via=1

(i, v BU3HA4YalOThCA 3 KpailoBUX YMOB (2)).

904. SIxa 3 KpailoBHUX 3a1a4 Ma€ PO3B’A3KU:

a)y"-y=0,y0=0, y2Cm=1 6)y”"+y=0,y(0)=0,y2m)=1?
3HaifTK BJIACHI 3HA4YeHHS i BiIacHi GyHKIIL:

905. " =Ay, y () =0,y () =0. 906. y" =2y, y' (0 =y'(b)=0.
907.y" =y, yO) =y’ (5)=0.908. y" =1y, y(1)=0,y(@=0,a> 1.
Po3g’a3atu KpaiioBi 3amavi: .

909.y" +y=1; y(0)=0, y'(n/2)=1.

910. y" -2y’ -3y=0; y(O) =1, limy(x) =0.

X > ®©

911. y" -2y’ -3y=0; y(0) =1, limy (x) =2.

912. Xy " - 2xy ' +2y=0; y(x)=0(x) ipu x— 0, y(1)=2.
913. y" +y=1;, y()=1, y'(0)=0.

914.y" -y=0; y( @ =-1, y')-yQ)=2.

915. y"+y=1; y(0)=0, y'(m)=0.

916. y" -y’ -2y=0; y(—0) =0, y'(0)=2.

917.y" -y=1; y(0)=0, y(x) obMexeHa IIpH X —> + 0.
918. x3y " - 6y =0; y(0) obmexeHna, y(1)=2.
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919. X" +5xy' +3y=0; y'(1)=3; y(x) = O(1/x>) 1IpH X —> 0.

920. Ipu sKMX a KpaiioBa 3aga4a y" +ay=1; y(0)=0, y(1)=0 ne
Ma€ po3B’43KiB?
ITobynyBatn dbyuxiii I'pida nas KpalfoBUX 3amay:

921.y"+y=f(®; ym=0, y'(0)=0.

922.y" +y'=f); y(0)=0, n1)=0.

923.y" =f(; y(©0) =0, y(1)=0.

924. x*y" +2xy' =f(x); y(1)=0, y'3)=0.

925. xy" -y'=f(x); y(2)=0, y'1)=0.

926.y" =f(x); ¥y(0)=0, y(x) obMexKeHa IIPU X —> -+oo.
927.y" -y=f(x); y'(0)=0, y'2+y(2)=0.

928.y" +y'=f(x); y(+) =0, y'(0)=0.

929. y" +4y' +3y=f(x); ¥y(0)=0, y(x)= O () pu x — +o.
930. X%y " + 2xy’ - 2y = f(x); y(0) obmexena, (1) = 0.
3arvicaTy B iHTerpasibHiH ¢opMi pO3B’I3KM KpalioBUX 33/1ay:
931.y" =fx); y(@=y(b)=0.

932.xy" +y'=2x; y()=y'(1), yx)=0(l) mpu x > 0.

§ 18. KOJAUBHICTb PO3B’SI3KIB JIHIITHUX
OJHOPI/JHUX PIBHAHD

1. SIKuo HeHYTLOBMIA pO3B’430K PIBHSIHHS
y" +px)y' +qx)y=0, (1)

Iie p(x), g(x) — BHU3HaYeHI i1 HellepepBHi NIPU X € (@, b), IIepeTBOPIOETHCS
Ha HYJb He MeHIle, HiX B JBOX ToYKaxX iHTepBaly (a, b), To BiH
Ha3UBA€EThCS KoAuGHUM Ha (a, b).

PiBusxHsa (1) mipcTaBIsHHIM

- 172 po)

y=ze ) (2
Ie z = z (X), 3BOOUTECA A0 PiBHAHHA B KaHOHIYHiI dopmi
z"+I(x)z=0, 3)
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, 2
ge I(x)= —1’—2()9 —E—fi) +q — ineapianm (1).

Posp’sasku pieasue (1) Ta (3) MaoTe OOHAaKOBMIT XapakTep
KOJIMBHOCTI.
Sxao B piBHgHHI (3) KoedittieHT 7 (x) Takuii, 110

1) <0, xe(a,b), 4)

TO Bci po3B’a3KM piBHAHHS (3) (a oTxe, i1 (1)) € Hexosrugnumu.

2. Po3B’a3ku JIOP mpyroro nopsaaky 3 HerepepBHMMU KoedillieHTaMK
Ha iHTepBagi / MarOTh OTHAKOBMIT XapakTep KOJMBHOCTI: KOJMBHiI abo
HeKO/MBHiI omHoyacHO. IIpw 1boMy Hy/i OBOX JIHIMHO He3aJleXHUX
PO3B’43KIB BIIILISFOTh OJMH BiJl OMHOI'0, TOGTO MIX JBOMA ITOCLIOBHUMU
HyJISIMM OJHOIO pO3B’%3Ky 0OOB’SI3KOBO € OAUH HYJIb APYTOro po3B 3Ky
(reopema IlITypMma).

Axuito xoedillieHTH piBHSHD THITY (3)

y”+qi(x)y=0, i:152 (5)
HerepepBHi Ha (a, b) Ta TIOB’s3aHi HepiBHICTIO
q2(x) 2 %(x), X € (a5 b)y (6)

TO PO3B’I3KM APYTroro PiBHAHHA (5) (i = 2) GUIBII KOJUBHI, HIX PO3B’I3KU
MepIIOro PiBHAHHS (KOJIMBAIOTECH YACTillle).

Bnacne, MiX nBOMa IOCITOBHMMH HYJISIMM OYyIb-SKOTO DPO3B’SI3KY
TIePINOro PIBHAHHSA € NMPUHANMHI OIVH HYJb Oyab-gKOro po3B’sa3Ky Apy-
TOTro PIBHAHHS, SKUIO TUIBKM B iHTepBali MiX LMMM HYJSMU € Xo4a ©
OfIHA TOYKa, B SIKIH g,(x) > ¢,(x) (TeopeMa MOPIBHAHHA).

Bigcranp p MiX JBOMa TMOCHZOBHMMM HYJISMU JOBUIBHOIO
HeTpuBiaJbHOro po3B’a3Ky JIOP (3) cripaBmxye oliHKU

n T
7 <P< I’ N

e M, m — naiibinbiue Ta HaliveHIle 3HaueHHs dyHKui / (x) Ha [o, B] C
C (a, b).
IMpuknan 1. JocmauTy xapakrep KOJMBHOCTI PO3B’S3KiB piB-
nauHa Eitnepa X°y " + @’y = 0 1ipy My a (@+0), xe (0, +x).
2

Po3B’g3aHH4 Ockieki ¢ (x) = % > 0, To 03HaKa HEKOIMBHOCTI
X

(4) He Moxe OyTH BUKOpHCTaHa. XapaKTepUCTHYHE PIBHSIHHSI Ma€ BUIJISL

AL~ 1) + @ = 0. OTxe, 3aMiHOIO y = € 3anane PiBHIHHS MOXHA 3BECTU 0

JIOP si cramymu xoedilieHTaMu Burysiny y'' -y’ + @’y = 0.
3acTocoByrouH 3aMiHy (2), IpHiiieMo 40 KaHOHIYHOI dhopMu

z"+(@-1/4)z=0.
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Otxe, nipu a° < 1/4 eci po3B’A3KM 3afaHOTO DIBHSHHS GyIyTh He-
kommBHUMU. Ilpuxiian 1 mokasye, mo ymoBa (4) He € HeobxigHoIO, a
JIMIIe JOCTaTHBOIO YMOBOIO HEKOJMBHOCTI PO3B’I3KIB.

IIpukumapn 2. CKinbKY pa3iB TOBUTEHMIT HETPHUBIAIBHMI PO3B’ 130K
piBHaHHA Efipi y " — xy = 0 MoXe nepeTyHaty MiBBich (0, +00)?

Po3B’a3anH4. Pisaauus Eilpi 3armucane B KaHOHIYHIN $opMi,
q(x) = - x <0, gkiuo x € (0, +0); oTXe (3a BIacTHBICTIO (4)), BCi pO3B’I3KH1
LIbOT'O PIBHAHHS HEKOJIMBHI; HETPMBIATbHUIA PO3B 130K MOXE ITepeTUHATH
miBBick (0, +00) He OinBllle HiX OAMH pa3.

933. Hexaii x;, x,,... — TOCTIIOBHI HyJi PiBHSHHA Y + q(x)y =0,
PO3MillleHi B ITOPAAKY 3pocTaHHA. PyHKIIiA ¢(X) HellepepBHA, MOHOTOHHO
3pocTaroya TIpH X, < x <+, (g(x) > 0). JoBectH, 10 BIICTaHb MLX CyCi-
HIMM HYJIIMM CNAJa€ IpH X — 400, TOOTO X,,, | — X, < X, — X, _,.

934. V nomepenHiii 3azayi ITO3HAYMMO 4Yepe3 ¢ CKIHYEHHY 44 He-
CKiHYeHHy TpaHUIo GyHKIIL g(x) pu x — . JosecTtH, 1o

Pf}l(anrl - xn) = _\%

935. 3HailTu BiIcTaHb MiX JBOMA IIOCJITOBHMMU HYJIIMH IOBLIBHOTO
HeTpUBIaILHOTO DPO3B’SI3Ky DIBHAHHA y'' +my=0, ge m = const > 0.
CKUTBKH HYJIB MICTUTBECH Ha BiIpisky [a, b]?

936. JoBecTH, 110 BCi HETPMBiaIbHi PO3B’A3KM PiBHAHHA V'’ — Xy = 0
€ HeKOJIMBHUMH Ha JOBLTbHOMY iHTepBaii (a, b).

937. JloBecTy, HIO BIICTAHB MixK IBOMA TNOCTIIOBHUMH HYJISIMUA 6y Ib-SIKOrO
PO3R’43Ky piBHAHHSA Beccena X'y +xy' + (X — i Yy=0(n=+1/2) npar-
He JI0 T IIpU X — + 0. SIKO¥O € 119 BiACcTaHb ipU # =+ 1/27?

938. OwHUTH BiAcTaHb MIX IBOMAa ITOCITOBHUMM HYJIIMU JOBLIE-
HOI'O HEeTPMBIAJIBHOIO PO3B 3Ky PiBHAHHA Ha 33JaHOMY BLIDI3KY:

a) y" - 2xy=0, [20,45]; 6) xy” +y=0, [25, 100];
B)y" -2xy'+(x+1)=0, [4,19]; 1)y"-2ey' +e¥y=0, [2,6].

939. BuBYMTH XapakTep KOJMBHOCTI PpO3B’A3KIB piBHAHHA FEiipi
y" —xy=0 B iHTepBai (—o, 0).

940. [doeecty, 10 MpH X — + 0o TTOCIITOBHI HyJ JOBUIBHOTO HETPUBI-
AJIBHOTO PO3B’A3KY PIBHAHHA X'y " + Xy’ + (X — 174y =0, x € (0, +0) He-
obMexxeHO 30MIKYIOTHCS.

941. OuiHUTH BiACTaHB MIX TIOCHIZOBHUMH HY/ISAMM HETPHBiaTbHMX
PO3B’43KiB PIBHAHHA ¥ " + y sin’ x = 0 Ha iHTepBani (n/4, 3n/4).

. 942. JoBecTu, IO KOXeH HEeHYJIbOBHMH DO3B’S30K DiBHSIHHA
Y'+q®y=0, x € (0, +0), gx)>0, inf g(x)> 0 MaeHecKkiHYeHHO Ga-

x € (0, +o0)
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rato HymB. UM MaTvMe NOBUIGHUII HeTpMBIaJIBHWIA PO3B’S30K LILOTO
pIBHSHHS HecKiHYeHHY KUIbKicThb HyMB Ha (0, +0), ko ¢(x) >0 i
g (x) — 0 IIpu x — +o0?

943. BUKOPUCTOBYIOMUM DpE3YJIBTATU IIOIIEPeNHBOL 32a,11aq'1, JOCIHIUTUH
MATaHHA PO KiMBbKICTh HY/B piBHAHHSA Eitepa y " + % y =0 B inTepBam
(1, +0).

944. JloecTH, 10 BCi PO3B’43KM PIBHAHHA " + g(x)y=0 3 momar-
HUMMA TIOYAaTKOBUMU YMOBaMH ) (x,) > 0, y'(x,) > 0 3ammualorees jo-
JIATHUMM TIPU BCIX X > X.

945. Jloectw, IO pO3B’si30K 3amaui Komi y'' —x*y=0,10)=1,
¥'(0) = 0 € mapHa gogatHa GyHKIIS.

JocmanTy acUMITOTUYHY TTOBEIHKY TIPH X —> + o0 PO3B’SA3KIB JaHMUX

PIBH4HB, 3aCTOCOBYIOUM HeperBopeHHd JliyBinna [6, 3amava 2.30] mua
OOYIOBU aCUMITOTUYHUX PO3BUHEHb:

946. y" +x'y=0. 947.y" +xy=0. 948.y" —-x’y=0.

949. y" +e¥y=0. 950.y" -xy=0. 95l.xy" +2xy' +y=0.

952.y" -2 x-1Dy +x¥=0.

OTpuMaTH TOYHIIIe ACMMIITOTUYHE PO3BUHEHHS JJI PO3B’I3KiB JaHUX
PIBHSHB, 3aCTOCOBYIOUYH TTepeTBopeHHs JIiyBULIS ABiYi:

953*. y " —4xly =0, 954. xy" +y=0.

955*. JloBectn, ulo KpaHoBa 3amadya y" +qx)y=0, y(x)=a,

¥ (%) = b nna Oymp-axux a, b, x, # x,1 g (x) < 0 Mae emuHMiA po3B’szokK. o
MOXHAa CKa3aTu ITpo Lielf po3B’430K, JKIIO BigoMo, 1o b = 0?



'xasa 4

CHCTEMH JUOEPEHIIAJBHUX PIBHIHD

§ 19. 3ATAJBHI NIUTAHHA. METOJAU PO3B’SI3YBAHHf

1. Haibinbm 3aransHumu € Taki hopmu 3aImmcy cucTeM AuvepeHLs-
ATBHUX PIBHSHD:

HOpMaJIbHa ‘
dy, , .
a:fi(x,yl, s Y), i=1L2, 0 n (1
CUMeTpMYHa (BinmosimHa (1))
dy, dy, ay, dx
~l__“2_ =" _ el 2
A A @
KaHOHIYHA
ami Y,

) (m - 1) ) (m - 1) , (m,~ 1
o =LY Y Y Y Yy Y, A A W )
((1), (2) —cucreMu n-ro nopsaaky; (3) — cuctema (m +my+ ... +m)-To0
TTOPSZKY). _
Cucrema (3) 3Bomutecs mo Bumiany (1), KO BBeCTH HOBI 3MIHHI,
TTOKJIABILIM iX PIBHMMM BCIM TIOXiTHMM, IO MICTAThCS npaBopy4 y (3).

OyHxuia v (x, Y ¥y .- 5 V) # COnst € inmeepanom cucremm (1) (a
oTXe, ¥ (2)), SAKIIO MOBHMIA ii mbepeHLian B CIUTY CUCTEMU IOpPiBHIOE
—(8w oy oy oy =
dy |, (6x+ay1fl+ay2f2+... AL )
CriBBiTHOWIEHH \ (X, Yis Y5 --. 5 ¥,) = €, D€ y — iHTerpay cucteMu, ¢ —
ROBUIbHA CTajla, Ha3UBAIOTb NEPUIUM iHmezpanom cucmemu.
Inrerpamu v, v, ... , y, GyHKIiOHATEHO He3aJIexXHi, SKIIO MaTpULIL
Axobi HeBUpOIKeHa, TOOTO
o oy
ox oy, U oy,
8 8
ang % 6_"’2 % - rang O (W, Wy e 5 W) X
X = V. | =K.
7 " Gxy, 5 y)
2 on o,
ox oy, ady
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CykynHicTb # He3aJIeXXHHX TeplInX iHTerpajiB cucteMu (1) HasuBa-
€TBCS 11 3azanbHuM inmeepanom.

2. PosrnssHeMO OCHOBHI MeTOIM iHTerpyBaHHA cucteM (1)—(3).

1. MeTon BuUKIIOYEHHS TOJIATA€E y 3BelEeHHI CUCTEMM IUISXOM M-
depeH1iIOBaHHS OIHOTO 3 PIBHAHb Ta BIANOBIIHMX IlepeTBOPEHb 10 OJHO-
ro MdepeHIaTBHOTO PIBHAHHS.

2. Meton iHTerpoBHMX KOMOIHAINil IoOJNATacE Y 3HAXOMKeHHI TaKMX
midepeHLIiaTbHUX PIBHAHD, SKi € HACIAKAMU PIBHIHDb CHCTEMH i JIETKO
IHTETpYIOTHCA.

Ilpu cTBOpeHHI iHTerpoBHMX KOMOiHalLiit mid cucteM y dopmi (2)

a

YacTO KOPMCTYIOTbCH BNACTMBOCTAMM pIBHUX [pobiB: gKIIo

a . . ..
=, = ZE’ TO I JOBUITBHMX k,- (i=1, n) cripaBeyIMBA PIBHICTE

a ka+..+ka
_ 11 n'n

T, kbt vkb

b-]_h
SR~

1 2 n

3. MeToa roc/maoBHOTO iHTETPYBaHH, 32 JOIIOMOTOIO IKOTO BAAETHCH
PO3B’S3aTH CUCTeMH B HOpMaibHilt dopmi

dy dy. y,
71}1— =f; (x, yl)’ sz :f; (x’ y2)’ U dx =f;' , y")

JLI 1150T0 TOCHUTB PO3B’A3aTH KOXKHEe PiBHSIHHS 1€l CHUCTEMI. Meron
BUKOPHCTOBYETBCA TAKOX JJI1 CUCTEM TPUKYTHOI'O BHUIJIIY

dy ‘ dy, dy,
Txl:f; (x’yl)’ 71;2=f;(x3y15y2)9 1d_x=f;, (X,yl, yyn)

InTerpyBaHHs BUKOHYETBCS TIOCHIIOBHO, 3HAl{NEHMI PO3B’30K TMACTAB-
JIIETBCA Y HACTYITHE PIBHSAHHS i T. 1.

4. CrieianbHi aHANTHYHI METOOM, AKi 3aCTOCOBYIOTBCH IO JHHIMHUX
cucteM (muB. § 20—22) Ta cucreM i3 crielMbiYHUMM BIACTUBOCTSIMIA
Hanpuxnan, cucreMy apyroro nopsiaky

dx d
E_u(x’ y)a E‘?_v(x’ }’), (5)

MpaBi YaCTMHM SIKOI HeIlepepBHO MudepeHIIOBaHI Ta 3aJ0BOBLHIIOTH
ymoBu Komti—Pimana

du v ou ov
&x oy’ oy  ox’ (6)

JIeTKO TIPOIHTErpyBaTH, SKINO IOMHOXMWTH ApYre DiBHSHHSA (5) na i
(i*=-1) Ta ckactu OTpUMaHi piBHAHHA. dicTaHeMo

LD~y (x, y) + iv (x, ).

117



INoxnaBnm z=x+ iy i BpaxoByioun (6), MaeMo % =f(2). OcraHHe piB-

HSIHHS IHTeTPYEMO, a HOTiM, BiIOKPeMITIOIOUH [iliCHY Ta YSBHY YaCTHUHH,
OTPHMMAEMO 3araJIbHHIL pO3B I30K.

2
IMpukanang 1. Po3B’asamcncreMy%+z=0, iZ+y=0.

Po3B g93aHH1 CKOpUCTAEMOCS METONOM BUKIIOYEHHS. Jna
1150T0, AudepeHIlOlOYN Tepile  DPiBHAHHA CHCTEMHM, 3HAXOTMMO

%x{ + (;—‘)zc =0, mpyre ——%‘ = —y. Otxe, cucTeMi BiATIOBIiOa€ JiiHiiiHe piBHIH-
’ 3
HS TPETBOTO IIOPIAKY %% ~-y =0, PO3B’I3KM SKOI0 JIETKO 3HAMTHU;
X

_ x2 V3 . 3
z=¢ (clcos7+czsm~2—xJ+c3e".
Apyry 3MiHHY Zz =z (X) 3HaXOOVMMO ILC/A IACTABIIHHA 3HANIeHOro
3HaYeHHs y Y [pyre DIBHAHHA CHCTEMH 3 HAaCTYIIHMM iHTeIpYBaHHSM.
JictaHeMo

_ /2 ) ‘jg e ~x2 % V3 . 3
z=¢€ [3+7c2)cm7x+e (7—-7c1 sm7x-c3e".

IMpukaan 2. Po3p’s3até crcremy g=% , £=—Z~§ .
, ax (z-y)'’ dx (z-y)

P o 3B 43aHH 1 CKopucTaeMocs MeTOIOM iHTETPOBHMX KOM-
GiHaiii. s 3HaXO/KeHHs IHTEerpoBHMX KOMGIHAIUM MOAUmIMMO nepiie
PiBHAHHA Ha jpyre. [lictaHemMo % =§ — Ilepllla iHTerpoBHa KOMOIHALIig,
y?-7*= ¢ — mepumii iHTerpan cucreMu. BimHsBIM BiJl Iepuoro pis-
HAHHA ApYTe, MAaTUMEMO JAPYTY IHTeTpOBHY KOMOIHALIIO %ﬁ = ;—I—y, a
OTXe, i Ille OIMH NepUIMit iHTerpan cucteMM (y—z)° +2x = ¢, Jlerko
TepeKOHATHCH, WO iHTerpami y, = y* - z% Ta y, = (¥ - 2)° + 2x He3aJIexXHi.
Criparni,

02y -2z )\_ .
rang(_zz 2y 2z—2x)_2’ ockutbk y =0, z=0.

OT1xe, MaEMO 3arajibHUWii iHTerpaj cUCTeMU
2 2 2
y -zi=c¢, (-2 +2x=c,

Hpuxanapn 3. Ilepesiputy, uu € byHKi v, =1X, \|/2=ty+x2

& x dy -y

d t’> dt g

Po3ss’ ga3auHa4. Hﬂﬂ(bymmﬁwlzt.xMaeMo
oy by

L L L - EA -
By, = di+ L dx+ dy—xdt+tdx—xdt+t[— t]dt_xdt—xdt_o.

iHTerpajJaMM cucTeMU

. Yu HezamexwHi 11 iHTerpam?
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M\Vz:ty+x2
Oy, =

=ydt+2x(—ﬂdt+t%2dt ( —22—x+————y)dt 0.

oy

2dx+ dy ydt+2xdx+tdy=

O,
—at—d

ToMy KoxHa 3 GyHKUIH y, Ta y, € iHTerpajoM cucremu. CkiageMo
matpuio Sxo6i

Dlyp,wy (x £ 0

TDtxy) (y 2x f]

Ii rang =2, ockimeku 7+ 0. OTxe, y,, y, — He3alexXHi, ¥ ToMy &x=c),
y+x= c,, e ¢;, ¢, — NOBLIBbHI CTaJIl, — 3arajJbHUI IHTErpajl CUCTeMU.

3BecTH MOAaHI PIBHIHHA YM CUCTEMM IO CUCTEM Y HOPMaJIbHil opMi:

956. y"' - y=0. 957. ¥ + Xy =0.
2

958. ‘fj’f +k%x=0. 959, 3 —z=0, 2" +y=0.
t

960. y'' - z=0, Xz -2y=0. 961. xy" +y' +xy=0.

IlepeBiputy, 4M € 3a1aHi GyHKUII iHTerpalaMU CHCTEM:

dx x—t _ . _ 42 . _ 2
962. 5 ,}{ -X; @ =t +2xy; o, =X —1y.

2

963. dx =Xy, dy—x +y% cplleny—xzy; ¢,=%-2Inx.
X

d. dy dz_ du,
964.7"=——5=7=—7, @ =Yz ~ Ux.

965. TlepeBipMTH, Y1 € He3aJIeXXHHMM IIeplili iHTeTpaau %1 =¢, Ta
X
22V = ¢, cucteMu dx_dy_&
x+y x y 2

3HaUTH He3aIeXHi IHTerpai CUCTEM:

966.%=_4y2=d;2. 967. - % x‘fy
968_§=42=iz_ 969. dx __dy _ dz )

x y 0 CO8y COSX COSXCOSY
970 & b _d&

“zx+z) y@+z 0
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Posp’asatu cucremu mudepe
971. y' =y°z, z/=%-y2

X

HILUAJIBHUX PiBHIHB:

972. 2zy' =y’ — 7 + 1, Z=z+y.

2
973.y' =t z'=y+1. 974.y' = 20", z/=22%
975.y1:ex-)’, 7' = 2z
2x-z
976. y' =y +z, Z'z(g_%—ljﬁ(g'l]z
Xy x
y 2 x+y 2
977.y' =2r€ g =Z-¢ 978.y' =z, z'=%
zZ+e zZ+e y
979, & _dy_dz 980, &x_dy_dz
X y z x 0 =z
dx _ dy _2dz dx_dy_dz
981.\&_\[)—1—1. 982.y_0-z
983. - & __ & __& 984, X b__ dz
mz—ny nx-Ilz ly-mx xz yz 72+ 1
985, 9 ___ Ay __ d
x(yz—zz) y(22+x2) z(x2+y2)
986. dx - dy - dz .
XZ-y) yO-n 2y
987. — & _dy_dz 988, . & _dz__d&
.x+yz+zz y oz’ .zz—yz z y'

Po3p’a3atn 3amaui Komi:
dx_ 2,2 dy
989. A I A

él":__e—

990. 5;1: =e  cosy,

X

-2xy, x(0)=0, ¥0)=1.

siny, x(0)=1, y0)=0.

Po3p’a3aty cucteMy, NMepeKOHABIIUCh, 110 BUKOHYIOTHCS ymoBu Ko-

mii—PiMaHa:

991. %=y+ooc2+2ﬁxy—ay2, %‘;’:—x— B’ + 2oy + By’.
A 1 d 1 2 3
992. %=—5 o - xp?), ==, BxXy-y).
993. Hexait y=u (x)+iv(X) — KOMIUIGKCHMIT PO3B’I30K PIBHSAHHS

Pikkati y’ =y’ + q(x). Hanmucatu cucremy MUdepeHIiaIbHIMX PIBHIHb,
AKa BU3HaYae QyHKIL #(x) Ta v (x).
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994. Tosect, mo B o0yacTti, sika MICTUTh OCOOIMBY TOYKY THITY
«By301» 200 «hoKyc» LI CUCTEMU

ax _ & _
- P&y, 5=0x,

He MOXe ICHYBaTH TI€pIIOTO iHTerpajia BUIJIANY ¢ (X, ¥) = ¢ 3 HellepepB-
Hoio QYHKIIEIO ¢, ¢ # const.

§ 20. JIHIMHI OJHOPIAHI CHCTEMH
1. MHoXwuHa pO3B;5I3K'1B JiHiiHoI onHopinHoi cuctemu (JIOC)
dx _
& Ay, )

e xe R", te I A(f) — KBanpaTHa MaTpulld #1-TO IIOPAOKY 3 Helle-
pepBHMMM Ha ] KOMITOHEHTAMH, YTBOPIOE JiHiltHWMI1 rpocTip. Ponb 6asucy
B HboMy BuKoHye DCP.

Martpuus X(f), CTOBIIIAMM AKOi € PO3B’A3KH, 10 yTBopiolote PCP,
dyndamenmansiia mampuys. 3arajbHMI po3B’s30K cucTemu (1) moxHa
3aImcaTy Y BUTJISAAL

x(=X@®C, (2)

me C=(C, C,, ... , C,) — BeKTOp HOBUIbHMX CTaJIVX.

Sxao X (¢, t) — ¢byHIaMeHTaTbHa MaTPULI CHCTeMM (1) HopMoBaHa
B Toull 4: X (%, 4) = E, me E — omymyyna Matpyud (Taky X (4, £) Hasu-
BaloTh Mampuyanmom cuctemu (1)), To po3p’a30K 3amaui Komii 3 moyar-
KOBOIO YMOBOIO X () = X, Ma€ BUIJIAN

xO=X@t)x, 3)

Sxao X (f) — dynnamenTanpsHa Marpuis, To X (1) C, ne C — HeBHpOI-
XeHa MaTpHLI, TaKoX € (GYHAAMEHTAIEHOIO MaTPULIEI0 CUCTEMHU.

2. PosB’s3k11 ¢,(9), (D), ... , ¢, (D cuctemu (1) yrBoproloTs ®OCP Tomi
¥ TIJIBKM TOMl, KOMM IX BUSHAYHUMK Bponcekoro W (f) BinMiHHWMIA Bif HyJIs
npu te Il

?,() (D) o 9,(D)
WD = W, 0,0, .. , 0,01 = det [P0 @2 - @D g

¢.0 9,0 ... 9,0

JIng BU3HauHMKa BpoHCHKOro (BpOHCKiaHa) cIIipaBeMIBa ¢opmMyia
Jliypiwia—OQcTporpaacskoro—AKo6i
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!
ItrA(t)d:

Wn=Wtye b ; &)

Jie tr A (t) — cig MaTpuili CUCTeMH.

3. Byme-sxi (n + 1) po3B’a3kiB cucremu (1) miHiltHO 3anexHi. 3anaua
nobynosu JIOC (1) i3 sananoro OCP {¢ (), 9,0, ... , ¢,(0} po3B’a3yeTBCS
3a JOTIOMOICI0 CIIiBBiIHOIIIEHD

dt dt dt T dt
X ¢ P N ()
1 11 21 nl
det =0; k=1,2,... ,n. 6
Xy P Py o Py, )
xn (pln (‘PZn (Pnn

Ilpukaan 1. TlobynyBatu dyHIaMeHTAIbHY MATPHIIIO CUCTEMU
dx

Z=0 %’f = % x. 3HalTH TaKOX HOPMOBaHY B TOYLI t, = 1 pynnameHTaim-

HY MaTpHUILIO. _
Pos3p’ sa3aHH4 3amaHy cMCTeMy JIeTKO po3B’S3aTH, 3BIBLIU il IO
JHIAHOTO PIBHAHHS APYTOro Mopsaaky. i 1poro mudepeHIizoeMo mep-

1iIe PiBHSHHS CUCTEMM M ITIICTABIIEMO 3HAYEHHSA % 3 IpPyroro piBHSIHHA.
HictaneMo piBHaHHa Eitepa t%x’’ — 2x = 0, siKe JIeTKO po3B’a3ati. MaeMo
. . C
AML-1)-2=0, s3BimmM A =-1, A,)=2. A orxe, x=c1t2+72,
2 2, ¢ ¢
y=jF o’ +|dt=2ct-2.
armaueMo faHy cucreMy y Buriani (1)
a@_[0 0
dx |y 7 0 y .

Jlerko GaumTH, 110 MHOXMHY PO3B’43KiB IIi€l CUCTEMM MOXHA 3alMcaTH
y dopmi
21
= Ll ,

t 2
4 .
e [clJ — BEKTOp JOBUIBHHX cTaymX. [Ipu 1poMy
2

1
! HEBUPOL
Ll — -
2t -5

t
XeHa MaTpullg, TobTo
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12
2t —

det

1
i =—320 (feR).

tZ

CroBmii 1ii€i MaTpHll € po3B’a3kamu cuctemu. Cripasii,
TP

_1 1 1

_d_t2_2t_(2)1_t2i tz_gl_t_it
atler | 12715 O |2¢ _27 =5 O || T a1y

t 3 t 2 2

t t t
L
Otxe, X(H = )y tl € QYHIAMEHTAJIHOIO MATPHIIEIO 33aHOl CHCTeMM.

-

Jnsa 3HaXO[KeHHS HOPMOBAHOIL B TO4YL #, = 1 dbyHAaMeHTalbHOI MaT-
pULIl CHCTeMH cKopucTaeMocs TUM, mo X () =X(HC, ne C — crana
HEBUPOJDKEHa MaTpHLIs, TaKoxX (HyHIaMeHTaIbHa MaTpULIA cucTeMu. Ma-
€MO

2 1 2,¢ 2.d
X(t)=t i (a b=at+t bt+t
M2 —Lile d) T 2ar-5 2mt-4)°

t t t

mpu =1
a+c b+d
X)) = .
i (2a—c 2b—dJ

Bumaratouw, 11106X1(l)= (1) ?,m’cmHeMo cucteMy a+c=1, b+d=

=0, 2a-¢=0, 2b-d= 1,3511(0'1'(1:%, b=%, c=§, d=—%.OT)Ke,
12 2 1p 1
Xt = 3y 30y
BP2p 22 24, L
33 37 32

— HOpPMOBaHa B Toulll # = 1 dyHIaMeHTalbHa MaTpPHLI.

IIpuxanana 2. Tlobynysatu JIOC, dyHmameHTaIbHa cHUcTeMa
pO3B’43KIB IKOI
(1+x 2
7o) e

Po3B s3aHHSiI Bponckian We, ¢,] =det

l+x 2
=x+x’-
x

- 2x=x(x - 1). Orxe, mykana JIOC sBurnany (1) icHye e y BUTIAIKY,
ko I He MicTUTh TOYOK X, =0, X = 1. TTo6ynyemo, Hanpuxian, JIOC i3
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3afaHolo OCP Ha = (0, 1). Ing usoro BUKOPUCTAEMO CITIBBIHOIIEHHI
(6). TlosHauMBUIM 3MiHHI, SKi YBUALYTH 10 CHCTEMM, BIATIOBIOHO y(x) Ta
z(x), JUIA TIepIIoro piBHAHHS CUCTEMM AiCTaHEMO

L

dx :
= 1 2
y 1+x 2 0 abo & x-17 x(x—l)Z’

4 X XJ

det

JJIA Apyroro
dz
w 1] & 1
det y 1+x 2 =0 abo Ex‘=—Z.
z X X
OTxe, IIyKaHa cvcTeMa Ma€ BUTIII
1., 2 4z _1
- x-17 x(x—l)Z’ & xP-

995. 3naittn GCP, HopMOBaHyY B TOYTI t,=0, nna cucremu

o at Y-
G =PxX—at, 2 =qx+py.

TloSynyBatn ®CP, BopMoBaHi B Tou1li x,=0:
&_ L, 4, dy _ & _
996. -V 5 5= 2z-2y. 997. e 2y, = 2z.

dy _, dr_
998. Lz £__y

999. Biomo, mwo x,(#) = —sin £ - <! |y =L __ 503p7g30k cructeMu

t 27 g
PIBHAHDb % =- f‘t- -1y, —?;’ =’;‘ . 3HaliTH BCi PO3B’A3KM L€l CUCTEMM. 3aru-

caty dyHIaMeHTaJIbHY MATPHIIO CUCTEMH.

Hobynyratu 1OC, axa mae zapany OCP {o, o)
1000. ¢, = (e *, 0), ¢,=(0, e*).

1001. ¢, = (e, 0), ¢, = (xe ™, ™).

1002. ¢, = (1, - ), ¢,=(x, 1).

1003. ¢, = (e*,0), @,=(0, .

1004. ¢, = (cos 2x, - sin 2x), @, = (sin 2x, cos 2x).
1005. ¢, = (1, x), @,=(x, 1).
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§ 21. JIHIHI OXHOPLIHI CHCTEMH
31 CTAJUMH KOEQ®IUIEHTAMU

3araJlbHUMU MeTodaMu po3B’g3anug J1OC

dx
& ax (1)

31 CTAJIOI0 MAaTpULIEIO A € METOA BUKITIOUeHHs, Efflepa Ta MaTpUYHMI.
Memoo suicarouenns rossirae y 3seaensi JIOC (1) mo JIOP n-ro nopsa-
Ky IUBIXOM audepeHIioBaHHS OQHOro 3 piBHSHb cucTeMH (1) 3 Ha-
CTYITHMM BWIYY€HHSM YCiX 3MIHHMX X, KPIM OIHI€l.
3a memodom Eiinepa posp’a3xku JIOC (1) Oymyemo y BUTIISIOL
At
x=€ a, 2)

nie A — BJIACHE 4MCII0 MaTpuil A, ToOTO pO3B’A3KOM XapaKTepHUCTIIHOIO
PIBHSIHHS €
det (A-AE)=0; 3)

a — BJIACHUIT BEKTOP, IO BiIMIOBIZa€E BJIACHOMY YMCIY A.
Po3pi3HAIOTE TPY BUITALKH:
1. Yci po3B’a3ku A, Ay, ... 5 A, piBHAHHA (3) Ai¥icHi # pisHi (A, # Xj pH
i#j). Toni cucreMa pyHKIIIM {é, ‘a, }: yrBoproe ®CP mna JIOC (1).
3arampHmit poss’a3ok JIOC (1) Mae B

x=Y ¢ éi'a, ' 4)
i=1

e ¢, — NOBUIBHI cTam, i= 1,2, ... , n.
. PosB’a3xu piBHsAHHA (3) pi3Hi, ae cepel HUX € KoMIutekcHi. Hexaii
Ay ,=a+ bi. Toxi fo OCP ysiiiayTs AiticHo3HayHi po3s’sa3ku JIOC (1)

x,=Re (¢"""a), x,=Im (" "a), (5)

Ie @, — BRIACHUI BEKTOp MaTpHlll 4, 10 BiITOBIIa€ BIACHOMY Ii YMCIy
A =a+ bi.

3. Cepen po3B’s3kiB piBHAHHA (3) € KparHi. Sximo A — KOpiHB

piBHAHHA (3) KpaTHOCTi k, TO CJIX BU3HAYMTH KUIBKICTb JIiHIMHO He3a-

JIEXXHHX BJIIACHHMX BeK’I‘OplB ManI/IIIl A IO BiATIOBIIAIOTH BRIACHOMY YHUCITY
A. IX KUIBKICTh BU3HAYAETHECH CITIBBITHOIIEHHAM

I=n-r, (6)
e n — nopsapok cuctemu (I), r=rang (A- AE).
Sxmo /= k, m(bwnmu{éa} yBitiayTs no OCP.

125



Axmo /< k, To B 3arasibHOMY po3B’a3Ky JIOC xopeHro A BiamoBimae
610k (1o caM Takox ma€ po3s’a3ok JIOC (1))

[xl =@+bt+... +dt* e

..................... @)

Koediuientv a, b, ... , d, p, ... , s 3HaXOATh MACTABIAHHAM (7) B (1)
3 HaCTyITHUM rrpnpmmOBaH}mM Koed)uue}mB TOMIOHMX TONAHKIB JIBOI i
npaBoi yacTiHU. [Ipy LIboMy HicTaEMO CHUCTEMY JHHIMHMX anmre6paiyHix
PIBHSIHB BiTHOCHO 4, b, ... , S, IKi 3aJIeXXaTUMYTh Bifi kK JOBUIBHYX CTaIMX,
Jte k — KpaTHICTb KOpeHd A.

Mampuunuii memoo inrerpyBanHa JIOC (1) rpyHTYeThCS Ha Ge3noce-
PEAHBOMY 3HaxXOIXeHHI GyHraMeHTalIbHoi Matpuii X (7) JIOC (1) mar-
PUYHMMH MeTOIaMHU.

Marpuino X (7) mykaioTs y BUDISOL

X =€, (8)
IIe 2 2 n
eA’=E+ﬁA+%A +...+%A"+... : 9)

IIpn 11bOMY KOPUCTYIOTECS BJIACTMBOCTAMM MATPMYHOI €KCIIOHEHTH:
1. Axao AB= BA, 10 e?* P = e’ef = e%*4
2. SIxano A = T”JTToe— T T

Mammn{y eKcnoneHTy e?' 3py4HO IIyKaTH, BiITOBXYIOUHCH Bid
XOpPIaHOBOI HOpMAJIbHOI hopMH MaTpHIli A:

A, = diag {Jk‘(kl), sz(xz), ,Jk(ks)},

ae J, (h) — xmtHa XKopnaHa k-ro MopsiAKy, HIO BiAITOBIIAE BIACHOMY

n

uveny A; Marpuii 4, Y k= n.
i=1
Orxe, ,; ,
A ' )t )t Ty (A
_dlag{ 4 e e )‘}, (10)

010..
001

s 3 ey

1
TNt (AE+ 1)1 xz It 0
=ée

Ie e ; E — ommyHa marpui;, =

O - O O

O 00..
HUIBITOTEHTHA MaTpUIIA.
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Tomy

& t Ex

1 (k-

=l &L : (11)
0 O e’

PosrisHeMo Noc/IIoBHICTS J1iit ripu po3e’g3anHi JIOC (1) MaTpyaHMM
CITOCOOOM:

1) posB’a3yeMo piBHAHHS (3) Hag roneM C;

2) 3armMcyeMo Aj 3rifiHO 3 TVM, 1iTo rang (4 - LE) = rang (AJ. -1E);

3) 3HAXOAMMO MaTpULIIO Ttepexofy 71 3TiIHO 3i CIUBBLIHOLUICHHAIM

TA= AJT, (12)
4) sgaxomimo T,
5) 3HaxomuMO e” ', BUKOpUCTOBYIOUM mid Giroki (kmTvH KopraHa)
dopmyny (11);
6) 3sHaxomuMo e *' IK TOBYTOK TPHOX MaTpPHIIb
At -1 4!
=T e’ T (13)
Marouu dyHnameHTanbHy Marprano JIOC (1) y Burmazi (8), sarame-
HMIT po3B’430K L€l CMCTEMH MOXHA TIOAaTH Y BUIVIAAL
x=e"c, (14)

me c=(c,, Cy, ... , C,) — BEKTOP NOBUIBHUX CTAJIUX.
Po3p’ss0k 3amaui Komri 3 mouyatkoBoro ymosoro x(0) = x, HabyBae
BUTJIAAY
x=e"x, (15)

JlaHIIOXOK IepeTBOpeHb 1)—6) MoXxHa [iel10 BKOPOTHUTH, B3BILIM 110
yBaru TOii dakT, WO TPAHCIIOHOBaHa A0 MaTpulli X MaTpuLd X7
PO3B’A3KOM MAaTPUYHOTO PiBHAHHA

T

% =X"4". (16)
SIxuro npu LboMyY A].T — XOpIAaHOBa HOpMasTkHa (bopMa MaTpuii A° Taka,
o A= SA”S™', me S — HeBUpOIXeHa MaTpMLi IIepexody, To,

311mcm/mmn B (16) mincraBisHHA
X'=12s, 17

JicTaHeMO

2 7S4S =24]. (18)
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3sincu crioci6 posp’szanns JIOC (1) (nobymosa X(7)) Mae Buran:
1) 3armcyeMo MarpuyHe piBHAHHS (16);

2) 3HaxXoAUMO A].Ti MaTpMIIIO Tiepexoay .S,
3) 3HaXOAMMO MaTpuIlio Z V BUTIIAII

T
Z=¢"", (19)
4) mincrasngeMo Matpuii Zta Sy criesigHomenHs (17);
5) TpaHchopMyeMo 3n06yTy MaTpuLio X 7.
Posp’asysanng JIOC Metonom Eittepa HaBemeHo y mpami [6, mpux-

jagn 4.32—4.35], MaTPUYHUM METOIOM — TaM Xe [IIPUKJIAIU 4.39,
4.40].

Po3srysHeMo ocTanHill i3 3alpONOHOBAHMX MATPHUYHMI CITOCIO po3-
B’sa3aHHa JIOC.

Hpukaaga Poss’asaru cuctemy
x=6x-y, y=3x+2y.

Po3p’ d3aHH4 3ammueMo MaTpuuHe piBHSHHA (16) BianosimHO
O 33aJaHOl CUCTEMMU:

g_T _ T 6 3 T _ 6 3
i =X (-1 2} A_(—l 2 |
Maemo xapakTeprcTHdHe piBHsSHHSA A° - 84 + 15 =0, KOpeHAMM TKOIO €

h=3, ,=5. Tomy 4] = (g g) 3 piBHocti A7 §'= S4” sHaxomMMO Mar-

B Y 9L I

3t
Ockimeku ), srimHo 3 (19), mMae Burmin Z(T)=((e) e?,), To X'(t)=
3t 3 k1) 3t 5f )
=Z(t)S=(25, ees, j Otxe, X(t):[ge” zs,j i x=Ce¥+ Ce”,

y=3e’C + Cye” — saranpHuit po3B’s130K 3amaHoi JIOC.

Po3p’a3at cucTeMy MeTOIOM BUKIIOYEHHSA (X O3Havae Qt‘ 1T a):

di

1006. {x =Y 1007. {x =0;

y:2y_ = — Y.
1008. {.y =3 1009. {x =2x-y;

= y=x+2y.

x=5x-6y+z x=2x+y,
1010. iy=x-z; 1011. iy =2y +z;

z=—6z z=2z.
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Po3sp’sa3ati cucteMu MetonoM Eiinepa:

=4z-4y.

y 2y - 3z;
1014. z 3y+ 2z

1012. {y y-z

z=—x- 12y + 6z

=21x -8y - 19z
y=18x-Ty- 15z
z=16x- 6y~ 15z

=3x+ 12y - 4z;
1016. {y=-x -3y +z
1018. {

x=-3x+4y-2z
1020. y X +z
z=6x-6y+5z

O =1, A,=2, A=~

1
x=y-2z-Xx;
1022.{y=4x+y;
z=2x+y-z
Oy =1, hy=h =~

D).

y=2y+z
1013. {z——6y 3z.

y=y-12z
1015. 4 6y 5.

=~4x+y+52.

1019.4y= 2y 6x+6z

=2x-y-z
1017. iy = 12x - 4y - 12z
L dx-y-4z

O =%, =0, A, =— 1.

x=2x-y-z
1021. )y =3x-2y-z,

z=2z-x+Yy

O, =0, A, =2, = 1).

Mo6ynyBat GCP, HopMOBaHi B TOYLI HYJIb:

y 2y,
1023. by

1025, V=Y -5
z=z-y.

3HaiiT MaTpUYHY eKCIIOHeHTy e

0 1
wra-(0 )

1029. A= (3 2)

_ 1
1031. A= 2}
1
0
0

1033. 4=

OO O ON

y y+z
1024. 5= Sy 3z

1026. |7 =%
z=y+2z

0 1
s a0 )

30
o _al
~2 -4
1 2f

1 0
2 1j
0 2

1030. A=

m

1032. A=

1034. A=

/——\f—\
(el )
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Posp’a3ati cucteMM X = AX MAaTPUYHVM METOLOM:

no- (3 -
1035.,4_(2 - J 1036.A_(4 —1}
_(1 1 (2 0
1037. A= (2 Oj. 1038. A= (0 3].
_(0 0 (2 2
1039. A = 0 _lj. 1040./1—[0 2].
2 -1 -1 -1 -2 2
1041. A=|1 0 -11| 1042. A=(-2 -1 2|
3 -1 -2 -3 -2 3
3 -3 1 0 1 1
1043. A=, 3 -2 2| 1044. A=| 1 1 Of
-1 2 0 -1 0 1
-2 1 2 01 -1
1045. A=|-1 0 2| 1046. A={1 0 -1|.
-2 0 3 2 2 -
4 2 - 2 0 -1
1047. A=|1 3 -1| 1048. A=]1 -1 0l
3 3 -1 3 -1 -1
3Haitti det e, He 0OUMCIIOIOYM MATPULIO € *:
2 3 5 1 4 2
1049. A=|1 -4 3| . 1050. 4A=|5 1 -3}
5 9 3 7 0 -
8 5 -4 9 0 3
1051. 4=|1 -3 9] 1052. A={0 -6 8
3 2 -4 1 5 -2

Posp’g3aTi crcteMM, 3BiBIIM iX O CHCTEM 3i CTalMMM KoedillieHTaMi
3aMIHOIO He3aJIeXHOI 3MIHHOI f = _[ d(x) dx, me ¢(x) — Taka byHKIig, W0
xoediltieHT! af(x) CcHCTeMM  33[OBOJIBHAIOTH  CIUBBIXHOLICHHS
a (x) = b$(x), b; — crami:

xd—=z y X =—=-y-2z

1053. & 1054.] %
yﬂ=—y—3z x2~d£=3y+4z

dx ' dx

130



2&%:@—5

1055. dz
2\ =Yt 2z.

Po3B’13aTH CHCTEMU BUTJIARY
) n-1) n) n-1) -0
a )l +a X0+ L rax b Y +b, " V4. 4D, y=0;
) n- 1) n) n-1 —
a, )"+ a,x" P+ +a,x+by ¥ +by P+ +b,y=0,

3aNMCaBIIH XapaKTepUCTUYHe PIBHAHHSA y dopmi

a M +a N+ +a, b+ b A"+ +b, _o
a )\ +a, N+ ay, b\ + by A+ L+ by,
i po3B’sg3aBuM Horo. 3acTocyBati Meton Eirepa:

1056, | X= 2%~ 3%, 1057 )X = 3%+ 47
y=x-2y. y=-x-).

1058. {?f= 2y; 1059. {x tx+y-2y=0,
y=-2x. x-y+x=0.
X-2y+y+x-3y=0; X-2y+2x=0;

1060. {4'}3—25&—5c—2x+5y=0. 1061. 3x+y-8y=0.

Po3p’si3aty 3amaui Koiri:

x=2x-9y; x0)=2; x=-3x-y, x0)=1;
1062. {j}=x+ 8y. W0 =1. 1063. {jl=x—-y. w0y =1.

. ) s X=y+z x(0)=-1;
1064. {’F:f’;*_gz’y’ )y‘gg;:f’z 1065. {j=x+z  WO=1;

y= Y. - Z=X+). 2(0)=0.

§ 22. JIHIiHI HEOAHOPIJHI CHCTEMU PIBHjIHb
31 CTAJUMH KOE®IIIEHTAMHA

1. 3aragpHuii po3B’A30K JiHikHOI HeomHopiaHoi cucremu (JIHC) si
cTayMMHM KoedillieHTaMK1

dx
e Ax+ R (1)
MOXHA TTOaTH Y BUIVIAN CYMU
x=x +x, 2
ne x° — 3araJbHUIL pO3B’A30K BiIIOBITHOI OMHOPITHOI CUCTEMM, x' —

YaCTUHHUI pO3B’A30K HEOTHOPITHOI CUCTEMHU.
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Pib)v: 3HAXOJXeHHS YaCTMHHOIO DO3B’A3KY x' HeomHOpiTHOI cHcTeMU
npH 6ym, SKIM HerepepBHii d)ym(uu A MOXHA KOPHUCTYBATHCH METOAOM
BaplaLIll IOBUTBHUX ctayiX. CyTb HMOro IIoJIgrac B TOMy, IO YaCTMHHUIA
PO3B’430K X' HeonHopmHm CHCTEMM IIYKAIOTb Y (’pole IHBapiaHTHil 10
3arajlbHOro po3B’sI3Ky X' BiNTIOBITHOL OITHODIZHOI CHCTeMH, 3MIHIOIOYM
JOBUILHI CTaJli Ha HeBiloMi (YHKII, AKi 3HAXOMATh IMiACTARIEHHIM X'
HEOMHOPIIHY CUCTEMY.

2. dxauo dyHKuin A7) BeKTOpHMIA KBa3IMHOIOWIEH, TO YaCTHHHUIL
PO3B’30K X' HEOJHOPITHOI CHCTEMU MOXHA 3HAITH METONOM HeBH3Ha-
YyeHuX KoeillieHTiB.

Hexait
FO=0®, 50, ... , £, (= P,,,i (ne”,

ne P, (f) — MHOTOWIeH TOpsIKY m,. Toi YacTHHHMI po3B’a30K X' = (xl,
i
, X,) MOXHA 3HAWTH Yy BULJISII

1 i vt .
x=0 (he”, i=1,..,n, 3)
oe m=max {m,}, s — KDPaTHICTb y fIK KOpPeHS XapaKTepUCTHYHOIO piB-

i=lL,n
HSIHHS.
AHaJIOTiYHO BH3HAYAIOTBCH CTEIEHi MHOTOWIEHIB y pasi, Komu f(f)

Mictath e cos (B7), e *sin (Bf), a uncao y=a + bi € KopeHeM XapaKTe-
PHCTUYHOTO PiBHIHHA.

1
X5 ...

IIpukanan 1. Po3p’a3atu cucremy

~—y 5.cos ¢, }Z 2x + y.

Po3B 93aHHS4 3HalimeMo 3araJbHUil pO3B’I30K BIATIOBIIHOI
OMHOPITHOL CHCTEMM

X=Ce'+Ce” Y=-Ce'+2Ce?”

YacTHHMIT PO3B’430K HEOTHOPIMHOI CHCTEMH 3HAMIEMO MeTOAOM He-
BU3Ha4YeHUX KoeillieHTIB.
Maemo f=-5-cost y=i He € KOPeHeM XapaKTePUCTUYHOIO piB-

HaHHg A2~ A — 2 = 0. OTXe, YaCTMHHMI! PO3B’ 30K LIYKAEMO V BHUIJIAAL
x'=Asin () + Bcos (f), ¥y '= Csin (f) + D cos (5.

ITincraBngioun Li 3HaYeHHSA y BUXiIHY CHCTeMy, 3HaiiieMo A=-2,
B=-1; C=1, D=3. ToMy 3arabHHI pO3B’I30K HEONHOPIIHOI CHCTEMU

x=x"+x'=Ce '+ Ce'-2-sin (5 - cos (¥;
y=y+y'=-Ce'+2Ce" +sin (9 +3 - cos (¥
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Hpuxkaapn 2. Poss’azatu cucteMy

%’t‘z—x—2y+2e", Y _3xidy+e’.

Po3B 13aHHA. HpomTerpyeMo 3a/laHy CUCTeMY MeTOJIOM Bapiallil
JOBUTHHUX CTAIX. 3arajbHWil pPO3B’SI30K BIITIOBIIHOI OXHOPINHOI CHC-
TeMH

Y=-Ce'-3Ce”
YacTHHHUMIA PO3B’SI30K HEOTHOPUIHOI CUCTEMM 3HaleMo y BUITIAL
{xo = C(ne' +2C (e
¥ =- C (e - 3C,(he ™.
@yuxuii C(f) i C(¥) 3Haiinemo 3 cucTeMu

{x" =Ce'+2Ce?

{Cl’(t)e "+2C)(he? =2
- C/(he'-3C)(ne*=-¢€".

Jlicranemo C/(H =8¢, C/(h=-3¢* Omxe, C()=-4¢ 4+ C,
C=e’+C,. 3aranb}n/n>’1 PO3B’I30K BUXIIHOI CMCTeMM MOXHa MOAaTH
y BUTJISIAL
x=-4¢ %+ Ce' +2Ce™, x=-2¢"'+Ce+2Ce?
y=€’-Ce-3Ce? y=¢'-Ce'-3Ce?
3a3HaYMMO, L0 YaCTMHHMII O3B 30K L€l cucTeMM MoxHa 6yyio 0 3Haii-
TH METOIOM HeBU3HaueHUX KoedillieHTiB.
Po3p’a3aTi CUCTEMM MeTOAOM Bapiallii ZOBUIBHUX CTIMX:

iex—ya L x=—4x-2y+—
1066. Y " cos @’ 1068. -1
y=2x-y. y=6x+3y———.
e-1
1067, K=y +€ O L 1069, [F=~2+7-¢"
y=-x+tg (. y——3x+2y+6e.
Posp’s3atu JTHP MeTonoM HeBM3HAYeHMX Koe(illi€HTIB!
x=2x-3y; x=2x+4y-8;
1070. { -2y +2 -sin (9. 1071. {y 3x + 6y.
x = 4x — 3y + sin (¥); x=2x-y,
1072. {y 2x—y -2 -cos (9. 1073. {y =2y - x - 5¢'sin ().
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=2x+y+é 1075 x=t2+6t+1-y,
1074 y=—2x+21 y x-3t2+31+1.
2x+y—22—t+2; X=-X-y+13
1076. —1— 1077. y——y z+ 2t
z= x+y z—t+ 1 =—Z+1
=2x-y; Sx - 3y+2e3'
1078 ’ 1079.
=y-2x+ 18t {y x+y+5e "
1080. ’,“”25; 1081, [%=2x+y+2¢;
: y=x+1t y=x+2y— 3e".
x=y-z
1082. iy=x+y+1¢
Z=Xx+Z+1

PosB’;I3am riocTanyieHi 3agagi Koimi:

_}_’ e - ¥,
dz dt ’
1083. b dy

2=+ =gin () - 2y,

it dt xH=-2, y0)=1.

dx

1084.de
Yox-2y+ 2, X0)=-7, yO=3.
2%=6x—y—6t2—t+3;

=2y-2t-1,

=X+y+1

1085.

x0)=2, y(©0)=3.

§ 28. ®A30BHIl MPOCTIP ABTOHOMHO! CHCTEMH
JPYTOIO HNOPAIKY

1. Bexmoprnum nonem B obmacti D C R? Ha3MBa€ThCS BiITIOBIIHICTS,
gKa KOXHIlt Touwi z = (X, y) € D 3ictaBnge Bekrop f(z) C R* , npuxia-
JeHuit xo Hei. Sxamo f(2) 20, z e D, To BeKTOpHE MoJe

F@=f0x,»=({Px ), Q) ey

OHOYacHO BU3Hayae B D none nanpamie, 9Ke MOXHAa 3adaTvl THPepeH-
aJIbHUM PIBHSAHHSAM

Q(xs y)dx_P(x’ y) dy:o (2)

Ile BexTOpHe ITOJIe 3pYYHO IHTEPIIPETYBATH 9K II0JIe MMTTEBUX LIBMI-

KocTeli pyxomoi (da3oBoi) Touku z (f) = (x (f), ¥ (). 3aKOH PYXY TOYKH
ONMMCYETHCA aBTOHOMHOIO CHCTEMOIO Aude peHIaIbHUX PIBHAHD
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=10, (:=5) (3)

x=P(x,y);
{J" =Qx, ». @)

Jlna aBToHOMHOI cucreMH (3), (4) obmacte D Ha3UBAETBCA MHONCUHOK
cmanie (da3) ¢azoeoi mouku abo pazoeum npocmopom. Sxio

z=n(t, z,) &)

— po3B 430K 3amaui Ko mig (3) 3 moyatkoBoio ymoBolo n(0, z,) = z,, To
Opi€HTOBAHA BilMOBITHO TO BEKTOPHOTO TIoNA f KpuBa, 3ajaHa (5) —
gasoea mpackmopis cucreMu (3).

Jlns HerrepepBHOro B D BeKTOPHOTO TOJIA f(2), Takoro, mo f(2) =0,
ze D Bymp-aka ¢a3oBa TPaEeKTOpiss CHUCTEMH (3), (4) e inTerpansHOIO
KPUBOIO PIBHSHHS (2). Koxwa iHTerpaibHa KpyBa piBHAHHA (2), Opi€HTO-
BaHa BIiXMOBIAHO IO BeKTOPHOTO TTOJISE f(2), € da3oBo0 TpaekTOpi€O
cucremu (4). Touka z, ia gKoi f(z) = 0, Ha3UBAETBCA 0CO61LUB0I0 MOUKOID
BEKMOPHO20 NOASA (Bona X € OCOBITMBOIO TOUKOIO MdepeHIIiaTbHOTO piB-
HIHHA (2)).

g cuctemu (3), (4) TaKa TOUKA € HOA0NCEHHAM pigHogazu (cmayionap-
Ha mouKa, Hepyxoma mo4ka), ocKuUTbKU n(f, z2) =z, t € R.

Vci nonoxeHHS piBHOBard cucreMH (4) 3HaXoOIThCd AK PO3B’SA3KHU
ayrebpaiyHoi cuctemu P (x, »)=0, Q(x,y) =0.

OcHoOBHa 3a/1a4ya JKICHOIO AOCIIIXEHHA cucTeMu (4) TIosTae y 1moby-
20Bi $a30BHX TPAEKTOPIH 1€l CHCTEMM.

IIOBemHKa ba3oBHX TpaeKTOpiH (ha30BUIA MOPTPET) CUCTEMH 4) B
oKoJii Oyab-aKOl TOUKM, IIO He € IIOJIOXEHHSM PIBHOBArM, abCOJHOTHO
TIPOTHO30BaHa, OCKUIbKH fMdepeHLialbHe PIBHAHHA (2), BIIIIOBiAHe CHC-
;eMl (4) B OKOJI Takol TOUKH, He Ma€ HiIKMX ocobimBocTeii [1, Teopema

, 10].

Jlnsa mocmimkeHHsa $a30BHX TPAaEKTopiii cucteMu (4) B OKoJIaxX IIOJIO-
XeHb pIBHOBaru 3aCTOCOBYIOTb METOJ JliHeapu3aliii.

Jlineapu3soBaHa mna (4) cuctema (cucTeMa Iepuioro HabJIXKeHHS) B
OKOJII TOUKHM Z; = (X,, J,) Ma€ BUIJIAL

{x = P, (X, Y = Xo) + P, (X, Y)V — ¥p); ©)

j) = Q; (x(p y())(x - xo) + Q; (-x()’ y())(y - y())

) (P; O V) P, (%, ) J _ (a b]
Q. (x ¥ Q%)) | df
3ayieXHo Bill XapaKTepy po3B’a3KiB (Haj mosieM C) piBHIHHI
det (A-1LE)=2"-2Ad+det A=0, (7)

Hexait
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— ~

/‘7 './\z <f
A Puc. 13
ZI<0722<0;!A1'<"AZI
Puc. 12
y
/)
Re A; >0 7\12=i1/"

Puc. 14 Puc. 15

PO3PI3HAIOTH TaKi THITH TOJIOKeHb piBHOBaru (($a3osi rmoprpern):

A,%,eR, A - A, >0 — 6y302 (puc. 12);

2)r,h,eR, A - %, <0 — cidro (puc. 13);

3) A ,=axip, a0, B0 — gokyc (puc. 14);

4) 7»1’2 =+iB, p#0 — yenmp (puc. 15);

5) }»1:2 € R, onHe 3 mmacHux wucen 0, HanmpuKIan A,=0 — mpsama
TIOJIOXeHb PiBHOBaru (puc. 16);

6) ., =%, =% e R, L #0, npuioMy A — jiaroHanbHa — OuKpumuHHuL
8yson (puc. 17),

7) A =k,=% e R, A#0, Xopnanopa HopMmanbHa dopma Matpuii A

Ma€ BUIIIn A = [2; ;J — eupodixceruil gy3oa (puc. 18);

J
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JA S

&

AN

A

.27>0; /\z=0

.a':Az >0

Puc. 16 Puc. 17

>

/

/ o

Puc. 19

U =
//

$
Puc. 18
01 .

8) A, =4,=0, Aj =g (| — TPAMA FONOXeHb PIBHOBATH (puc. 19).

ITpu mobynosi ba3oBUx TpacKTOpiit WiIs By3Na, Cima it BUPOIKEHOro
By3JIa BapTO 3HAWTH CITOYATKY Ti (ha30Bi TPAEKTOPII, 110 € IMiBIIPIMUMHU I
3aBX/M HAaIpSMJIEHMMM B3I0BX BJIaCHUX BeKTOpiB Matpuili A. YV pasi
By3nia (a30Bi KPVBi JOTUKAIOTBCS [0 IIPSIMO], HAIPIMIIEHOT B3IOBX BJIac-
HOTO BEeKTOpa, IO BIIIIOBIA€ MEHIIIOMY 3a MOAY/IEM RIACHOMY YMCIIY.

Axuwo Re L #0, To mosoxeHHs piBHOBard HeJiHiMHOI cucTeMu (4)
Oylle TOTOXHUM TOJIOXEHHIO PIBHOBAar JiHEapU30BaHOI CUCTEMHU (6).

Y pasi uentpa g (6) MaTHMEMO TaKOX LIEHTP WA (4), SKUIO TUIBKM
y ¢daszoBux xpuBux (4) Bich CHMeTpii NPOXOLUTbL Yepe3 MOCILIKYBAHY
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CTallioHapHy Touky. Tak, sxio piBHaHH# (1) iHBapiaHTHe BiZHOCHO
3aMiH{ X —> — x (260 ¥ — — ¥), TO Taka BiCh CHMMeTpil, O4eBHIHO, iCHYE.

[ns BU3Ha4YeHHS HaIpSMy PyXY B3IOBX (a30Boi TpPaeKTOpil JOCHUTE
ILICTABUTH JOBUIBHY TOYKY (X, ) € D mpaBopyd y cucteMy (4), TMM
CaMMM 3HaAUIOBIIM V= (V,, V)= (X,¥y) — BeKTOp IIBUAKOCTI y 3adik-
COBaHIif ToYIIi.

V paszi By37iB Ta dokyciB ripu Re %, > 0 dasoBa TouKa BiIATIETHCS BiXt
MIOJIOXEHH piBHOBard, INpu Re A, <0 — HabmrkaeTses 1o HBOTO (TIpU

t— + o).
2. g mudepeHIiabHOro pisBHIHHA HbloToHa

d_zx =
7 f™, (8)

ne fe C(h), I C R, dazoBuii mopTper BiATOBIIHOI cUcTeMM

x=Y;
{y e ®)

nobyayBaT HeBaXKO, OCKUIBKM TIOBHa eHepria E(x, ) =11 (x)+ T () €
iHTerpajJioM CHCTeMM, TIPHIOMY

()=~ _[ f(5) ds — ToTeH1liaTbHa eHepris;

X
0

T () = y?/2 — KiHeTUYHA eHeprif.

®azoBi TpaekTopii JeXaTh Ha X piBaauHg E (x, y) =c [6, § 5.5].

Hakpecmitil iHTErpasibHi KPUBI B 0KOJIaX 0COOJIMBHX TOYOK:

dy_ 2x+y dy _x+4y dy_x-4y
1086. dx 3x+4y’ 1087. dx 2x+3y 1088. dx 2y-3x’

dy_y-2x dy_ x-2y dy_y-2x
1089. axy 1090. iy 1091.dx_2y_3x.

dy 2x-y dy 4y-2u dy 'y
1092. & _2x-y 1093, @ _4y=2x 1094, 2

dx x-y dx x dx x

dy_ 4x-y x dy_ xy * dy_
1095. b 3x_2y” 1096 TRy 1097 it
Hakpeciimy ¢a30Bi HOPTPETH JIHIMHIX CUCTEM:

x=3x; X=x+3y;
1098. {j/=2x+y. 1099. {y=—6x—5y.
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1100. y=2x+2y. “ly=4y-6x.

1102, [X= 2% 1103, [X=%
y=x y=2x-y.

1104, ¥ =3+, 1105. [X=Y~2%
y=y-x y=2y-4x.

3HalitH i JOCIAATA ocoOMMBI TOUKM PIiBHAHB Ta TOJIOXEHHS PiB-
HOBAary CUCTEM:

1 _2x+y dy_ 2y
1106. i R 1107.dx- R
N 2
dy y+ 1+2x 42 Ji —x
1108. dx~ x+y+1 1109. dx -4y-8 "
ézzuzi x= 4x ¥,
1110.dx gt 1111. {y 2y —dx 8.
In (1 -
112, =720 13, [F= A=+ YY;
y= 2 +x -y ~\? + 8y.
_\] 9.
1114 Xx= (ﬁ 1)(3x+y 5); 1115. x G- W+3-2
y=x'+y’-5. y=e’ T-e.
1i16. )'C:xi_y; 5 1117. x= (2x - y)(x - 2);
y=x-@-2). y=xy-2. .
1118, [F= W -y+2 -2 119, F=ln @-»Y;
j = arctg (* + xp). y=¢-¢.
1120, [F= G+ -1 1121 [¥= @x- -5
_y Zox+1. y=0-29)"-09.
x=xX+y>-6x-8y,
1122. {y x(2y-x+95).
Tlo6ymyBary JiHii piBHA eHeprii Ta da3oBi kpusi cucrem HploToHa:
1123.%’;=y, %=x—x2. 1124. d" y, %:sian.

306pa3uTtH rpadiuHo $a3oBi KpHBI KOHCEPBATHBHUX CUCTEM i3 3ana-
HOIO TIOTeH1IiaIbHOIO eHepri€lo:

1125. 1 (x) = £ 2 . 1126. IT () = + x sin x.

1+x

1127. Haxpec/prm ninii piBHA eHeprii Ta ¢a3oBi TpaekTopii cucTeM
HrloToHa, MoTeHIamM SKUX 300paxkeHo Ha puc. 20—22.
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1128. JloBectH, 1110 KOXHA i3 3a0aHHX CUCTEM

X = — X i 2 2:
){x y+x(1 - B +y?); 6 x y+\/x2+yzsm SRR AE

Nopes )
y==-x+y1- y2). } = —Y __ sinx? 2
y=x+ mww sin vx2 +y

Mae rpaHuyHi MK, CKUTbKM 1X?
BxasiBka: gus. [6, § 5.5].

1129*. IIpu AKMX yMOBax cucTeMa %‘tl =f(p), %‘f =1, 3agaHa B momsp-
HUX KOOPAMHATAX, MA€ TPAaHMYHMIA LIMKIT?

Hakpecrmmi Ha ¢a3oBiit IUIOmMHI TpaekTopii cucTeM, 3agaHuX B
TNOJITPHUX KOOpAMHATAX:

1130. 28 = p(1 - 2), =1 1131. 2 = pip - I)(p - 2), % =1
dp _ 2 d<P b _ de _
1132. il p(1-p?), =1. 1133. g = Snp, =

_p__ 1 do _
1134. psmp, dt—l.
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1135. JoBectn, mo gxuo ocobmiBa ToukKa PiBHAHHA (ax + by) dx +
+(mx+m)dy=0 (an#bm) € LeHTPOM, TO ILle € DiBHSIHHSA Y ITOBHUX
mudepeHLianax. Uy npaBuiIbHe oOepHeHe TBepIKeHHS?

1136. [JoBecTH, 110 SKIIO PIBHIHHA TOMEPeNHBOl 3alayl He € piB-
HIHHAM Yy TIOBHUX IudepeHIlianax, ajle Mac HellepepBHUII B OKOJIi 0cO6-
JIMBOI TOUYKM IHTErpyBaJIbHHIM MHOXHUK, TO OCOOIIMBA TOYKA — CiLITO.

§ 24. CTIMKICTH PO3B’A3KIB

1. Po3B’g30K X = @(f) cucreMu mucdepeHLIAIEHIX PIBHIHb

dx
&1, x), (1)

ge f=(f ... s f), XD =x®, ... ,x(9), f, — HemepepBHO IubepeHLii-
VioBHi 110 x; (i=1, n), 1>, HasuBaeTbCH cmilikum @ cenci Jlanynosa, ax-
mo Ve>0 38=03(k) Vx(f) — po3B’sa3ky cucremu (1), Takoro, 1o
" x(to) - (P(to) " <8= ” X(f) - (P(t) " <g, 4 to'

Po3sp’d30k € acumnmomuyuno cmiiicum, K10 BiH CTiikuii vy ceHci Jlamy-
HOB2 i, KpiM TOro, UIi BCIX PO3B’A3KIiB X (f) TakuX, mo | x(t) - o(t) || <
<& = lim | x(0-9(0 | 0.

2. PosrissHeMo TeopeMy JIsmryHoBa (1ipo cmitixicms 3a nepuiunvi Habau-
HCEHHAM).

Teopema. SIxmio siHeapuzoBaHa Ang (1) B OKoJi AOCHIAXYBaHOrO
PO3B’A3KY CHCTeMa € AaCHMITTOTMYHO CTilikolo (Bci ii po3B™I3KM
ACHMITTOTUYHO CTilKi), TO KOCIIIXYBaHUN DO3B’430K BUXIXHOI CHCTEMM
ACHMITTOTUMHO CTIHKMIA.

3ayBaXuMoO, 1O IIMTaHHA CTIAKOCTI HETPHBIAJBLHOIO pPO3B’SI3KY
x = ¢ (f) cucteMu (1) mpu 3aMiHi X (7) — ¢ (&) = ¥ () 3aBXAU MOXHA 3BECTH
IO QHAJOTIYHOrO IMTaHHA, ajle BXe IS TPHBIAILHOTO pO3B’I3KY
¥ (» =0 oTpuMaHOi CHICTEMH.

3. g JIOC 3i crajioo MaTpuliero

dx

o= Ax (2
IOCIIXeHHS CTIHKOCTI TPHBIAIBHOTO PO3B’ 3Ky 3aJieXXWTh Bil XapaKTepy
BJIAaCHUX 4MceJr MaTpulli A. Tak, Sximo Bei BIacHi uKcia MaTpull A MaloTh
Bim’emui jaificHi vactHU (Re A, <0, i=1,n), To Bci po3B’s3KU cHc-
TeMH (2) aCUMITTOTMYHO cTiiki. Skmo X € xoua 6 omHe BiacHe
urcino A Re A >0, — Bci po3p’a3ku (2) HecTiiiki.

Sxuo Re A, >0 i, KpiM Toro, KOXHOMY BIACHOMY YHCIY 3 HYJIbOBOIO

AIMCHOIO YaCTHHOIO BilTIOBiZlac OMHOBMMIpHa KiitMHa KopaaHa, To Bci
PO3B’43KM cHcTeMU (2) CTiliKi B ceHci JIsmyHoRa.
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4. Tna BuByeHHs Re A, He 06OB’S3KOBO 3HAXOMUTH yci A, 3 Xapak-
TEPUCTUYHOIO PIBHAHHA

det(A-AE)=a) +a)" '+... +a _ A+a =0. (3)

.Vmoea Payca—F ypsiya: JUtd TOro 1ob yc1 PO3B’I3KM PiBHAHHA (3)
MaM Bil’€MHI NHCHI YacTWHU, HeoOXimHo I KocTaTHBO, 106 TOJIOBHI
Minopu Matpuid I'ypsilia
aa000..0
a,a,a a 0..0
I'= . 4

000 00..a

a, a .
6y nomatHuMK: A, =4, >0, A,=| ' *|>0iT A
4 4,

Ymoea ]Ibenapa—ll[unapa st Toro 1ob mncm YaCTUHHU BJIACHUX
yucen Marpuii A Oy Bio’eMHi, HeoOXimHO i mocTaTtHbO, WIo6 yci
a>0,ii=1,niA >0, A ,>0, A >0 iT A

5. Memoa @ynxuit JIanynaea [6, § 5.4] nomarae y BUSHaYeHHi Xapak-
Tepy CTIHKOCTI PO3B’a3Ky cucteMu (1) 3a BIaCTUBOCTIMM OEAKOI CKANApP-
Hoi ¢yHkuiil (byukuii JlarryHoBa) v (¢, X) Ta 1i TToXigHOI 3riIHO 3 CUCTEMOIO

(1)
G lo=@adv )=+ 2 X fe s 2

Teopema JlamynoBa. JSIKio ji% aBTOHOMHOI CHCTEMM % =f(x),

f(©0) =0, icnye dyuxuig JIgmyHoBa v (x), Taka, 1o:

a)v(0)=0, vx)>0mpu | x|| < A;

6) &= (grad v, /) < 0 mpu || x|| < &,
TO TPUBIAJIBHUII pO3B’A30K 1l€l cucteMu Oynme critikiM. Sxamo x
’;‘t’ - w(x) < 0 B cury cucteMu (W(x) — HellepepBHa CKaJIApHa QYHKILIA),
TO TPUBIAJILHMI pO3B’I30K ACUMITTOTHYHO CTIMKWUIA.

€moro Merony rodynosu dyukuii JlammyHoBa He icHye. Yacto 1T
OyIyIOTh Y BUITIAAL KBaZpaTH4HOI GopMH abo 3acTOCOBYIOTH Memod 6i0-
OKpemaeHux 3MIHHUX, ToOTO 1yKaroTh dyHKiro JIanyHoBa y BUrismi

VX)) = V(X)) + V(X)) +... +V(X).

Teopema Yeraesa. Sxio mig cucreMu x = f (£, x) (f (¢, 0) = 0) B meaxiit
obmacti D npoctopy (X, X,, ... , X,), (0 € D) icuye dbynxuia JlanyHosa
v (x, X,, ... , X,), TaKa, 1IO:
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a) V=0, VxedD,
6) V>0, Vxe D gj{_ (grad v, /) = w(x) > 0, w(x) — HeliepepBHa
(bYHKIIA, TO HYJILOBUIL posB "A30K CHCTeMM Oyae HECTIKUM.

1137. JocmianTy CTIMKICTh HYJIBOBOTO PO3B’SI3KY PIBHSIHHSI

y'+py' +qy=0;, p,geR.

1138. JocmauTH CTIMKICTh HYTBOBOTO PO3B’I3KY CUCTEMH, SKILO Bi-
JOMMIA 11 3aTaJIbHUIA pO3B’I30K:

2 — 4 —t .
a)x=ccost-ce , y=cte +2c;

-c, !

2 y=(q +c)e’.

6)x—

1+¢

KopucTyrourch 03HaYeHHSAM CTIMKOCTI, JOCTIAUTH CTIMKICTh pO3B’ 13-
KiB 3amay Komi:

1139.%=t(x—1): a) x(1)=2, 6)x(1)=0.
1140. %‘ =2-1x: a)x(0)=0, 6)x0)=1.

1141.%‘=x(x2— 1) a)x0)=0, 6)x0)=-

Hocrimiri CTiifiKicTh HYJIBOBOIO pO3B’43KY CHCTEMU:

(x=tg (- x);
1142, [X=2% 1443. . n
y=x-5y. y=2"-2cos 37X
- 2x - 5y, —cosSx
1144. {y 2+ 2y, 1145. {y- 8
x=-5x+y, 1n(3e’—2cosx);
1146. {y x=Ty. 147 { =2¢ - V8 +12y.
x=3x-4y, X +y?-2x
1148. { _x—4y. 1149. {y 3x2—x+3y
x=-x*+1-cosy, x=2xy~ x+y,
1150. {j)=sin2x+l—ey. 1151. y=5"+y*+2x - 3y.
HJocimnTyl CTIMKICTD TTOJIOXeHb PIBHOBATH CHUCTEM:
1152. x=y, 1153. x=1-x-y+xy
y=-—sinx. y=xy-2.
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= — - .: —_ —si .
1154{ Sox b 1155.{’.‘ 2y + NI -3y-sinx;
x*+ ). y=—sinx.

' 1156. =In (1 + y +sinx); 1157 X=e - ¢
y=2+Bsinx-8§. “ly=VBx+yZ -2,

=—sinx; X=y-x*-x;
1158{ =2x+V1l -3x-siny. 159. {y 3x-x2-y.
1160. {x >
y=sin(x+y).

HOCJIIJIHTI/I pH AKMX 3HaYeHHSIX napemeTplB HYJILOBHIA PO3B’430K
6y11e ACUMITTOTUYHO CTIMKIIM:

1161 {x ax+y+x2 1162. {x ax -2y +x%
y=x+ay+yi V=X+Y+Xy.
X=y+sin x; X=x+ay+y?%

1163. {y ax + by. 1164. {y bx -3y~ x

1165. [¥=In(e- a9 ey 1166. [X=2¢ "~ V4 +ay;
y=bx+tgy. y=In(1 +9x + ay).

1167. Hocmiguty, M € CTIKMM pO3B’I30K X=-1?, y=t cucremn

X=y*-2y-2y-x; y=2x+ 21+ &Y,
1168. MocminuTy, M € CTIKMM pO3B’A30K X =COS #, y =2 sin f cuc-
TeMM

2t Y.
x= 1n(x+231n 2) 55

¥=(4 - x) cos t - 2x sin’t - cos’t.

HoGynyBam ¢bynxuii JlanyHoBa Ta AOCIHIAWTM CTIHKIiCTh HY/IBOBUX
PO3B’13KiB, 3aCTOCYBaBILM TeopeMH JIaryHoRa abo Yeraepa:

1169. {x y-Xx+x, 1170. {x X =y,

y=x-y-x*-y3. y=x+y3.
u7. [X=9- x“y 1172, [X=2° -2
y=x- :~x-y3+y5.
x=2y-x-y3 =y-3x-x3
1173. {jz:x—Zy. 1174. y 6x 2.
X=x-y-xp? X=-X- Xy,
1175 D=2y 1176. by,
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3armicaty Matpuino I'ypgilla Ta 3acrocyBaTy Kpurepiii Payca—I'yp-
Billa JJI ZOCIIIXEHHS aCHMMITTOTHYHOI CTIMKOCTL HYJIbOBOIO pO3B’A3KY:

1177. y® + 4y @ 4+ 16y ® + 25y + 13y’ + 9y = 0.

1178. y® + 3y @ + 10y ® 4+ 22y” + 23y’ + 12y = 0.

1179. y©® + 5y @ + 15y ® + 48y" + 44y + 74y = 0.

1180. ) + 2y + 14y + 36y + 23y’ + 68y = 0.

1181. 37 + 45 + 95 + 16y” + 19y + 13y =0.

1182. 37 + 3y + 650 + Ty + 4y’ + 4y =0.

JociimiTy, mpy IKHUX 3HAYeHHSIX TapaMeTpiB HyJIbOBMI DPO3B 30K
Oyge aCMMITTOTUYHO CTIMKMM:

1183. ¥ + ay” + by’ + 2y =0. 1184. ¥ + 3y + ay’ + by = 0.

1185. y¥ + 2p¥ - 3y"+ 2y'+ ay=0. 1186. ¥’ + @ +y"2y' +y=0.

1187. a}w +7+ y'+y +by=0. 1188. y(4) +37+ ay"+y'+by=0.

1189. y* + @y” + 4y"+ 2y'+ by = 0. 1190. ¥ + 23 + ay"+ by'+ y = 0.

1191. I'[pu SKUX 3HaYeHHAX TapaMeTpiB a i b cucremMa X = - x + ay,
y=bx-y+az, z=by-z e acUMITTOTMYHO CTI}KOIO?

1192. HOGYJIYBaBIHPI MaTpHILIO MOHOZAPOMIi ¥ obuMcMBLIM i BlacHi
urca (MyJIBTUILTIKATOPY CHCTEMM), AOCTIIUTH CTIHKICTD HYJIOBOIO po3-
B’A3KYy pPiBHIHHI P .

, _ _ , Ko U< t < T,
X' +px =0, p(9) {bz, AKIO T < f<2m, p(t+ 2n) = p(d),
Ta PO3IJITHYTH TaKi BapiaHTU:

a) a=0,5; b=0; 6) a=0,5; b=1; B) a=0,5; b=1,5; 1) a=0,75;
b=0;n)a=1, b=0;e)a=1; b=1,5.

1193. Jocainumy, ipy SKux a i b byne cTiKMM HYILOBUIT PO3B’ 30K

Z ; = A(Y) @ ko A(f) =
= (8 g) npu te (0, 1); A9 = (2 8} mpu e (1, 2); A(f+2)=AQ).

1194. JoBectt, 10 BCi  PO3B'SI3KM  CHCTeMH %zA(t)x,

CHUCTEMHM 3 IIePIOAUYHMMU KoedillieHTaMU:

ne x=(x, X,, ... , x), A(fY — KBagpaTHa MaTpuuyHa yHKId 3 Helle-
PepPBHMMM KOMITOHEHTAMM, € CTIMKMMM, HeCTIAKUMH, aCUMIITOTUYHO
CTIAIKMMM 00HOYACHO.

1195. Josectu, mo s cTiiKocTi Hy/iboBOro (a oTxe, # ycix) pos-

B’43KIiB CHCTEMH %:A(t)x HeoOXimHO ¥ JocTarHbo, 106 IHTerpajpHa
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MaTpULLL Lriei crcTeMu OyJsia 0OMeX€eHOI0, Il aCUMMITTOTUYHOI CTIKOCT] ~—
HOpMA 1€ MATPMLI NpsMYBasia K0 HyJS TIPU 1 — + o, a IS HeCTIHKOCTi —
IHTerpalbHa MaTpyus Oyia HeobMexXeHoro.

1196. JdoBect#, 10 AKINO KOXeH pPO3B’ 430K JHHilHOI ouHopim{oi
CHUCTeMH 3a/IMIIAETHCI OOMEeXEHNM TIPU f — o0, TO HYJBOBUIN pO3B’I30K
CTIIKMIL.

1197. JoBectu, w0 SKIO JHHiIHA OTHOpIZHA cCHUCTeMa Ma€ xoda 6
OIVH HeoOMexeHUI TIpK f — o PO3B’430K, TO HYJIbOBHMII PO3B’S30K He-
CTLIKMA.

1198. Yu crilfikuii HyJbOBUI PO3B’SI30K CUCTEMU

x=a(hx+ by, y=m®x+n@)y,

SIKIIIO BimoMo, 110 a(f) + n(f) > A> 0 TIpH 1 — + o0?
1199. loBecty, IO I CTINKOCTI HYJIBOBOIO PO3B’S3KY DPIBHIHHS
dx

= = a(f)x 3 HertepepBHOIO bYHKIIi€IO a(f) HeoOXiMTHO # JOCTaTHBO, W00

lim _[ a(s) ds<+ow.

t—s o

x=ax+ by, .
1200. J1a cucreMn 5= cx + dy nobynysatu dyukiiiro JIanmyHosa y

BUIJISL KBaJPATHYHOL d)opMH 3TiTHO 3 YMOBOIO V=- 2(a + dy(bc - ad)x2
3aCToc013y10qH KpPI'I‘GI)lPI Payca—l"ymea 3aIMcaTi YMOBY JOJATHOI CTa-
mocTi i€l QYHKUII Ta Bil’éMHOI BU3HAYEHOCTI ii TTOXiXHOI.

1201*. Kopncrymtmcs pe3yIbTaTaMHM IToIepeaHbol 3analn Ta 3aCTO-

COBYIOUH PiBHICTb @ = j. ax dx, 3Havimu dyHKiio JIarmyHoBa 1 cucteMu
0
x=f(x)+ by, y=cx+dy. 3ammcaTl YMOBM 3HAKOBH3HaueHOCTi byHKIni
TyHOBA Ta ii MOXiHOI B CIUIY CHCTEMMU. ‘
1202. MeToaoM BiloKpeMJIeHUX 3MiHHUX ITobyayBaTi dyHKIIio Jidmy-

HOBa I PiBHIHHA
X" +o(x") +gx" f(x)=0.

1203. ina pieusaHHa HetotoHa X' = f(x) mobynysaru ¢yHKuio Jlamy-
HOBa $IK ITOBHY €Hepriio BiAIIOBIAHOI AMHAMIYHOI CICTEMU.



3ABJAHHA A1 CAMOCTIMHOI POBOTH

Bapgauuna 1

JocniguTy Tojie HalpsIMIB, ITOPOKeHe nudepeHLiaIbHUM PIBHIH-
HSIM, BKAa3aTW ocoOJMBI TOYKHM, JIiHil eKcTpeMyMy, o0JacTi €IMHOCTI Ta
MOHOTOHHOCTI.

ITobynyBaTi i}{'xerpanLHi Kpm?.i. TTomaTu ix aHAMITUYHO, PO3B’I3aBUIU
piBHAHHA. BuB4MTH IIOBelIH-le IHTerpaJbHUX KPMBUX B OKOJaX 0Co0-
JIMBMX TOYOK, OCOOIMBUX JIHIM, Ha MexXxi 00JIacTi BHM3HAYeHHS Ta Ha
HeCKIHYeHHOCTI:

Dy =|x}; Dy =5ty

3y =l 4y =2IxT;
Sy =2%; 6) y'=yln|yl;
N yy=-x; 8) y'+ 2y =1;
9) ¥y =-ycosx, 10)y’=%2

3aBxaunua 2

HOBecm BHKOPHCTOBYIOUH TeOpeMy I'IlKapa 1CHyBaH}m " €aUHICTD
PO3B’3Ky ITocTaBieHoi 3agadi Kouri. OiiHuTH iHTepBajI icHYBaHHS €IU-
HOIo po3B’43Ky Ta roOymyBatu apyre HaOmrkeHnHs Ilikapa:

Dy =xX+y", |x|<1, |y|<l; y=0mpu x=0;

)y =x-y% |x|<1, |y|<1; y=0mpu x=0;

3) y' =sin (), |x|<1, |y|<oo; y=1mpH x=0;

4)y' = ————y,y 1 npu x = 0;

Sy =lyl y=1mpux=0.

IIpn gKuX IOYAaTKOBMX HaHMX (X, Y,) 3alaya Komii y(x ) =¥, Mae

€IVHMIA po3B’a30K? OLHHUTH 06MacTh HOTro ICHYBaHHS:
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6)x2y’+xy= 1; Ny +ylny=0;
8)y +ey=0; 9y +yVl+x=0;
10) y' =1 +2xy.

3aBsxanna 3

BusHaunTH THIT KOXHOTO 3 PiBHSIHB Ta BKa3aTW METOAU HOro iHTerpy-

BaHHA:

Dx+x2y -1 +2x)py=1+2x;

2) y+x¥)dy+(Bx°>-3x%)dx=0;
X — 0O

3)ydx+(x—2\/;_)dy—0,

4y =y-4;

S)ydx+(2x-yydy=0;
6) (x+2y+1)dx-(x-3)dy=0;

8) 2(y - 2xy—x2\y ) +x%' = 0;
9y =yr-x2+1 '
10) Bx+3y-Ddx+(x+y+1)dy=0.

3aBaranHa 4

ITpoinTerpyBatn piBHAHHS. Posp’asat 3agaui Komn, mocaigpysum

IorrepeIHbO IIMTAHHS TIPO iICHYBAaHHA Ta €AUHICTh PO3B’A3KiB:
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l)xyl_y=_y2; x():O’ )’0:1;
)y =%-xV; %,=0, 3=1;
3) y' =ycosx; %=0, y,=0;
4)y,=2\]|—};_|’ x():l’ )’0:0;
5)y’=1_y2; x():O’ y():O;



1.
6)y"‘y9

Ny =1/2V;

8) ¥’ = 3x’;

9)y =xy/NI =% ;
10) y' =sh x;

3HaliTM 0ocOOJMBI PO3B’M3KM piBHAHL abo dOBeCTH,

(ae R):
)y =@- D"
Jy=ax+Vx'-y;
5)y =Vy—x +ax;
Ny =x+y"

9) - xy + ¥ )dx + (v’- XD)dy = 0;

X=2, ¥,=2;
x=1, y,=1
x,=0, y,=0;
x=1y=1
x=0,y,=1

3aBxrauua 5

2)y =y +a;
4y =\y-x+a
6) y' =y/x ;
r_y-Xx.
8)y _y+x’

3aBarauua 6

1o IXx HeMae

10) y =x+ V& +y° .

BusHauuTy TUIIM PiBHSHD Ta BKa3aTH MOXJIHBI METOIM iX IHTerpyBaH-

HA:
1) y=xy' —siny’;
3) xp” - 2y’ +4x = 0;
5) y=2xy" +y"%
7y y=y +siny’ +cosy’;
9) x* +y* - 3xy=0;

D x=e” -2y
4) y* -2y =0
6) y* 4y = 0;
8) y=xy" +y%

10) y=—x+y’2+y’3.

3aB,Z(a~HBH v

IlpoinTterpysaru piBHIHHS. TaM, e BKa3aHO ITOYATKOBY TOUKY, 3Haii-
TH iHTerpasibHi KPMBI, IO ITPOXOALTh Yepe3 Hel:

) y=-xy'+y*%

2) X1 -y =y?
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e -yi=x 4)y®—y?+cosy - 1=0;

S5)y=xy'-2y”, M;0); 6) '’ +4y=0, M(0;-1);

7) y? +4x=0, M(0;0); 8)y’2—(x+y+£)y'+y+y;2=0,
M(©0; 0);

9) y=-xy' -y 10) y=y"-y*+1.

3aBpgranusa 8

MertogoM p-mMCKPHUMIHAHTHOI KPUBOL 3HAWTY OCOGIMBI PO3B’I3KH:

Dx-y=5y*-5 5% 2) y’ -4y’ +8y°=0;
3) (@-»~ Dy -2+ -p'-1=0; 4)y7 -y =0;

5) " -4y =0; 6) ¥ -2y + 2% - y=0;
7) y? - 4xy' + 3 -y’ =0; 8) y=xy' +4y%;

9) xy”* = 2yy’ +4x=0; 10) y* +y*~1=0.

3aBsranua 9

MeTomoM c-THCKPUMIHAHTHOI KPUBOI 3HAHTH 0coOmABi PO3B’A3KM:

Dy=aVl+y?, y=ash(x—+~cj;

a
2 ? ? 2
Dy=y"-xy+5, y=Sox+c

3) 4x2y'2 - 4xyy’ +y2 —4x = 0, y2 = x(x — c)2;

4) y'3 —4xyy’ + 8y2 =0, y=cl(x— c)2;
4
(x+ c)2 ’

y*-y’=0, y=

6) xy> - 2y’ + 4x =0, X -2cp+4=0;

7)y’2=1—y2, y =sin (x + ¢);

8) (- -1y’ -2 +(x-»'-1=0, x-’+@-0'=]
9)y=xy’+m, y=cx+m;

10) y’1 +yH - ayy' —ax=0, (x-c’+y°—ac=0.




3asgauua 10

1. 3acTocoByrouM MeTOH nocninommx HaOmrkens Ilikapa, 3HaliTH
TOYHWIA pO3B’430K 3amaui Komri —Z = a(x)y + b(x); Yo)=p. Li x 3agaui

po3B’gI3aTH MeTomoM Jlarparka a6o bepuymni. TlopiBHATH oTpHUMaHi pe-
3ybTatd (U1 BeiX BapiaHTiB o = 0):

Bapiaut a(x) b(x) B
1 1 wm-¥ |1
2 1 x-1 1
3 -x % -1
4 2x 2x° 0
5 -1 2¢" 2

2. Y mpsimokyTHUKYy I1= {(x, 3): |x-x,|<a, |y -y, |< b} 3anana zana-
ua Komi 2 = £(x, ), yx) =y

a) nepempnm BUKOHAaHHSA YMOB TeopeMH Ilikapa. 3Haiity crany Jlin-
1InMla Ta BiApizok I, Ha SIKOMY IoCJinoBHi HabmrxeHHd Ilikapa 36i-
TaloThCd [0 TOUHOTO PO3B’I3KY;

6) oLiHMTH max [Nx) — ¥,(x) |. g sikoro n Gyne cripaBeuniBa HepiB-

xs1

Hicts |y -y, |<0,1?

Bapiaur | f(x, ) Xy Yo a b
6 L4y 0 0 2 1
7 -y 0 0 1 2
8 X -y 2 0 1 1
9 2+ y2 3 0 3 1
10 x-y 4 2 2 2

SBasgaumuma 11
1. B obmacti K C R? 3agaHo 3agayy Komri
=g0), y&)=y

151



a) IIepeBIpUTH BUKOHAHHA YMOB TeopeMH ITeano. Ha sxoMy iHrepsani
L[ TeopeMa I'apaHTY€ iCHYBAHHI pO3B’I3Ky?

0) Y1 BUKOHYIOTBCA JUIA 1ii€l 3adaui yMoBH TeopeMu Ilikapa?

B) 3HaMIITH yCi po3B’a3KM nocTaBieHol 3anayi Ko Ta HakpeciiTh ix
rpadiku:

Bapianr g0 K={(x,y e Rz} % Yo
1 33 Pyl 0 0
2 -3 [x]+|yl<1 0 0
30 | 4p-DY4 | Peyt-2y-320 0 1
2
X 2
x 0 0
4 2\[}_) 4 +y"'<1
5 -y x2+yzs4 1 0

2. 3agaHo audepeHITiaibHe PiBHIHHS % =f0):

a) YM Ma€ BOHO PO3B’I3KH, BU3HAYEHI Ha BClit oci?

0) HaKpeCJIMTH IHTerpaJibHi KpPHBI,

B) Hexall JX,¥,), l€ Iy — TIOBHMH (HeIpomoBXYyBaHUI1) po3B’s-
0

30K PIBHAHHS, Takui, 1o N0, y,) = y,; 3HAWTH TBHUI BUIIIAA Iy 3aJIeXKHO
Bl y,:

r) npu dikcoBaHoMy (20 posrngHeMo BimoOpaxkenusa g' H —» R,
Y, >N y), HCR

Yu BusHaueHe 1le BiOOpaXeHHA Ha BCiM oci? 3HaliTH MHOXWUHY
HCR, taky, mo g' icHye mia Beix £>0. 3Haiitu g'(0); g'(4), me
A=10, 1]. Yu icHy10Tb Taki ToukM y,: g'0v) =¥, V120?

6) ) =y"+3y+2; NfO=y-y%

8) f0)=3y-y" -2 NfW=y"+y-6;

10) fO) =y +y-2.

3asgaunua 12

1. 3HalTH i30roHaNBEHI TPaEKTOPIl ciMell KpuBUX (¢ — ItapaMeTp cim’i,
o — KVYT ITEpETHHY)'
1)x2+y2:c2, a=60"° 2)y=2x+c, aa=45";

HX+-o'=1, a=30" 4) ¥ +yi=cy, a=60°
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5 X =cy, a=60".

2. 3HaliTH OPTOrOHAJBHI TPAaEKTOpil CciMeld KpHBUX (¢ — MapaMeTp
cim’1):

6) 2% - 3y=c¢
7) y=¢
8)y: IT+cex.

1-cx
9) r=c0 (r, 0 — NOJNAPHI KOOPAVWHATH);
10) r=c(l - cos 8) (r, 6 — MONMAPHI KOOPIMHATH).

3asgaunua 13

BusHauMTH TWIT PIBHSHHS Ta 3HU3UTH HOTO MOPSIOK (IO MepuIoro):

Dy +y=5y=2 2) y =X

3y 4=y 4) e +y" -x=0;
Y =i 6) xy" -y =xsinx,
W+ - xy? =2 8) Sy~ 'y v =0
9 ¥y =y +yy" 10) 3y =y + 2.

3asaganua 14

IIpoiHTerpyBaTH MeTOAOM Bapiallii JOBiITbHNX cTaymx (Jlarpamka):

1)y’ +4y=cos2x+sin2xtg2x; 2)y" -2y +y= x—‘ﬂﬂ,
3) y 4y =S 4) y”—y'=5—2'§‘le—;
l-sin'x
" — -1 . " —
3)y +y—cos2x5cos2x’ 6) y' +y= sin x
T)y'+3y+2y=— 8) y”—y-~2,
&+’
9) y" +4y= - 2x 10) y" +y =2 sec’x.
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3asxanna 15

Harmvicat yacTMHHMIT pO3B’I30K PIBHSAHHSA 3 HEBU3HAYEHHMH Koedi-
LUEHTaMK (YMCIIOBMX 3HaYeHb KoedilliEHTIB He LIYKaTH):

1)y — 4y + 3y' = X" + xe* + €'cos 3x;
2) "~ 9y=¢ ¥’ +sin 3x + cos 3x);
3) " - 6y' + 8y =5xe” + 3¢"cos x;

4) y"' +y' =sin x + X cos X + €'sin x;

5) y" = 8y' + 17y = (¢ - 3x cos x);

6) y'' — 2y' + Sy = 2°€" + ecos 2x;

7) ¥ + 3" = Tx - 3sin x + €'cos 2x;

8) ¥y - 2y' +y=xe" +x cos 3x;

9) y - 2y" = X + cos 3x;

10) " +7y' + 10y =xe Zsin 5x + e”cos 5x.

3aBsaanna 16

TTobynyBaTy JiHiiHI oqHOPITHI ArdepeHIiaJIbHI PIBHAHHS 31 CTAJIIMM
KoedillieHTaMu (IKOMOTa HITKYOTO IOPSAAKY), SKi MAIOTh TaKi 4aCTHHHI
PO3B’ 93K

Dy = X 2) y, = xé'cos 3x;
3)y=cosx, y,=x 4)y = ¢”cos 3x;

5 )y, =€, y,=x¢; 6) y, = xsin 2x;

7) y, = xe'sin 2x; 8)y, = ¢ sin x;

9) y,=1, y,=cosx; 10) y, =¢, y2=e‘7j;

1)*y =x, =%, y,=x".

3asagaunua 17

TTob6yayBatu JIOP, aki maitots 3amani OCP:
1) y,=cos 2x, y,=sin2x;
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2) =€ cos2x, y,=€ “sin2x;
3) y,=xe, y,=e(l-Xx)

4) y=x, y,= xz, Y, = 3x3;

5) y, =xe”, y,=x€;

6) y, =sin X, ¥, = cos X

7)) y,=x, y,=exp /2,

8) y, = exp (x), y,=exp (- X);
9) y,=shx, y,=chx;
10) y, = e, Y, = e~

J3asganuna 18

IMpoaHanizyBaTy TOBEiHKY PO3B’I3KIB JIHIHMX PiBHIHE:

1) npu aKux a i b Bci po3B’A3KM piBHAHHSA ¥ + ay’ + by = 0 3ammma-
JOTbCS OOMeXeHUMM TIPH X —> + o0?

2) pu AKMX a i b Bci po3B’43KM piBHAHHA " + ay’ + by = 0 TiparHyTH
0 HYId IIpH X —> + 07

3) npu AKKX a i b Bci po3B’SI3KM PIBHAHHA " + ay’ + by= 0 MOHOTOH-
HO 3pPOCTalOTh 3a MOMYJIEM, TIOYMHAIOUM 3 JEeIKOro x?

4) mMpu axuX a i b KoXHMI PO3B’S30K PIBHAHHA y" +ay’ + by=0
TIEPETBOPIOETECA Ha HYJIb Ha HECKIHYeHH1 MHOXWHI TOY0K X?

5) ipu AKUX k i ® piBHAHHA y” + k)’ =sin of Mae Xoya 6 omuH
TIepPIOAVYHMIA po3B’130K?

6) 3HaifTH NepioAMYHI PO3B’SI3KM PIBHAHHA ¥" + ' + 4y =sin of,

7) Npy SKMX 3HAaYeHHSAX m PIBHAHHA }" + my =0 Mac HeTpHBiaJbHI
PO3B’3KH, AKi [IParHyTh A0 HYJIH IIPH X —> + o0?

8) mpM AKMX p i ¢ BCi PO3B’A3KU PIBHAHHA Y’ + py’ + gy = 0 € mrepio-
JAIHUMHM byHKIiaMM?

9) npy AKMX 3Ha4YeHHAX Iapamerpa A DIBHAHHA y” +Ay=0 Mae
HEHY/IbOBi PO3B’A3KM, fAKi 3aNOBOJILHAIOTH KpaioBi ymMoBM y=0 Tipu
x=0, y=0mnpu x = n? 3Ha¥TH 11i PO3B’I3KU;

10) npu AKX © 3araJbHUI PO3B’A30K PIBHAHHA V" + Y= cos of He
MICTUTB CeKYJIIPHMX JOJAaHKIB ( TO6TO ZOGYTKIB IiepioamyHoi GYHKILT Ta
CTeeHs] He3aJIeXXHOol 3MiHHOi)?

Jasganmuna 19

3BecT M0 PIBHAHHA 3i CTAIMMU KoedilliEeHTAMH 3a JOIOMOrOIO 3a-
MIHH He3aJIeXHOI 3MiHHOI Ta IIPOIHTerpYBaTH OTpHUMaHe PiBHSIHHI:
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1) xzy” -xy'+y=0; 2) xzy” -2 +2y=0;

3) (1 =Xy —xy' +4y=0; 4) x’y" - 3y" + 13y =0;
2
5y -ty +—X5=0; 6) X'y" +xy' +y=0;
VY L ) XY 43 +y
7)1 -xy" -xy' +y=0; 8) (2x+ 1Yy"- 2Q2x + 1)y’ +4y=0;

9 (x+ 2)2y" +3(x+2)y' -3y=0; 10) x2y”’ =2y
11)* y" - 2y’ + y = x€sin’ix.

Jasganua 20

1. 3HaliT! YaCTMHHUI PO3B’A30K PIBHAHHS Y BUIVIAAL ALY 3a CTerle-
Hamu x. Cymy psfly BUPasUTH Yepe3 eneMeHTapm dbyHxii.

3HaliTi APYIMII YaCTHHHMI PO3B’A30K, BHKOPHUCTOBYIOUH HOPMYIY
OcTtporpancbkoro——JliyBunisa. 3armmcaTil 3araJ1Lm/n71 PO3B’S130K PiBHSHHS:

1) y" - 2xy' +2y=0, y0)=0, /) =2,
2) (1 - X" - 2xy" +2y=0, 70 =0, 3O =1;
A -xp"+xy -y=0, 10 =y'0) =1;
4) (1-x)y" —xy' +y=0, O =y'0)=1
5) (1 -x)y" -xy' =0, y0) =1, y/(0)=0.

2. 3HaWTU 3arajibHi po3B’I3Ku piBHAHE beccend:
6) xy" +0,5y' + 0,25y =0;

7)y"+%y'+4y=0;

" 1 ' 1 —N-
8 ¥+ Y +557=0;
9)x2y”+xy’+ xz—% =0
10) Y+ xy + 4x2—~11€ =0.

Bapraunua 21

JIng 3aJaHMX CHCTEM 3aricaTyi BiIIIOBIIHI MAaTPUYHI PIBHIHHS Ta
metonoM Eilsiepa 3HaiTH iX iHTerpaJbHi MaTpHLL:

1 1x=2x 2. 1%=0;
“ly=3y. y=-y.
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asaganuag 22

O6UUCANTY MaTPULIO € ', gKIXo MaTpuLd A Ma€ BUIJIS:
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Jasxanmna 23

(X%

JIHIHHY OAHOPIIHY CUCTEMY

IIpoiHTerpyBaT MaTpUYHHM CIIOCOOOM
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3Haitru det (e %), He obumcmoOUM e

1.A:(_? ;J 2.A=[2 :l]-

3.4=(2 ‘;} 4.A:(_(1) 'g].
TERN AR B
7A=(_; _;J 8.A=(2 :}J
9A=G’ :‘1‘). 10. 4= 3 ;J

3aBsxaunna 24

3HalT¥ po3B’43KH, AKi 3aJOBOJILHAIOTH ITOCTARJIEH] TT0YATKOBI YMOBU:

oz [ _ _
l)ya—xa—y—o, z=y, x=0.

oz oz _ . .. _ 2 2
2)xa—ya—y—x Y, x=a, z=y +a.
3)y@—xg—;=y2—x2; y=a, z=x-d.
4)y——xg;zc_x +y% x=a, z=1+2y+ 3>

oz oz _ 2 _
5)ya—xa—y—0, z=y°, x=0
6)x@=z, z=siny, x=1

ox

NyZ-xZ=0; z=R*-y?)"% x=0.
x y
9)x—+(xz+y)g=z, x+y=2z, xy=1.
10)y2@+yza—+z =0; x-y=0, x-yz=1.
* O vz __ . — —
11) xax+yay—2xy, y=x, z=x




TOTATEN

Jodamox 1

JUOEPEHNIAJIBbHI PIBHAHHS ITEPIIOrO NMOPSTIKY
3 YACTHHHUMH NOXITIHAMM

1. Jlinidnum oOHopiOHUM DIGHAHHAM RNEPwio20 NOPAOKY 3 YacCHMUHHUMU
noXiOHUMU HASUBAETBCS PIBHAHHSA

Elig
al(xl, Xy eer 5 X, )— + a2(xl, Xy oee s xn)g +...
2
oU
+a(x,x, .. x) =0, (1)
ae alx;, X,, ... ,X,) — 3afaHi ¢GyHKuUil Bil n 3MiHHMX, BHU3HaYeHi Ta
HeTlepepBHi B feskil obmacti D C R™, U=U(x, x,, ... , x,) — IlIyKaHa
byHKIIiS. 3 ) _
CucteMa 3pMyaiiHMX AMdepeHIlaIbHIX PiBHIHB
X, . a—
Tt’=ai(xl,x2,... ,x), i=1,n, )
abo B cuMeTpHuHiit dopmi
dx1 _ dx2 _ dxn (2,)
aX, Xy oo X)X, X e 5 X) (X X5 wee 5 X)

Ha3UBAETLCS CUCMEMOI0 DieHAHb xapaxmepucmux s (1).
@ysxaiis U= U(x, x,, ... , X,) € po3B’sI13KoM piBHaHHA (1) Toxi ¥ TUIbKU
TOJi, KOJIM BOHA € iHTerpajioM (XapaKTepUCTVKOIO) cucTeMH (2) um (2').
3agava Komwi ps piBHaHHA (1) mosdrae B 3HaXOMKEHH] TaKOTO po3-
B’sa3ky U= U (x) 1boro piBHIHHA, SKHIA 3aI0BOJIBHIE YMOBY

U, ., =), (3)
Je y — NesKa 3a/iaHa rirepriosepxHs B D (nouamkoea zinepnoeepxus);, ¢ —
3ajaHa Ha y IJlajKa dyukn (nowamxosa d)ymcuw)

Sxuo D ¢ R? 1o 3amaya Komn ms piBHsHHA (1) — 1ne 3amaua
3HAXOPKEHHS TaKof IHTerpajbHOI MOBEPXHi z = 2(X, ), fKa NepeTHHaE
3ajJ[aHy TJIOHIMHY B3IOBX 3aaHol KPMBOI.

Touka x, € y Ha3MBaETBCA HexapaKkmepucmu4How, FKIIO XapaK-
TePUCTHKA, KA ITPOXOAUTH Yepe3 LU0 TOUKY, He JOTUYHA (TpaHCBepCallb-
Ha) 0 Y.

SKimo x, — HexapakTepUCTUYHa TOYKa, TO ICHYE TaKMii 1i OKUI, B
axoMy 3anava Komri (3) mora piBHsHHA (1) Mae €MMHMIA pO3B’I30K.
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Hexait {¥(x,, x,, ... , xn)}:';l1 — He3aJIeXHi IHTerpajiM CUCTEMH XapaK-
TepUCTUK (3ayBaxumo, 1o (2') — cucrema (n — 1)-ro TOpAAKY); TOAi
CITIBBITHOIIIEHHS

U=®(¥, ¥, ... ., ), 4)

ne ® — JoBUThbHA audepeHilifioBHa DYHKIIL, 3a1a€ MHOXUHY BCiX po3-
B’43KiB piBHAHHA (1).

Ilo6 poss’gsatu 3amady Komii amg piBHsHHA (1) 3 ITOYaTKOBOIO
yMoBolo (3), Ie rineprnoBepxHs y 3aJaHa, HAaNpUKIIal PIBHAHHAM X = xg,
IOCUTb BUKOHATU TAKWI JIAHLIIOT TTlepeTBOPEeHb:

a) 3Hamngemo {¥(x, x,, ... ,xn)};‘:‘l1 — He3aIeXHi iIHTerpaJil cUCTeMU
XapaKTePUCTHK;
6) moxJageMo
0 N .1 1
Y, x, ... ,x,x)=" (@=1n-1; 5

B) PO3B’93aBIIH cUCTeMY (5) BIIHOCHO X, = Ht_l, MaTHUMEMO
Xx=0(¥,.., P _) i=ln-1 (6)
r) macraBuMo (6) y oyaTKoBy yMOBY (3)
Ui, ... ,xn)lex: =p@, ... , 0, ); @)

) 3aminuBuM B (7) ¥, Ha ¥, nicTaHeMO pPO3B’A30K MOCTaB/IeHO] 3a/a4i

Kouii.
2. Jinitinum HeoOHOPIOHUM DIGHAHHAM Hepuloz0 NOPAOKY 3 YaCTUHHUMU
MOXiMHAMHK HAa3UBAETHCI PIBHAHHA

ol oUu
a(x;, X, ... , xn)g + “2(x1’ Xpy oee s xn)g + ...
1 2
ol
et ax, X, ..., xn)gx— =b(x), x,, ... X). (8)

3amava Koun g piBHaHHA (8) craBUTBCA TaK camo, $K i 11 OJHO-
pizHoro piBHSHHSA. Y JOCHUTH MaJIOMy OKOJI KOXHOI HexapaKTe pUCTH4HOI
TOYKM ITOYATKOBOL MOBEPXHI BOHA MAa€ €OVHUI PO3B’A30K, SKMII MOXHA
oJaTV v BUTTIAOL

U(g (x, ) = o0 + | bigix, D)k, )
0

ne g (x, {) — 3HaueHHS PO3B’S3Ky CHUCTEMH DIBHAHB XapaKTepUCTUK 3
TI0YaTKOBOIO YMOBOIO g (x, 0) = X y MOMEHT 4acy /.

dopMabHa NpolleAypa Po3B’I3yBaHHS PIBHAHHA (8) IojArae B 3Ha-
XOKeHHI He3aJleXXHUX 1HTerpajiiB (XapaKTepUCTHK) CHCTEMU
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dxl a’x2 dxn

a(x, X, ... ,x")= afx, X, ... ,x) af xl,;cz, e X)
dUu
- b(x,;, X,y o 5 %) : (10)
Axwo ¥ (x, x,, ... ,x, U), ... , ¥ (&x,x,..,x, U) — xapakrepuc-
THKU cucTeMu (10), To CHiBBITHOIIEHHS
™Y, ... ,P)=0, (11)

ne & — noBuUTbHA mudepeHIIiiioBHa QYHKINA, 3aJa€ VCl po3B’A3KH piB-
HIHHA (8).

3. Keazininidnum pieHAHHAM nepuiozo NOPAOKY 3 YACMUHHUMU NOXIOHUMU
HA3UBAETHCA PIBHIHHS

oU ol
ax, X, ... ,X, U)5;+a2(xl,x2, R U)5;+...
1 2
+af(x,x x U)ﬂjzb(x X x,U) (12)
e @00, %, 5 X, Uy b X eee 5 X, U

CyTreBoIo € 3aNeXHiCTh KoedillieHTiB a, (i = 1, n) Ta b He Jouue Big
X, X,y ..., X, ane ¥ Bl U. Cucrema piBHAHD XapakrepUcTUK mis (12)
aHajytoriyHa (10).

IIo6 snaiitn poss’asox U= U(x, x,, ... ,x,) piBHIHHA (12), sxwit
3aJIOBOJIbHSIE TIOYAaTKOBY YMOBY (3), Ie rimeprioBepxXHs vy 3alaHa,
HAIpUKJIaJ PIBHAHHAM f (X, X,, ... , x) =0, Tpeba 3 cucTeMu

&, %, ... ,x)=0;
Yix, Xy ... ,x, O)=c; (13)
U=ox, x,, ... ,X)
BWIYYUTH X, X,, ... , X,, ¥, JICTABIIM TUM CaMMM CIIBBITHOLUEHHS BM-
sy
F(c,¢c, ... ,c)=0. (14)
IMincraBvBum B (14) 3amicTh ¢, (i = 1, #) 3HAYEHHI XapaKTEPUCTUK (1 He-
3aJleXXHMX iHTerpajliB CUCTEMM PIBHSAHb XapaKTepPHCTHK) Yix, X, ..., Xx)
(i=1, n), micTaHeMO PO3B’SI30K ITOCTaBIeHOI 3amayi Ko,
Ipukaana 1. Po3p’a3aty piBHIHHI
oz 0z _
(1 +x2)ax+xy6y—0

Ta BUAUIMTH iHTeTpajibHy ITOBEPXHIO, IO IIPOXOXUTH Yepe3 KpUBY z =y’ y
roromHi x = 0.
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Po3B’ga3aHHa CkiameMo cUCTeMY PiBHIHB XapaKTEPHUCTHUK

2
& & QOyuxuiz ¥, =—%Y— € xapakTepucTMKOIO, a OTXe,
A+xyH 0 1+x

2

z= (D(#] , e & -— OoBiMBHA IUbepeHIIITOBHA (YHKIIA, 3adac
MHOXWHY BCiX pO3B’43KiB 33/JaHOTO PiBHIHHI.
o6 poss’sasatv mnocrtasieHy 3agavdy Kom, mokmageMo x=x,=0y
2 [— p—
Y, micranemo ¥, =y? sBimku y="¥,. Tomy

PE)
+ X

CIIBBiTHOIIEHH] ‘¥, =
2 . . .
z=y’= («]@1)2 =¥ = TLZ 1 € mwyKaHMit po3B’a30K 3axadi Kommi.
+ X
Ipuknan 2. 3HalTH MHOXHHY PO3B’SI3KiB PiBHIHHS
o0z oz
X — = 2 Xy
ox Yy oy

Ta Bpmijmm TaKi pO3B’3KHM, 10 3a[OBOJILHIIOTh YMOBY Z = X° IIpH y = X.
Po3sB’ga3auug CkKiagaeMo cucTeMy PIBHAHB XapaKTepPUCTUK

PRl 3HAXOAMMO JBa ii He3aJleXXHi iHTerpay (XapaKTepHCTUKH)
Y = x , ¥, =xy—z. OrxXe, MHOXVHY BCIX PO3B’A3KiB PIBHAHHA MOXHa
TIOZaTH Y BUTJISAL

@G,xy—z)=0. (15)
3ayBaxammo, 1o (15) MoxHa po3B’43aTH BITHOCHO Z; HiCTAHEMO
z=xy+fO/x), - (15)

ne f — JIOBLUIbHA HellepepBHO IvidepeHLIIIOBHA DYHKILA.
INocrarnena 3ajaya Koum po3B’si3yeTbcd HeoAHo3HauHo. CripaBmi,

=1;
cHCTeMa DiBHSAHB {@ _,2. , He Moxe OyTM OmHO3HAYHO pPO3B’fA3aHA

BimHocHo x, z. Ilpore, BuMararouu, mo6 B (15) z=x2? mpu y = x,
marumemo f (1) = 0. Orxe, 3amaya Kouri Mae Geamiu poss’s3kiB, aKi
3aparoTbes popmyaoio (15'), ne f— MOBUIBHA HeMlepepBHO AMdepeHLiio-
BHa GYHKIIA, Taka, mo f (1)=0.

Po3B’a3aTi piBHAHHA:

1204. yg—x—%:O.

1205. (x - z)—+(y ) g; 0.

1206. (x+2y)——y =0.
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1207.
1208.
1209.
1210. x &
1211.
1212.
1213.
1214.
1215.
1216.
1217.

- 1218.

1219.

oz oz
ZHXE=X~).
yax xay Y

(x +y2)95+2xy—~+z =0.

e +y) -Z=0.
Z=2xy N’ - 7.

(zz+y2—x2)%—2xyg—i+2xz=0.

ou  ou
e o
ox oy

(x- a) (- b)a" u-c.

= dqau.

(cy- bz) -+ (az - cx) =bx - ay.

2 du 2 du 2 du
X —=+y —+zZ ==u
ox y oy oz u

624_2 362

(x + 3xy ) = 2yzz.

oz 20z 2
—=y S =x"
ox y

xy oy

(y+z+u) +(x+z+u)—+(x+y+u)

au

2
xa”+y —ye’.

Po3p’g3ati 3amaui Koumri:

1220.
1221.
1222.

1223.

1224.

1225.

y? az+xy—_x, x=0, z=y>
x——+y~—z Xy, x=2, z=y2+l.
tgx +y——z y=Xx, z= x>,
yzg xy——x x=0, z= y

0z _ = _
ZQa—ya—y—O, z=y% x=1.

ou | du du
=4+ =4+ = = =1.
ax 3y 262 0, u=yz, x=1

=X+ Y4z,
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1226.

1227. x

1228.

1229. x

1230.

1231.
1232.
1233.
1234.
1235.
1236.

1237.

1238.

1239.

x+y +xy —Oux+y =0.
2y —x2+y2,y=1, z=x".

tgx +y——z y=x, z= x’.

2
%Wf:z‘x -y y==2, z=x-x".

zgf—c—xy~—2xz, x+y=2, zy=1.

2 2 2
zg—i+(z x)z+x:0, y=x", z=2x.

- ) +(Z x)— X-y, y=-Xx=_=.

y262+y2«+z =0, y=x, x—yz=1.
Ou _
5_+a_y+2 0, uix, 1,2)=xz

xy%’i+x2@—y, u(x, O)=x2.

(x—2ey)g§—g—:=0, u(x, 0) = x.

ou L ou_ . _ _ y
Xox V=XV ul,y)=y+e’.

2 du ou 2 X
X' —=-xy=x", ux,x)=y+5 .
ox oy ’ o, x) =y 3

3HaMTH TTOBEPXHIO, m<a npoxomm yepe3 IIpAMY X = y,z= 11

OpPTOroHaJIbHa 10 ITOBEPXOHb x? + y +z%= cy

1240.

1241.
1242.

3HalTH OPTOTOHAJIBHI TPAEKTOPIi CIM’i TUIOIIMH y = cX.
3HalTH MOBePXHi, OPTOroHaJbHI CiM’1 TIOBEPXOHBD z 2 = cxy.
CxJIacTH piBHSHHS 3 YACTUHHHMMU ITOXITHMMH, K€ 3aJI0BOJb-

HAIOTh yci KOHIYHi IMOBepXHi 3 BEPIIMHOKI Y JaHill TouLi (Xgs Vg Z9)5 1
PpO3B’43aTH #oro.

1243.

Cxitlactn piBH}IHH}I 3 YACTUHHWMM TTOXITHUMM, IKi 3a0BOJILHI-

1OTB LH/UIIHI[pI/I‘H{l TIOBEPXHi, TBIPHI SKWX TlapaJielbHi BekTOpy (4, b, c).
Po3p’ga3aTH 11 pIBHAHHA.

1244.

BHKopHCTOBymlm Pe3syIbTaT NollepelHbOI 3aKayi, 3HANTH piB-

HIHHA LWIHAPAYHOI TIOBEpXHi 3 TBlpHH.MPI napanem,Hmm BEKTODY
(1, =1, 1) Ta HarpsamMuOIO X + Yy + 2= 0, x? + xy + %= 1.
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1245. 3HaiiTit IOBepXHi, OyAb-siKa JOTMYHA IUIONIMHA JI0 SKMX Ilepe-
THHA€ Bich Ox y Toulll 3 abCLMCOI0, BABOE MEHIIOIO Bifl abclLMCH TOYKM

JIOTHKY.
Posp’g3atnn cuctemm:

1246, Z_2 & _2z
ox x’ oy y

62 [o74
1247. L =Y-Z, o= = xz.

az _ _ 2 Qg___
1248.—_2yz z°, ™ xz.

3HalTH MOBepXHi, SKi 3aX0BOJBbHMIOTH piBHaHHA T1dadda [6, mona-
Tok 1]:

1249. 3yzdx + 2xzdy + xy dz =

1250. (z + xy)dx — (z+y*)dy + y dz = 0.

1251. 2yz + 3x)dx + xz dy + xy dz = 0.

1252. dz =2 dx+%dy= 0.

1253. dz = (2yz - z°)dz + xz dy.

3HalfTV TOBHI iHTETrpayM piBHAHG [6, momaTtok 1]:

1254. x—+y—+<p(g§, ‘;—;]=

1255 ) _1oz_
x| xay

3HalTK TOBHi iHTerpa/M piBHAHb MetonoM Jlarpamxa—IIlapri  [6,
JomaTtox 1]:

1256. 22+ Z 4 %2 _ .
ox Oy

1257. 22 +1+ % 4.2,
ox oy

1258. z +Z_0.
ay
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166

OCHOBHI ITEPBICHI (a, b, n craxi)

n+l

l.j-x"dx=x (neZ nz-1).

n+1

2. [%=1n|x|

x

3.Iaxdx= 2. (@>0, a1

Ina

4._[exdx=ex.
5.!sinxdx=—cosx.

6. jcosxdx=sinx.

.2
s x

7.[ 9x _ _ctg x.

8.! de tg x.

Cos X

9.!tgxdx=—ln|cosx|.

10. | ctg x dx =In | sin x|.

dx
II.IE=h1\tg§

12.[ - =1n ltg[§+§] :

COs X

. _sinax Xxcos ax
13.Ixsmaxdx—7~—T.

14.j.xcosaxdx=%x+x—s-‘;—‘—g.
a

15.[xe“dx=§(ax— D).

16. Ix"e"" dx= % xe” - 3 X le™ dx.

ax

17.]e‘”‘sinbxdx= ¢ (asin bx - b cos bx).

2
a+b

Jodamox 2



18. J.e’“cos bx dx =

7 (a cos bx + b sin bx).
a+

ax 1
19._|‘e""sin"xdx:f—fl;f(asinx—ncosx)wL
a+n

- . -2
+ﬂ2"—1}je‘”‘sm" X dx.
a+n

20. J.e cosxdx—e °°S (acosx+nsmx)+
a+n

- )
+”—(25—?je“cos" x dx.
a-+n

21. jxe'”‘ sin bx dx = few;z (a sin bx — b cos bx) —
a +

- (@ - b)sin bx — 2ab cos bx).

2.2

(a2+b)

22. _[xe cos bx dx = w;(acosbx+bsmbx)—
+

ax

- (a’i e (@ - bcos bx + 2ab sin bx).

23. | sin’ax dbe = - S @xeosex n=1 [ G-ty gy

n-1 .
- _2
24. I cos'ax dx=— 08 axsmax n-1 jcos" ax dx.

ha

25. jx"e“"dxz%x"e'“—% a le""dx

ax 2 3
26.j%dx=mx+%+%+%+... (x> 0).

27 [ Ly

1+ @ 1+eax.
28.]1nxdx=xlnx—x (x> 0).
29.jarcsin§dx=xarcsin’;‘+ Vo - x* .

30.Iarccos~z-dx=xarccos§— N - X* .
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31. _"tg (ax) dx =— % In| cos (ax)|.

32. fctg (ax) dxzélnl sin(ax)|.

33.Ish (ax)dxzich (ax).

34. _[ch (ax)dxzish (ax).
35.fxsh(ax)dx=ixch(ax)—§sh(ax).
36.jxch(ax)dx:%xsh(ax)—-al—2ch (ax).
37. [ V& - ¥ dx=1x a2~?+a2arcsin—’5).

38.Ix Na* - x* dxz—% N @ - X .

39._[ Vi + d dx=%(x Vx2+7+a21n|x+ e Y
40._[ Nl - d dxz%(x X’ —a® —d’ In|x+ V¥ - d|).

2

41. _f——df—=arcsin5.
2 a
a —-— X

42. [ =% arcshX=1In|x+ V¥ +d|.
Fovi |
43._[—2‘11—=1n|x+‘1x2—a_2|.

X

2
-a



BIJIIOBIAL

53.y=)—lc+c.54.y=ln tg%.SS.y=0. 56. y=1+ g 57.x=%1; y= 11,(|x|<1).
58 y=x y=Vi-1.59. g 60. x=i§.61.x=i§.62.y=o. 63. x=—1; y=0.

65. y=+1. 107. y=x2, x20; y=0. 108. y=0. 109. y=Inx. 110. y=¢€". 111. y=—cos x+

+%cos3x+ c. 112.y=ex(x2— 2x+2) +c. 113. y:%x 1-%* +%arcsinx+ c. 114. y=2 (Vx -

SR+ +e 115 y=In (VP +1+D+e 116, y=In(P+ D +c 117 y=xsinx+

X
+cosx+c. 118. y=%(x+%sin2xj+ c. 119. y=_‘-fﬁx;dx+c. 120. y=J.e;dx+ c. 121.y=

—%cos4x+%0052x+c. 122.y=J’l~§Lx+c. 123. y=In|2 Vx2+x+2x+1|+c. 124. y=

=xIlnx+c 125. ¢ Y=~x+c 126.y=cé - 1. 127.I%=X+c. 128. y=arctg y+ x+ c.

130. y-Inly+1|=x+c. 131 y=(x+0¢% x2—c npu y20; y=—(2+0% x<-c npu
y20;y=0. 132. tgy=x+c 133. \Jy~x+ln|\ly—x-1|=%x+c. 134. Inf{x+y|-y=c.

2 2
135.y=x+w, xX2-c¢ y=Xx. 136.y=x2—m, x<¢ y=x2. 137. arctgy+c=

4 4
Vi+x2V1+y24y-
= yry-x da __b . b Y JZo 2l b y
= T+ . 138. d(p— ar,r-cexp( pd) X" +y =cexp aarctgx.
139. y=ox+ )¢ ;x=-1. 140. y=2+ccosx. 141. (x+))(x-y-2)+21n i+x =c.

1421+ =c(1+X). 143. 1+) =1 -3). 144.2 Vx+ 1)’ +6 x+ 1 -3¢ Y+ )= C

145. x In(1 +y2) -2In(y+ V1 +y2) =c¢. 146. 2 arcsin (sin x - cos X) + arctg y2= ¢
No? + 1
arctg y2 +2arcsin(sinx-cosx)==n. 147. y=a+ —a—x%I . 148. arcsin x + arcsin y = e.

149.\/}7—\&=c, x>0,y>0;y=0 (x>0),x=0 (y>0). 150. 2ey—e2x+2arctgy+ln(l +
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2 2
2 - _2 - dy_a-y. 2_ 2. . ®o
+y)=c 151 y-arctg[l x]+2n. 152. y=2. 153. dx- 2ay ,y a +ce
154,y =2 56 AT o o9 18y l E,y =+ o). 158 Lo g (7=
Kx -1 d(p a dt
—20); T=20+80+2 "% 60xs. 159. x(n=x(0)*x2 "% x(H=0,01*x(0) npu 1=
a1

=60/1g2~200gu. 160. v(H=(2/3) M/c; v(H=0,01 mput=4(2/1g 1,5+ 1)~ 50c,

o s=6/1g 1,5~ 15 M. 161. 00 = y(0) * 27" "*; »(200) = y(0) * 27 **"~ 0,02 * y(0); mor-

nvHaeTbes 98 %. 162. Ilicis 3ropsgHHS Macy X IaJIKBa UIBMAKICTb pakeTH v(X) = ¢ In o ;
-x

2
M- m)=cln%{. 163. h(f) — BuCOTa PIBHS BOAM, m—\/ﬁ=0,3\/2_gr?r, h(f)=0 mpu

R JH

H 1050 c~17,5x8. 164. QR - k()= 0,45 Vg L
0,3 LRI 4

2
L 2R R s 52y 34 xf_g;h<o=0nput=%\{¥’. 166.x= o*.
045 nr 18 SR g

t=

H’ h®H=0 1pu t=

167. y' = 2p/x. 168. y'= - y/x. 169. y ‘= \y/x. 170. y'= L= 171 x dx+ (p NP+ ) dy =

y2

S0, 172 y =Y 181 Paady-Pec 183, V7K
Y P
y=cx+ax- ln|x|, (x#0)mpu b= 1.

184. X~ 2xy+2)* = c. 185. x=y(c+Inly ), y#0. 186. x=y(c—1Inly ), y= 0. 187. VxP4)? £

|b+~————x (x#20Q)mpu b= 1,

= cexp(— arctg i] 188. X~ ) = ¢. 189. 2y°— 3%+ 6%y = c. 190. In [%y) =ex. 191.In cx=
—ctg[ ]y x@* ke Z 192.xIlncx= 2Vxp; y=0; x=0. 193. (y - 20> = c (y - x— 1)

y=x+1. 194, 2x+y—1=cé¥ ™ 195.y+2=cexp(—2arctg%). 196. ln%‘%=1+
- x

+:Cy. 197. ¥=2-lncx, y=x> 198. ZY'Incf=1; y=0,x=0. 199. y?e V¥ =,

y=0,x=0. 200. 2W-H(E2y-M=x 2V =x 201 2Y—z-1=-Inex,

)

xy2=1;y=0. 202. arcsinlizl—b=lncx2. 204.y’=y22;x;2,)(2+y'2—cx=0;y’=—y/x,y=cx
x

(c#0); ' =y+ VP +y*, y= cf 2_1c(0>°); y'=y-VC+y, y= x2/2c+ (c>0).

Y Xty N eye Y= 2P 21 Y
205. 5 2 ; (x=y)"—-cy=0. 206. WA x k; )c2+y2 cexp( karctng abo
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=1. 209. y=sinx+ccosx. 210. y=(Q2x+1)(c+In|2x+

X |

r=cexp (— %} 207. i—

+1D+1. 211 xy=c-In|x] 212. y=x(c+sinx). 213. y2=x2~ 1+c]x2— 1|1/2

. 214. % (c-

-cosy)=y, y=0. 215. y_3=cc053x—3sinxcoszx. 216. xz(c—cosy)=y; y=0. 217. y=
2
=l y=0. 218, xy(c-Iny=1 222. Iny P 2"[ +%e2"( —%)—%e"‘].

2
x /2

223.tgy=ce 224. 2¢ T=ce T- €. 225.2(1+ y)l/2 =2x(x+51Inx)+cx. 226. (y2 +

+ 1)1/2 —ce T+ -2x+3. 22T yl/2 =ql- xz)l/4 - %(l - x2). 228. y ¥ xé + cé”.

229. ey=sinx(c+ln tg %j 230. y3 (€™ +3)=1. 231. siny=ce  +1. 232 y—3=
3 .3 . 2 -3_ 3 3
=ccos x+2sinx-3sinx. 233. x{c+In'x)+2=0. 234. y =x(9lnx+c)+5x; c=

2
== 235. y(x+c)=secx. 236. y”1=ce_X/2+cosx, y=secx. 237. cyzex-x3=y2.

238. x° + y2— 2y=ce . 239. y2+ cxy=1. 240. x+arctg (x/y)=c. 24l. y= e - 2x+3y .

4y
242. x2+y2=cy2e2x. 243. 2y=(yz—x2)lnc§:y. 244. x4—y2=cx2y. 245. y=¢ - 1.
d 2 2 kx- X+w
246.y=-2¢" 247. Z_X__ 2.y cyidsy. 249, jj(t)e dt. 250. y=

dy y

oy
=y, + 0y ¥ 251.y'—y—1y=0. 253. 1= [ p(x) d; Ym0, y=ce s gy, a() =
1

> dt

- dx - dx
=e“‘p(x)dx; z’=q(x)Jp(x) ; y=e‘[p(x) (c+jq(x)ejp(x)dxdx). 258. y-—xy':y2; y=

x 1 1
=T 259. y,=x y—x+1+cx. 260. y=35 + xe+rInjx] 261. y=-1/x+
2
1 1 3x 2 2xy+1
— 262. y=— . 263, — = 8 .y =
+x(c—ln|xl) y x+x3+c 31/2arctg K In|x|+c 264. y =X

y(ceZ/X— = x(cez/x+ 1). 265 y=u/x; = L ou=—

; v= wtl/z; w=tg (c— 3tl/2).

266.y=u/§c;x -ru—l+t/v,v 173+ t/w, w= ztV __*‘__C_E‘_P_KQLI-ZJ 269.a) y=
l-cexp(6t )
2

L ;0) xy= tg(x+c),xe(—2+c,5+c] 270.a) y= tg(ux+c)+ ; 0) y=21tg 2x+

xx+c)’
+c)+x . 272. a) c(y—x)2+x2— 1=0; 6) (x —y)2=c(x2+y2); B) x3+xy +2y=1¢.275. )=
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= [T G (x+ ) ds. 276 2,5 k1. 282. 22+ 4 )P =c. 283 xy+e=C
0

284. He mae dopmu nosunx mucepeHuians. 286. y+xy+1Inlx|= C. 287. ylnlx|= C.
288. X' = Cy 2 289. x° - y sin’x= C. 290. He mae ¢bopmu nmosHux audepenmiamia. 291. o

+§(x2—y)3/2= C. 292. (x+y)(x2-4xy+y2)= C. 293. x3+x31ny—y2= C. 294. sini—

=C 295.x+1= 2(c— 2x) sin y. 296." cos y+ ycos2x= C.297.Nx"+y +1 -

2
—arctg§= C. 298. x+yé”’=C 299. x¢ 7-y?=C 301. &P+ yDH=C 302 %-

X 1

—Ccos = +x-—
y y

1

y

2 mx

~3xy=C. 303. y+%=Ce_x. 304.y=Ce"”"+7"5;1—. 305. y'=dxy+ C. 306. X +y2=

=08, 307. Ay iexpieyt=C 308 3x’+y=C 309 xz—’;‘+y+1ny= C. 310. x+

+ycosx—-ytgy=Cy. 311. m=1/x y/x-lnx=C. 312. m= 21 2 Vx2+y2=
X +y

=Ce VI E 313 m=g) VE px-Ink|=C, y=0 (x%0). 314. m=1/x; m=

=168 - )P 315, xV1-y2 4y VI- 2 = C 316, P+ 2y-y2= C. 317, xp+ x4 =
3

=Cx+y(x+y+2). 318. x+aln(~x—:l]=C. 319. (x3+y2) Vx+y=C. 320. xsin(x+

+)=C 321 x+2y+ax(x+)=Cx+y’. 322. 4xy+ 25 Inx+ 1= Oy 323. y=
: 2
=arctg§+C. 324.x=arctg);‘+C. 326.xy=ln£2L, C>0.327. x= C—sini. 328.x6—
X
24 6 2 3 2 2
—3xy -2y =C 329. x+y)V2x-y“=C. 331. m=¢, (3xy+'%]ex=C. 332, (x-

Sy @x-y)=C 33B.m=x; ¥y -3y’ =C 334. V1+yl=xy+ C. 335 &7 (p2-

~x+)y)=Cy. 336. x2+lny=Cx3; x=0. 337. (x+21n|x|+%y2—£=C; x=0.

Vx+1+1

2 2
~ In(x +
. 4y =C. 339, In|y|-ye*=C y=0. 340, D& *y)
338. dyVx+ 1 +In =) 9. In|y|-ye , ¥=0 0 B

-—2arctg')zc= C. 341. xzyln Cxy=-1. 342. 2xy+xiy= C,x=0,y=0. 343. sin2y= Cx—xz,

x=0. 344. 3y 4xlnxy=Cx 345 xy(c-xX-yD=1, x=0, y=0.  346. x=0,
3
x\h+y2/x2+1n(y/x+‘l1+y2/x2)=c. 347. X’ - 4y*= Cy Vay, x=0, y=0. 348. m=

6x
-xX+2y 4 -3x

6x+% 6x-1)=C. 350. m= e_xezy; (x2— 2yx)e =C. 352.m=y e

6x X
=xe > ye

s
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le"lx -3+le— _c 353.m=x_5y— 3, —13— 41 5= C. 354. Bepryswi BiTHOCHO X =
3 3 3x" 2x'y
438
—xy m=x "ty S Ao o cass m=1’, %x5/2y5/2+%x3/2=C. 386, L -
7y 3x'y
6
_%=c 357. - ; 2 ax=C. 358.y=¢ j’xe dx. 359. 2 =% 360, y—b;
X 1 2x 7 ax 52 4n 4x 4 . 1
+3- 361. y=- 7€ 5e - 362.y——17e e +77sinx-7cosx. 363. y,=4x, y,=
2 2 3 2 3 4 2 3 4 5
=4fx=%}| y=x_x_+x__ y,=4 XX X y=4x_l‘,+£_2‘_+_x_
2) 3 2 47 4 2 6 24) 5 2 6 24 120/
2 2 4 248 2458
364'yl:1+7; y2=1+3+§; y3=1+7+§+X§; y4=1+2+“+ﬁ+384, ys=1+
x2 x4 x6 x8 xw x2 1
+_2—+§+R+ﬁ+ﬁ' 365.y1=—4+2x—3=y2=y3=y4=y5. 366. yl=—5+4x+
LE U ox sd @ 25 kX sd X149 25k 174 5x
2T T2t T 3Tt e T e T T 0T e T2 T
5 4 58
X 149 149 49 2 17 3 x X =1- -1-
+ 10 y5—120+120x+ 3 T3 ¥ +48+24+120 366. y,=1-cosx; y,=1
~cosx+lcos2x -l—cosx+lcos2x—lcos3x —l—cosx+lcoszx—lco 3x+
2 RN 2 6 R 2 6

4 1 2 1 3 1 4 1 5
cos X; y5—l—cosx+5cosx— oS X+ - cos x— -~ cos x. 368. Ycs IuioummHa.

24 6 24 120

éx. 370. x#1,y>0.371. y#nk, ke Z. 372. x>0, y=x. 373. x=20, |y|>]|x]|

369. y = 2

2’2

y= Cx. 383. Hi, po3r’a3ku BHM3Ha4eHl y BEDXHIl Ta HIDKHINA niBIviomuzax. 384. Mae 1.

374. {0,8; 1,2]. 376. [— 0,5; 0,5]. 378. [0,87; 1,13]. 380. ]J;ﬂ[. 382. x>0, x<0,

385.y=0. 386. Hi, ni. 388. a) x=0; 6) y=0; B) ocobmuBUX PO3B’I3KiB Hemae. 389.m e
2

€ (0, 1), y= 0. 390. Komnoro npu tg a # f(X;, ¥,), OBMH OPH 1g o = f(x;, ¥y)- 392.[y - x7 - c]

[2 —x—c]:O; y=5+

2
Vx| -o@+V[x[-)=0 mpu x=0, x=0. 396. (y—%+c](vly|—x—c)(w/m+

2
e x—%.393. DT -x- DT +x+ =0, y=0. 394. (y—

va—-

+x-¢)=0. 397. y=In(x+ Vx2—1)+c mpu x>1; y=-In(x+ Vx2—1)+c mpu x< 1.

398. (y—i](y—%]=0. 399.2)y=+a. 400.2)y=0. 403. y=0. 404. y=0. 405. 4y=x".
X
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4
406. y=0, 27y=4x3. 407. y=0, y=—4x. 408, y=4x. 409. y=%x2+c2; y=—%g.

3 2 4 3

410.y=x?+&+c2;y— 16+— 411. x=Ilnp+ 1/p;y=plnp+c. 412.x= +(2V -1+

2
+arcsin (I/|ph+c y=%p Vp ~1; y=0. 413. cx=1Incy. 414.y2=203x+ cz; 27x2y2= 1L

3 3
12 S 2 AN RN JUNY MU N I SR
415. x= Pt y=-7g +o ke x=r -t y=ep . 416. x—clny

2/3

-c2 = S(IIEy) . 417.pxy=y2+p3, y2(2p+c)=p4, y=0. 418.x=p Vp2+1, 3y=

=(2p2—1) Vp2+1+c. 419.x=2p/@2—1), y=2/(p2—1)—ln|p2—l|+c. 420.y2=2cx—
—cln(c), 2x=1+21n|y| 421. x=¢ Vp2+1—1n(Vp2+l t1)+c,y=~-ptp Vp2+1;y=0.

422.y=cx2+l/c y=12x. 423. y—cx—cz, y—x2/4. 424.y=cx~m; y2—x2=1
¥>0). 425.x=ce’ P_p+2, y= x(1+p)+p 426.y=(1/c)(x—c)2,c¢0,y=0,y=—4x.
27.xVp=In@)+c, y=Yp 4- lnp-o); y=0. 428. c3=3(cx—y); 9y2=4x3. 429. x=
=cy+c2; x=—(yz/4). 441.x2-y2=c. 442.y=ce_(X/p>. 443. xy=c. 445. x2+y2=
=8Iny+c. 446. 2y2—l=c(2x2+1). 447. (x2+y2)2=cxy. 448. y2+2x2=c(x2+y2)2.

449. y2= c(c~-2x). 450. r=c(l-cos ¢). 451. r= ce. 452. y2+ 2xy-—x2= c. 453.p=ce k",

k=tg o 454. N2+ 37 = ce™ 80" 455 p = c/(cos (0 - a)). 456.6) (0°/2)=-2In|p|+c.

485. Pixarri, y, = x. 486. Pikarri, y =2 481, Onuopinxe, x=x(y). 488. Bepnymwii,
1 15 %

x=Xx(y), 3aMiHa = Z(y). 489. Jliniitne. 490. 3pinHe 1o omuopinHoro. 491. Y moBHux
oudepenianax. 492. 3BizxHe Ko oxHOpigHOTO; X=t+ 1, y=u, ne u=u(f). 493. 3pizne o
OIHOpigHOrO;, X+ y=2z, z=2z(x). 494. 3BigHe g0 omHOpimHOIO; X=!+3, y=z-2,z=z(f).
495. Bepuywi, z=Vy,z=2z(x). 496. Jlimiime. 506. (x2 +y+Incyyy=x,y=0. 507.y=
= clnx2+ 21In x2. 508. x=p(In (1 + Vp2+ D-Inc¢p); 2y=xp —Vp2+ 1,2y=-1. 509.(y-

—ZXV - 2)(2‘4 -x2+x)=c 510. y=cz(x—c)2' 16y=x4 511. ey=x2lncx. 512.xyz=
—hlx—lncy,x 0;y=0. 513.x(y +x) = y5+§x2y3+2xy+cx x=0. 514. (u-1)«x
2

xined @-D'u+2)' =3, ne u’=%-2y"=37. 515.5=a" - D2n|F-1]+0;
p.o

y=0. 516. xz—(x—l)ln(y+l)—y=c. 517. x3=cey—y—2. 518. y+1=xlnc(y+1)

y=-1. 519. (c—x2) Vy2+ =2x. 520. Vy2+1=x(cex—l). 521.(y—x)ln[ci_

) _ .
+1]_2’
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3 2

y=x. 528. ysinxz;—+y7=c. 529. x(ey+xy)=c. 530. x(p—1)2=1n cp—p. 531. y=xtglncx;

x=0. 532. csmy—2(l+siny). 533. (x+ 1)y=x2+xlncx. 534. cy=c2ex+1;y=t2exp(§).

535.y2=(x2+c)x2x. 536. x=2p—lnp,y=p2—p+c. 537. xycosx—y2=c. 538. 2 y—x2 =
—xlnex x=y2 539. 20— Xy 4y v x=c. 540. (p-4x+2) Qx+2y-D=c 541.y’=

2

2
=(c—x3)sin3x. 542. |x|=1n(’£+ 1+L)+c; c=0. 543. x2y2—1=xylncyz; y=0.
x

544. (y-x)’=2cx+ )-c% Y- y=0.  545.27- 20 =(c- 205 y=2x.
2 452 . . c

546.3Vy =x"-14c¢ Y|x'-1|; y=0. 547. siny/x=-Incx. 548. x=—5p-3/2, y=
4

? 2 22 2 2

=c(§—l)%;y=x+2,y=0. 549. (c€" +2x" +2)cosy=1. 550, e’(cX + D)=2¢,x =€ 7.

551. y=xz, iX)z' =z 2_1. ss2. xy=2z. 553. y =xz. 554.y=xz,2' =x f(z) 555. xy=z,

ce'h+zsinx—lcosx TIpH Y < sin x,

z' §1+zf(z)) 556. xy=2z,z' = xp(x) Az). 557.y= 5 5 ? Y >

ce npH y 2 sin x.

sin x

564. y, =sinx-1, y=sinx- l+ce . 565. y = @(x), y=<p(x)—1+ce_¢(x). 566. y" =z,

2+ maz=mb. 567. y=@(x)+z 568. Hi. 569. Hi. 570. Hi. 574. a) In| x|+ c = arctg .)Zc_

L2l Ioy 12l o » 1 2
-21nI1+x2|,6)«l§arctg L& +o-1D)=g n)wl's‘arctg1+x—21n((x+1)+

2 o o2
+y )-c, r)-y+2Inly+1l|=x+¢ a)y= cx e)y —1n|x| ¢, €) r=ce; )1()7:

=-2lnlr|+c. 591. y=cxexp(-c; /x). 592. lnly|=c1(x2+x‘{1+x2+ln(x 1+x2))+

c
+¢, 593. y=c, exp (2%1+—1] 594. 2¢;c, y= c§|x|2”1+|x|2_cl. 595. In 02y=4x5/2

o + 6%
N x |V %
y=0. 596. y=c,(x+ Vx" +1). 597. y=¢, to ; y=c, y=ce . 598. y=cpxx
1
2 1 3/2
x(n(cx)" y=cx. 599. y/x=¢,-3In zoal Y=o 600. y=-2x""Incx, ¢y=

3/2

2 (czxcl +2), y=cx 601. 2c, x2y= (cx— 01)2 -1, xy=%1. 602. y= < (cnx-

;lnx+cz) 603. ylny+Inx+cy+c,=0.604. y= \/E tg(\/z—x+c2). 605. x=c;=

s
k
x
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272
xInly+ Vy2+c2| a6o y=ae™ + be . 606.!%:)&%. 607. [ dy=cx+c,
n(cy

608. cy-l=c¢,y fix. 609, y= X+ eyt 2. 610. y=c tg(c Inc,x). 611. y=

2/2 272

- ly-
=é (¢ I e’ dx+ c)- 1. 612. y=4c,tg (clx2+ ), 2In Iy
| =

ol 2 2
| =X +ecyy(c-x)=4.
<)

2 3 3 2
613. y=t Ve x+ oy +Cx+ ¢ y=cX +ex+cp 614, 6y=x Infxl=cx + ;X" +¢3x+ ¢y

2
x 2 x

615. y= yc_“—-~¢1t+cosx+clx+c2 616. y=c, xj.e' dt—%- +ex+cy 617, yz_‘.(x—
0 0

X .
_t)sintzdt+c1x+c2. 618.yzéjg(x—t)zdt+clx2+c2x+c3. 619. y=¢ + 12+c1x+
0

—t

x=t+e , 2
+¢,. 620. _ 1+§ S, t—2—1+c eA'+t—3+ct+c 621. y= Traxte,
Y1274 2 1 6Ty
X =sin 4 x=-sint
622. t sin2¢ . . t sin2t .
y=—§—T+clsmt+c2, aximio cos £ > 0; y=-3-"4 "¢ sin £+ ¢,, KO cos £ < 0.

623. y=-1—+cx+c. 624. cx—c2y=ln|cx+ll+c; 2y=x2+c; y=c. 625, y=
2 2 1 1 1 2

CLJ 628. yln|y|+

=+ arcsin (clexm) +¢y. 626. y=c¢; (xInx—-x)+c, 627. y= ;11 £ [x - 1

+x+ey+e,=0, y=c  629.2cy=(tcx+ 02)2+1. 630. (x4 \f)7+c1)3/2—3c1 4y +

31

+ep' =t 12x+ ¢y 631 (- P =x5E

X+ ¢y 632. 12(cy-x)= cl (x+ Cz) +¢y. 633. x=

=lnlp b 2cp-cy y= p+c1p+c3, =cx+c, 634. y=c (ltch(x+cy));y -ce ¥ 635. x=
3

=C1p+3p2; y=—152p5+%c1p4+cf£6~+c2; y=c. 636. 3cly=(x—cl)3+c2; y=¢ y=c-
2 2 N 2

-2 637.1n|y " +¢ £ Ny +2cp +1|=2x+¢c, y=x 1L 638. x=u-In|l+ul+c, ne

- sinx

u=tVl+4cy;, y=¢ y=ce . 639. y+eln|yl=x+cy; y=c. 640. y=e (e, +

+e [T dx). 641. y=xc,+x+¢c, In|x). 642. y=1-¢, y=-1+e . 643.y=Lx2+
1 2 1 2T

+¢,X+ ¢y, p — HaBaHTaXeHH HA OMHMINO TOBXUHH rOPU3OHTAIBHOI ITpoekiti, I — ro-

1
PM30HTAIbHA CKIANOBA CIIIH HatTAry HUTKU. 644. ay=ch(ax+c))+ ¢y a=¢/T, ¢ — Bara

OIMHMIIL TOEXHHY HUTKH, T — TOPM30HTAJIbHA CKJI4J0BA CHJIM HAaTATY HUTKH. 646. (x+
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po ]
+e) +tcy’ =1 647. y = #1,3; key’= e+ o) + k. 648, y'= 5}* G - X]; H=
ky
Pt

=y =———. 3a Io4YaToK KOOPAMHAT B3STO CcepemuHy banku. 649. v~ 11, 08 km/c;

["zé 48E1
v=l — <& 650.~ 117 rox 651.y=ﬂ+ C,. 652.y=C (xln|x|—x)+x—4+ Cx+

r |\RR-p "' ’ x 2 1 12

3

2 dx - dx
+Cy 653, y= CxX+ Cln|x|+5 + C; 654. y=C [{T2+C, 655 y=e Jre o,
+C, [P i) 656. y= C,sin2x+ C,cos’x. 65T. y= Cox+ Cp + 227 In| x|, 658. y=

2 2 2 2
= (C2+I(Cl + e dx]. 659. y= C, xln x|+ C,x+x". 660.y=¢" (c2+ cfe” dx].

2

661. y= C, sin 2x+ Czcoszx. 662.y"- bx"y=0. 663. = * /2 679. a) L(x)= Ce l/sfhl(x) dx;
(C#0), LB =f0; 6) L[a(]=0. 680. y= Cx+ CX' + Cye". 681 Xu" - xu' +u=0.

682. xu” — 6u' +xu. 683, u"=x 43420, 684. Jiniino 3anexui. 685. JlinifHoO He3aTEXHI.

686. JIiniitHo He3anexwHi. 687. Jlinintno samexwui. 688. Jliniiino 3anexui. 689. Jliniitno

sarexni. 690, Jliniitno samexui. 691. Jliniftno samexui. 692. JlinitHO He3aleXxHI.

693. Jliiiino 3amexui. 697. - 2/x (x=0). 698. ¢ . 699. —2—— (x| <n). 700. 1 -
2 !1!2 - X2

~Inx (x>0). 704. JlinifiHo HesanexHi. 705. MoxyTs OyTH SK JIHIAHO He3alexXHi, Tak i

JiHiHO 3anexHi. 706. a) W=0; 6) Hiyoro He MoXHa ckasaru. 707. JliniitHo HesaexHi.
sin x COS X x

708. Tsa. 710. (n>2). 711. y=C,; ~~ + CzT . M2.y,=C/cosx+C,e. Tl4. y, =

=x2, yy=Inx. 715, y = x2, y=Inx. 716. y"-y'ctgx=0. T17. (x- L)y"-xp'+y=0.

718y =y =0. TI9. xy" - 3xy’ +3y=0. T20. 2 +6x— 9y — (4x+6)y’' +4y=0.
789.a>0, b>0. 790. b<0 abo 520, a>0. T791. b>0,\as—2\/5. 792. a2<4b.

2, .
793. 0 21 k. 794, y= (B @ISMOI= A0 COSOL 595 o 4_ 5 coqs 796, 1= —L-sin of;
b-o)+do oCL

\scL - R°C?

CR’<4L, o= STe 797. 1=R?-Se’”“. 798. I=Asin(of-¢), xe A=
I AE— ;<p=arctg“’L'—1;/‘°—C, max A= V/R mpn o-=1/LC. 199. T=
2
R +[mL—mC)
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b K- dkm.

> >

v
=2nVm/k. 800. a) Sxuo hs 4km, 10 x = 2—0 (e(_a”),—e(_a_w), a=
il

h Nakm — 1

Vo -
6) axuo h2<4km, TO x=EOe atsinBt, a=-—,B=

2m 2m

el 2
m m 803. y—c1x+x.

c c
804. y= clx2 +;§ . 805. y= c1x+;2 . 806. y=c +c,Inx. 807. y= x(c+ cylnx+cy lnzx).

4
808. y=c;+c,Inx+ c3x3. 809. y=c¢;x+ c2x2 + c3x3. 810. y=c,(2x+ 1)+ ¢, V2x+ 1. 811. y =

c o In(x+1)

3 2
=x+l+*ﬁ' 812. y=(x+1)(c;+c;In(x+ D+ ey(x+1)). 813 y=o(x+2)y +

3

+oy(x+ 2)3. 814. 3amina x=1tgt; y \Il+x2=cl+czx. 815. y=clx2+c2x+ c3xlnx+xz—

¢ c c ¢, -
—éxlnx. 816. y= Ly z_, 3 ln(x+1) 817. y=cx+—2+c3xlnx+
2 x+1 (x+ 1)2 (x+1) 6 36 1 x
2 . 3
¢ Inx x _cos(lnx) sin(lnx) | x~ 4 3 4 _
+ + g 818. y=¢ . +0 - + 7 819. y= x+c2x +x. 820. y=

=(2x+ DIn2x+1 |+ ¢ (2x+ 1)+ c)(2x+ 1)2. 821. y= xIn’x +x(cpre,Inx). 822. y=x+c, +

+ c2x2. 823. y=-Inxcos(Inx) + ¢, cos (In x) + c;sin(lnx). 824. y= 2x3 tex+ceyxin b .

825.y=c¢ cosRQInpx )+ ¢y sin (@ |x )+ 2x. 826.y=c1x2+£(c2—-§1nx—lnzx} 827. y=
3 -2 3 2 2 ;
=cX +cx “+X Injx|-2x". 828. y=(x-2)(c,+c,Inpx-2[)+x-1,5. 829. y=cyx
3
X x+2 +C2

1+Inx d{e¥ ay) 2 2x
=x(c +(c,+Inflnxpinx)+——. 832.—(x —Z] e2 y=0. 833. d( —Z]

372
+ Cy

172

cx
.830.y= P ln——-+1 lnx(cz(x+1)) 831.y=

X+ 1 2

X+ =

2 2

4x dx dx dx
2x 2
2 d{ dy n d y 6y
— X -2)y=0. 834. —(x ]+[x——)y=0. 835. — + =0.
< dx (" dx x dx | ? (x2+6) < (x2+6)2
2
836. (V1 - < Y'Y+ y=0. 837. (xe y’)'+ne y 0. 838. (xe y')’+2nexy=0.
ql—x
2
839. ¢ e- D P Uy ol o= )Py 0. 840. 27 + —x~216—z=0. 841. 2 -
4(x"+1)
2
A% 0 842.z74z=0. 843, z"-3i"2LlL 0. 844.2742=0. 845. 2"+
- 4 7
4x" - x) x x)
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2
+n§n+1)§l—)§!+ z=0. 846. y= CISH;"*.OZCO;X, 847. y=clex+czsinx. 848. y=
1-x
2

- X
=clcosx+czex. 849.y=cl\ll+x+c2\11—x. 850. y=x cl+c2'fe—2dx‘ 851. yl=x2+
X

+1; y=cl(x2+l)+c2ex. 852. y1=x3; y=clx3+czex. 853. y1=x3—x, y=cl(x3—x)+

+¢y [6x -4~ 3(x -x)1n ZH-—}] 854. YacTUHHOIrO PO3B’A3KY Y BUIJIIAI MHOrowleHa He
2
11 “_e(pl)/z 3
icuye. y=c¢, = +-—. 835 y=(x-1|c +¢c,|—F dx| 856. y = A1(x)-l+—+
1 x x2 1 2 (x—l)2 17 2.3
5 L K J
. = Bi —
Y2356 72.3.56-.. Gk-D13k " 0=x+3 7+ 37567
kel 2
+3-4~6-7-,.. ~3k1(3k+1)+'" 3 Al(x), Bi(x) — ¢yuxkuii Eipi.  857. y1-1+;+
4 & 8 12
3x 12 5 x X
S Yy = = ... 858.y,=1-
Fgr e EXAe xS NTT3 4T3 47873478 1112
3 2 3 2 2
N=X- 5t 7589 458903 8Tl
3
2 5 . X 2 4 5 s 1 ) 1
S X T WX X Ty Xt .860.y1=;ln(1—x), n=1- 861. y, =1-
X 1 1 1
- 1-2x)/3 2. Y= . ——— Y, =T . Ly =
X, y,=(1-2x)/%. 862. y, = % V"1« 863. y, = e 1—xlnlxl 865. y,
T T | _sinx, cos x _snx, _ _cosx _
=1 " 1% In |x|. 866. y Y > N= .867.y NP S~ 868. y, =
2
X
R -2 - 1+t mEsd x. )
=y, =x| dr 869 y=x yy=lagxnTo. 80y, =65 yy=x 871y =L

— 1B

872. y,=1; y,=arcsinx. 873. y= Lz (cllz(x) + c2Y2(x)); Jp(x) =
b

® k 2k+p J(x)cospn J e 1
=Z %r(;ﬁ [x] . Y= Tpn 874. =7 (e, ,(2%) +

+6,Y,(2%). 875 y (0 = e (cl 1/2(\/_) + ¢l 1/2(\/_ x)). 876. y = Pl (cl 5/“(x) +

+ eyl 5M(xz)). 877. y=cJy 20+, ¥y (2x). 878. y=c Jy(x/3)+c, Y (x/3). 879. y=

2 4
=cd e (0. 880.y=cd 20 +cd (2. 88l y=1+5 4+

-+
22 22 . 42
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6 2 3
X 2. 0x X x 1 1 1 x X
+ﬁ+“' . 882. yy=x +5+§+...=xe. 883. y1=‘2'—;+5+—8'+%+
2°-47-6 X
Ix ¥ x3 x 2 X x4
+72‘6+ SOYEXt oot 884. y (== +l+2, V0 =x +I+Z——5+
X £-1 x 1/3 x x 23
+4'5'6+“.=6 X -—1—“2‘]. 885. yl=x 1:1+‘5‘—6+m :l, y2=x X
2 X 1 x X e vz
X|:1+8*j7+‘.—7. 1213+] 886. y1=;+1+*2*!+§+...=;, |x|
2 3 2 4 3
2x  (2x (2x) 1 x _ _sinx 1 x x
><[1+5+5 7+5_7.9+ } 887. y,=1 3'+5! == Nn=7 2'+4!+
cOs X X 2x X £ %
+...=T. 888. y= 1+x+3+T+T+ . 889.y=1+x+?—z 890. y=
£ 2 X 2 x3 x4 2
=yt e vt 891. y=x+x ~6 " a 892, y=1+2(x-1)+4(x-1)"+
25 81 4 £ X x4 2
+ 5 (x —1)+ x-D ' +.... 83 y=1+2x-F-F-".... 894.y=4—-2x+2x -
3 2 3 3
3,19 4 895, v < & % _-xj-e"d 897, 1=k 1297+ 1y 4 (12—
—2x+?x +.... 895. y=e " yy=e | —dx L=k Uy + '+ (T -n)y=0.

898. y=xz; x 2"+ + [ - (m'+ 1)lz=0. 899.y =1- x+Z(—1)

o
Yy = 1ylnx+
AR Y4
k=2 L)) 2

. @© 2 '2 » Al
Fxe Y IEYL A RED ko ggg g 2 901 W[ T|1-xf @ P

k=2 k

. 22
902. W=—S— c20. 903 W=-2SYE go5; _ KT\ _n®K 9061,
1-x mx ! !

Kn? nxk nk ’
=—7; yp=cos — . 907. A, =— (k- 1/2) 2, yk—sm(k—l/Z)— 908. i, = (lnaj -

-4 y = x sin nllcnh;x . 909. y=1-sinx-cosx. 910. y=¢ BX. 911. Hema po3p’s3kis.

912. y= 2% 913. y=x+¢ = 1/e. 914. y=€ - 2. 915. Hema poss’s3Kis. 916. y=-2¢"

~1 918 y=22. 919, y=-1l/x. 921. G=JSnscosxxel0,s];
cos s-sinx, X € [s, n].

X

917. y=e

922. G= 1-& xels 1] s(x—-1), x e [s, 1]. 17s~1, xe[s, 3]

es(e_;—l),xe (0.5} 933 G {s—l)x,xe[O b 924, G {l/x—l, xe[l, sk

=425, xe (1, s);

"2 ¢h x, x € [0, s];
()c2 - 4)/232, x e [s, 2]

925. G=

926. G= { x, xe[0,5] g7 G-

-5, X285.

-e chs,xe [s, 2].
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-1 0, s;
928. G={ ;. xe 929. G=

e , X2 8.

& (e x_ e 2, xe0,s];
-3 - eas)/Z x2s.
b

”‘s‘l)/3s xel0, 51 g3, y——((b x)j(s-a);ts)ds+(x o[- s/ ds.
s(x 1)/3x xels, 1]. *

930. G=

1+Ins, xe (0,s)

2 935. n/m, [(b— a)Vm/x] + 1. 938.a) 0,33 <
1+lnx, xe[s, 1), y=(x"+1)/2

932.G= {

<p <05 6)157<p<32 B)04I<p<1; 1)0,15<p< 12 946y = icosx—+

3 2 2
4, Y . 4 L o X 512y, L X
+0(1/x); Yy = xsm +0(1l/x). 947. y, = o cos ) +0(x 7%y, Yy= = sin 3 +

+06¢ . 948.y1’2=\j1; “/2(1+0(x ). 949.y, =&

3/2

x sin e +0(e 3J(/2). 950. y, ,=x 14 g 2x /3. 95l y,=x ¥4 cos 2 Vx + 0(x 5/4); V=

3x/2, ~x/2
cos & +0(e x ); yzzex x

2/2
(x~1)

Y, 952, y =é (20 Y4 cos (20> %/3) + 0¢¢

7/4

=x *sin2 V% + 00x 0 y,=

2
(29 sin (@0 2/3)+ 06 4. 953.  y ,= :f—;_; XA 13300+

+105,/2048%" + 00 ). 954. y= x'"* (1 + 3/64x) cos 2 V% + 3/16 \x) + 0(x >'*). 955 Pos-

B’A30K € MOHOTOHHOIO dyHKUieo. 956. y/ =y,, y; =y;, y3=Y, Be Y =), = Y, ¥=

2/2
(x-1)
=e

’ I3 ’ 14 2 ’ I’I
=y, 95T, Y/ =¥, Yy =V3 V3=V Vi=—XY, D€ Y=V, V=V ¥3=Y" ¥y=Y
dx dx2 2 dx ) ) , ,
958. —-xz, =—kx1, e X, =X, X =" 959.y/ =Yy Y3 =V Y3 =Y4 Y4 =¥, A€

' ’ ’ ’ ’ 2 [
V=Y Yo=Y’ ¥3=2, yy=2". 960. y/ =y,, ) =¥y, 3 =3y, Be Y =Y, V=V, ¥3=Z
X

yz . .
961. y/ =y, y; == -y, Rey =¥, y,=Y'. 96L. ¢, — iuTerpan, ¢, — Hi. 963. ¢, —
inTerpan, @, — Hi. 964. ¢ — inrerpan. 965. 3anexui. 966. ¢, = xy, y,=2/x. 967. ¢y, =
=y/X, Yy=2Z-X-Y. 968. y, =y/x, y,=z 969. y =sinx-siny, y,=sinx-z. 970.y,=
2 2c 2 c c
i__)Z 1% e T - = _ l -2 _1
=z, Y, = 971. y=cel”, z o xe U, y=0. 972.y= Cl+ 2 (x+cy) n (x+
)

¢
+c2)2,z——(x+02) +- . 973. y-czel, z=x+c— eclx,y=0,z=x+c. 974. y=-— ,
1 X+

z=x(c, - In[x|). 975. g-¢é= ¢ X=2Zcy~ %z). 976. y= clx+02x2, z=¢; (1-x)+ c2(2x—x2).

181



977.z¢ “+y= ¢, ze Yex= c, 978. y= czeclx, z= clczeclx. 979. y/x=c¢|, z/x=¢, 980.y=

-
=¢, z/x=¢,. 9L Ny-Vx=¢, z-Vx=c, 982. y=c, zeX/y=c2. 983, x2+y2+zz=cf,
I+ my+nz=c, 984. x=cy, xy—2‘lz_2+1=c2. 985. x2+y2+22=cl, yz=c,x. 986. x+

+z-y=c, lnbc}+§= ¢, 987. y= ¢z x—y2—22= 6,2 988.y2+22=c1, x-yz=c, 989.x=

c,cost—c sint—[}(c2+c2)
- 7, V= ! 5. 990.x=In(t+e), y=0. 991.x= 2 1 - 174 -
1+1¢ 1+1¢ (cost~ac|~PBcy) +(sin f-ac,+Be))
; 2, 2
—Gsint-ccost+a(c +c,)
r= 2 * — 7. 992.x= /2,y 0. 993. u'=u v - gx),
(cos - ac) ~ Bc,)” + (sin £ - acy + Bey) £

v'=2uv.996.y1=2—e_x, z =2-2¢ 7, y2=—1+e_x, 22=—1+2e‘x.997.y1=e2x, z, =0,

y,=0, 22—e 998. y =cosx, z,=-sinx, y2=sinx, zy=cos x. 999. x= ¢, cost—LIt”]—
sin ¢ . cos £
cost-—— —-sin—-——
-c smt+@ ‘l( sinf+c,cos f); X(H= d 1000. y’' =
2 Y ! 2 ’ sin ¢ cos ¢ "=

t

. . P X 1 .
=3y1, V) =2y2. 1001. = 3y1+y2, Y3 =3y2. 1002. » =:)?yl+'l-+—;y2, Yy, =

1 x
=-—>¥ +ﬁy2. 1003. y) =3y,, y; =3y,. 1004. y/ =2y,, y; =-2y, 1005.y/ =
+X

1+x
Y
=5y —LY Y"—LY + 5y 1006 y_gle’
R T b x==t
x=C; =Ce+Ce 5 x= € (C, cos t+ C, sin ;
1007.{ ", 1008, ¥ 1€ T 1009, 77 (1 2500
=Che . z=Ce - Ce y=¢ (Cysint- C,cos 1.
x= Ce +Ce ; z=Cle2'; s
c C - A i = C + Ces
1010. y=—le‘6‘+&e2’+—3e3’; 1011. )7 =€ (G+ Oy 1012, 1T
6 2 3 o q , z=C -4Cye
. Cle_&. x=é (C3+C2t+71 ).
y=C, + ce ™ y—ezx(C cos (3x) + C, sin (3x));
1013. b 1014. ! 2 ’
=~2C -3Ce ". z=¢ (C,sin (3x)~ C,cos (3x)).
1015 y=22_2"(Cl cos (\/§6x)+ C, sin (\Eﬁx));

=¥ (3¢~ V3 x) cos(¥3 x) + (V3 C+3 C,)sin(¥3 x)).
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x=-2Ce'-8Ce" - 3Gy, x=2C,+ Ge'+ e
1016. {y= C,e'+ 2C,¢™' + Cye™ 1017.  {y=3C, -2Ce™;
2=20,e + 10,8 +3C," 2= G+ Cye'+ 206"
x=Cje '+ (7C,+11C) cos t+(7C; - 11Cy sin 4 x= C+Cyt+ 1)+ Ce ‘.
1018. {y=-2C,e "+ (15C,+9Cy) cos 1+ (15C; - 9C,)sing; 1019. 4y=3C, ~ 2Cze ’
2=2GC¢ '+(8C; - 2C,) cos t+ (- 8C, - 2Cpsin . 2= C + Cy1+2Ce "
x= Cle'+ Ce g x=C + Cze’; x=(Cy+ C3t)e';
1020. {y=C, '+ C, & 1021.1y=3C + Cye,  1022.4y=2C €'-Q2C,+C3+2Cyne 5
2=2C,¢"-2Ce " 2= = C+(C,- Cpe. 2= Cé'-(C+ G+ Cypye .
=&, z,=0; y, =€ (cosx+2sinx), z,=-5Ssinx;
1023, 17 AT 1024, {1 o ’
¥,=0,z,=¢". y,=€ "sinx, z,=e ~(cos x-2sinx).
-1 La_a 2 2x
y1_2(1+e)9 21_2(1 e)s ylse ’zl=xe 5 Cht Sht
1025. L. 2 ) 1026. o 1027. (3 S
y2=5(l-—e ) z2=-2—(1+e2)3. y2=0; Z,=¢€ .
. (3 ) (3: (2 2 _
1028, ( cost sin ’} 1029. € 91 1030, 1€ °,1 1031. (¢ €| 1032 (1 4).
-sint cost 0 e 0 ¢ 0 ¢ 1 3
226
110 € e 1 2t
1033.10 1 0 1034.| , 3| 1035 x= Cle"(1]+ Cze_t[ ] 1036. x=C, &"'x
00 ¢ € e 20-1
2
00 e

cos 2t 1 sin 2t _ 2t (1 -t 1 _ 2t
x(cos2t+sin2tj+cze(sin2t—cos2t)'1037'x_cle (1)+C2e (_2} 1038. x=C; e x

1 31(0 1 -0 2t(1 2:(0
x(o)-i- Ce (l) 1039. x=C, (0J+ Cye (1) 1040. x=C, ¢ (tJ+ C,é (l] 1041. x=

Il 1 _ 1 10 2cost 2sint
=Ce|0|+C 1|+ Cye |1} 1042. x=C e |1|+C, 2cost + Gy 2sint .
1 1 2 1 3cost—sint 3sint+cos

4 1 tcost—sint 'cost+sint 1
1043. x=C,e I{+Ce cos ¢t +Cye sin? | 1044. x=C, |-1}+
-1 sin £ —cos ¢t 1

0 1 2 1 2
+ G| 1|+ Ce|r+1] 1045.x=C e f|o|+ e |1|+ | 20 | 1046, x=C, x
-1 -1 1 1 241
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1052.

1055.

1057.

1038.

1060.

1062.

1066.

1067.

1069.

1 _,0 _’t+1 o 1 2,1 2 2t+1
-1[{+C,e "|1|+C;e t | 1047. x=C e |-1(+C,e [0|+C, ¢ t |
0 1 2t 0 1 3t

-t
XE[

1048.

2

1 t t
x=C, [1J+ Cle-11+ G222 1049, e 1050. 1. 1051 e
2 2t+1 Py
1
=— (0N (] 1); - ~
y xz(cl+ 5 (Inx+1); y=Ce l/x+2C2e s,
e. 1053. 1054. i i
- 1 1/x 2/x
z=-=(C,+ G lnx). z=-(Cle ""+Ce 7).
X
y= P (C, cos (Vx) + C, sin (Vx)); 1056 x= 3C1e'+ 3C2e"'+ Cycost+ C,sinf
z=e2\&(Cl sin(wf';)—Czcos(\I;). ) y= Clet+ Cze"+ Cycos £+ Cysinz.

x==2¢(Cy+ Cy+ Cy-2¢ (G- C, + C oty
y= e'(C1 +Cyn+ e_'(C3+ C,.

!

x= e'(Cl cos £+ C,sint) +e(Cy eos t+ C, sin #); x= Cle'+ 2Ce ‘v 2C3e_2;

] —t . 1059' ! -2t
y=e (C;sint- Cycos h+e(C, cost- Cysind). y=Ce+Cspe ".
x=3Ce " 1061 x=2C, &' +2C, & ¥+ Cycos 2 +2C, sin 20);
y=Ce . ' y=3C, &' -3¢, ¢ - 2C;sin 20) + C, cos (2.
51, Ay P At ~ x=-e ;
x=Q@-130 2% 63, ¥= Ce, (17200 1o6q, (X=4€ 120 5 q065.0 _ ot
y=G5t+ e y=e ~ (1+29. y=—-e-e . 70 ’

x=C|cos t+ C,sin f+#(cos f+sin £) + (cos £~ sin ) In [cos ¢|;
y=(C, - Cpcost+(C,+ Cysint+2cos fln|cos £| + 2 sin t.

x=C, cos t+ C,sint+1tg (D 1068 x=C +2C, ey 2e'tln|e'— 1]

y=-Cysint+ Cycos £+2. y=—2Cl—3C2e_’—3e”lln|e,—1|.

2% X - X,
y=2¢ +Ce+Cye ’;

o LT 1070.x=3Ce'+ Che +3sint;  y=C 1+Cye ~cost+
z=9¢ +3Ce+Che "

+2sint. 1071, x=2C,¢"- 2C, - 61+ 1; y=3C,e"s C,+ 36 1072 x= C\e'+3C,e" + cos -

~2sint;y=C é+2C, % 2cos t-2sins. 1073,
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1 3t ¢ .
x=Ce+C,e +e(2cost-sini);

y=C é- c, e3t+ e’(3 cos £+ sin #).



! . ¢
x=Cecost+ Coesint+e+1+ 1;

1074. . . '
y=Cie(-cost-sinf)+ C,e (cost—sinf)~2e -2r- L.
x=C cost+ Cysint+310— 1~ 1;
1075. 2
y=C;sint-Cycost+1 +2.
x= Cle'+ Cysint+ Cysinfy z=1+ C,sinf+ Cycos f, ot 2
1076. 1077. x=e (Cjz"+ Cyt+

y=1t- Cle'+ C,cost~ Cysint.
2 y —t 3t 2
+CY+1"-3t+3; y=e (-2C - C)+t; z=2Ce +t-1. 1078. x=Cie +3t"+ 2+

+Cy y=-CE 460 -2+2C,-2. 1079, x=Ce+3Ce" —¢ '—ae¥, y=cC'+

3t

+Cet'-2¢ ' 26" 1080. x=Cpe'+ Cye 't r'— 17~ 2 y=Cle'- Ce T+ (t- De' - 2t

1081. x=Ce'+ G+t & y=- Cl'+ C &' -t + e~ 2", 1082. x=Ce'+ Cy;

y=(Ct+ C3)e’—t—1—C2; z=y—CIe'. 1083. x=—(22+sint+cost—e_'); y=cost-

-2¢'+2. 1084. x=—%t—%; y=%t—~g~. 1085. x= &'+ & +17+1; y=2e"+1+1.

1086. Cimo. 1087. Bysosn. 1088. Byson. 1089. ®oxyc. 1090. Cimo. 1091. BupomxeHnuit
Byson. 1092. Hentp. 1093. Byson. 1094. Juxpuruunuit syson. 1095. @okyc. 1096. Axio
y > 0 anasor ciita, y < 0 — Byana. B x 2 31 B k a: IIoGyTyBaTH KUTbKa i30KJIMH Ta JOCTiINTH,
K caMe IHTerpajibHi KpHBi Bézxyrb cebe mobm3y ocobmmBol Toukn. 1097. JIBi inrerpaibui
KPUBI IIPOXOMIATH Yepe3 OcOOJIMBY TOYKY, TOPKAIOYMCh ONHA OIHOI; pelIta — rimepOosu.
1098. Byson. 1099. ®oxyc. 1100. Ilentp. 1101. IIpsama ocobausmx Touyok. 1102. Bupon-
xenuit Bysosx. 1103, Cimro. 1104. Buponxenuit Byzon. 1105. IIpssMa ocobimBUX TOYOK.
1106. (1, — 2) — doxyc. 1107. (1, 0) — aukpurnyuuit Byson, (— 1, 0) — ciwro. 1108. (0,
— 1) — BupomKeHuit By3on, (2, -~ 3) — cimio. 1109. (4, 2) — By3ox, (- 2, ~ 1) — doxkyc.
1110. (1, 1) — doxkyc, (—- 1, — 1) — cimno. 1111. (2, 4) — By3ox, (- 1, — 2) — dokyc.
1112. (2, 2) — By3on, (-2, 0) — cigno, (- 1, — 1) — ¢okye. 1113. (3, 0) — dokyc, (1, 1)
— sy3ox, (— 1, 1) i (-~ 3, 0) — cimma. 1114. (1, 2) — Byson, (2, -1) — dokyc, (2, 1) i (-2,
1) — ciwra. 1115, (0, 1) i (0, — 1) — cimna, (-1, 0) — doxkyc, (3, 2) — Byson. 1116. (- 2,
4) — Byson, (1, 1) — doxye, (2, )i (-1, 1) — cimra. 1117. (2, 1) — sy3o0n, (1, 2) —
cimno, (- 1, — 2) — dokyc. 1118. (1, - 1) — dokyc, (0, — 2) — ciwro, (- 2, 2) — By30L
1119. (1, 1) — dokyc, (- 1, — 1) — cimno. 1120. (0, 1) 1 (0, —1) — cimxna, (1, 0) — doxkyc,
(-3,2) —syson. 1121. (1, - 1) i (— 1, 1) — cimna, (3, 3) i (-3, — 3) — By3:mu. 1122. (0,
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0) — doxyc, (7, 1) — Bysomn, (0, 8) i (3, — 1) — cigma. 1139. a) Hecrilixi, 6) HecTiiixi.
1140. a) AcumnrornyHo criifiki, 0) acumnroTIdHO crifiki. 1141. a) ACUMIITOTHYHO CTifiKi,
6) Hecrifixi. 1142. Hecrifixuit. 1143. Crisikuit.  1144. Criiikuit. 1145, Hecrifixuii.
1146. Acumnrornuno criikuit. 1147. Hecriitkuit. 1148. Hecridtxkmit. 1149, Hecrifikuii.
1150. AcumnroruyHo criikuit. 1151, Crifikuit. 1152. (2nk, 0) — crijiki, ((2k + D)x, 0) —
Hecrifiki. 1153. (1, 2) i (2, 1) — Hecrifiki. 1154. (2, 3) — necriitkui, (- 1, 0) — cTiftxuii.
1155. (2nk, — 1) — crifixmit, ((2k + L)n, — 1) — necrisikuit. 1156. (2nk, 0) — HecTiitkuii,
(2k+ Dr, 0) — crifixuit. 1157, (1, 1) — wnecridikmii, (- 4, — 4) —  crTifixuit
1158. (- 1, 2rk) — crifignit, (- 1, 2k + 1)r) — Hecrifikuit. 1159. (0, 0) — necridicwmit, (1,
2) — crifikuit. 1160. (2nk, 0) — crisikuit, (2rk+7n,0) — criitkmit. 1161. a<— 1.
1162. -2 <a<-1. 1163. a<b<—-1. 1164. ab<—-3. 1165. ~be<a<—-e. 1166.0<a< 2.
1167. Crisixkuir. 1168. Hecriiixkuit. 1169. Criitkmit. 1170. Hecriitkmit. 1171. HecTijiknit.
1172. Criikuit. 1173. Crisikuit. 1174, Crifikwit. 1175, Crisikmit.  1176. HecTiftkmit.
1177. Critixuit. 1178. Hecrivixuit. 1179. Crijikmit. 1180. Hecriitkuit. 1181. Hecriftknmit.
1182. Hectiiikuit. 1183. a>0, b>0, ab>2. 1184. 3a>b>0. 1185. 0 <a<2. 1186. He-
crifixnit mpu Beix a. 1187. a>0, >0, a+b<1. 1188. b>0, a>b+1. 1189.a>0,

b>0, 8a-a’b>4. 1190. a>2, b>0, 2ab—b5°>4. 1191. 2ab < 1. 1192. a) Hecrilixuik;

6) criiikuit; B) HecTiKMi; I) HeCcTiliKMM; i) HecTIAKUE; e) crifikmit. 1193. a=b=0, -4 <

. p e
<ab<0.1198. Hi. 1200. a+d<0, ad-bc>0. 1201. u=(dx~ by)’+ 2d | f(x) dx - bex’ =
0

=(dx-by)2+2j(df(x)—bcx)dx; 1)=—2(ﬂ§2+d] (bc—ﬂx)—‘) d}rz; dﬁx)—q—bc>0 mpu x = 0;

X
0

x y
ﬂx2‘2+d<0np" x#0. 1202. v= {f(x)dx+£§(% dy; b=~y%2)2. 1203. v = u(x) - u(0) +

2 2
+%,11e x=p, p=-uw@). 1204. z=f(C+yI). 1205.u=f[-"—;2,5ﬁzL22L} 1206. z =

2 2 2 1 1 1 1
= . . -y, x- =0.1208. F|—+=, ——+={=0. Lzy=
SOy+y®). 1207. F(x —-y", x~y+2) (x+y+z x_y+z) 0. 1209. zy

=xz+y)FO)+xp. 1210, z=asin(xy+F@J. 1211. F=yF (£J~x2—y2. 1212. u=

=e” F(x-y). 1213. (D(x—a’ y—_-IZJ=0. 1214. ax+by+zz=F(x2+y2+zz). 1215. u=

u~¢ u-c¢
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(3 2
=e‘”"p[l-l, l—i). 1216. z=yFL'L2+y. 1217. 2= 2+ N 4318, 0 (x- 3y x
y x'z x x 3y x

]

x34x+y+z+u, (y—u)sx/x+y+z+u, (z—u)3Vx+y+z+u)=0. 1219. F[e_x—-;-

z+ﬂ'Z =0. 1220. yz—-xz—ln ‘Jy2—x2=z—ln(y). 1221. (x+ 2y)2= 2x (z+ X))z — xy.
- X
PRl

< =

1222. Y% sin x= sin‘{%. 1223.z=yex—e2x+1. 1224.z=y2e2\[x__2. 1225. u=(1-x+
y

+))2-2x+2). 1226. u=(xy-2z)[i‘+¥]. 1227. 20 (p+ D=y +4z-1. 1228. y% x

xsinx:sin\(%. 1229. x~2y=z+x2+y2. 1230. ((yzz—2)2—x2+z)y22= 1. 1231. 7+
2 2 2 2 2 3 .
+x =50z-y). 1232. 3(x+y+2) =x +y " +2.1233. (1 +y2) =3yz(1 +yz-x). 1234, u=
x

2
S(l+x-))2-2y+2). 1235. u=@-y*-Lin|1-2| 1236. u=x’ -+ 1. 1237. u=
2 2

2
=x+y-1+¢€”. 1238.u=1+ %}; L 1239.2¢° + = z(x2 + y2 + 22). 1240. Koma, gxi 1exath

. 2
B IUIOILMHAX, NMapaJle/IbHUX TUIOMMHI z= 0, 3 nenrpoM Ha OZ. 1241. f(x - y2, 2x2 +22) =
z-z,

oz oz
=0. 1242. (x—xo)a+(y_y0)a_y=z_z

0 =f {%‘;) . 1243. F(bx— ay, cx—- az) = 0.

X - X,
2 2. 2 £z 2
1244. X +3y " +Z +3xy+xx+3yz=1. 1245. F [7 s ;)=0. 1246. z= Cxy~. 1247. Pos-

B’s3KiB Hemae. 1248. z=0. 1249. x3y22= C. 1250. z= y2— xy. 1251. xzyz+x3 =C, x=0.
1252. z=Cxp’. 1253, z=0. 1254. z=ax+by+o(a,b). 1255. z=2 \/}Z-§+ b.

1256, - Lo - TXEY 4 1287, arctgz=— Bt 4 b 1258, - (az+ 1P = ax+ y+ b. 1259, z=
z a+l a+l 2a

2
=—a—2+alny+b.
3x
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