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�« ¢  1

�������� �������������

�®¬¡¨­ â®à¨ª  { à §¤¥« ¬ â¥¬ â¨ª¨, ¯®á¢ïé¥­­ë© à¥è¥­¨î § ¤ ç ¢ë-

¡®à  ¨ à á¯®«®¦¥­¨ï í«¥¬¥­â®¢ ­¥ª®â®à®£® ¬­®¦¥áâ¢  ¢ á®®â¢¥âáâ¢¨¨ á § -

¤ ­­ë¬¨ ãá«®¢¨ï¬¨. �«¥¬¥­âë ª®¬¡¨­ â®à¨ª¨ ¢áâà¥ç «¨áì ¢ âàã¤ å ¬ â¥-

¬ â¨ª®¢ �à¥¢­¥£® �®áâ®ª  (ç¨á«® á®ç¥â ­¨©, ¡¨­®¬ �ìîâ®­ ). �.Ǳ áª «ì

¨ Ǳ.�¥à¬  ï¢«ï«¨áì ®á­®¢®¯®«®¦­¨ª ¬¨ ª®¬¡¨­ â®à¨ª¨ ª ª à §¤¥«  ¬ -

â¥¬ â¨ª¨. �®«ìè®© ¢ª« ¤ ¢ à §¢¨â¨¥ ª®¬¡¨­ â®à¨ª¨ ¢­¥á«¨ �.�¥©¡­¨æ,

�.�¥à­ã««¨, �.�©«¥à, �.�®««, �.Ǳ®© , �.�¨«ã®àá.

1.1 Ǳ¥à¥áâ ­®¢ª¨, á®ç¥â ­¨ï, ¯®«¨­®¬¨ «ì­ ï â¥®à¥¬ 

� áá¬®âà¨¬ ª®­¥ç­®¥ ¬­®¦¥áâ¢® M = fa1; : : : ; ang; á®¤¥à¦ é¥¥ n í«¥-

¬¥­â®¢. �®ç¥â ­¨¥ { ¯®¤¬­®¦¥áâ¢® M; â.¥. ­¥ª®â®à ï ­¥ã¯®àï¤®ç¥­­ ï

¢ë¡®àª  à §«¨ç­ëå í«¥¬¥­â®¢ ¨§ M: �¡®§­ ç¨¬ ç¥à¥§ Ck
n (¨«¨ ç¥à¥§

�n
k

�
)

ç¨á«® ¢á¥å á®ç¥â ­¨©, á®¤¥à¦ é¨å k í«¥¬¥­â®¢. �àã£¨¬¨ á«®¢ ¬¨, Ck
n {

ç¨á«® ¢á¥å k-í«¥¬¥­â­ëå ¯®¤¬­®¦¥áâ¢ n-í«¥¬¥­â­®£® ¬­®¦¥áâ¢  M:

�â¢¥à¦¤¥­¨¥ 1. Ck
n =

n!
k!(n�k)! :

�®ª § â¥«ìáâ¢® ¯à®¢¥¤¥¬ ¨­¤ãªæ¨¥© ¯® ç¨á«ã n � k:

�á«¨ n = k; â® Ck
k = 1 = k!

k!0!
: Ǳà¥¤¯®«®¦¨¬ ¨áâ¨­­®áâì ­ è¥© ä®à¬ã«ë

¤«ï n-í«¥¬¥­â­ëå ¬­®¦¥áâ¢. �®ª ¦¥¬ ¥¥ á¯à ¢¥¤«¨¢®áâì ¤«ï ¬­®¦¥áâ¢ 

A = fa1; : : : ; an; an+1g; á®¤¥à¦ é¥£® (n+1) í«¥¬¥­â®¢. � ¦¤®¥ k-í«¥¬¥­â­®¥



¯®¤¬­®¦¥áâ¢® A «¨¡® á®¤¥à¦¨â an+1; «¨¡® ­¥ á®¤¥à¦¨â an+1: �¨á«® ¯®¤-

¬­®¦¥áâ¢ ¯¥à¢®£® â¨¯  à ¢­® Ck�1
n ; â.ª. ª ¦¤®¥ â ª®¥ ¯®¤¬­®¦¥áâ¢® ®¤­®-

§­ ç­® ®¯à¥¤¥«ï¥âáï á®ç¥â ­¨¥¬ ¨§ (k � 1) í«¥¬¥­â  ¢ fa1; : : : ; ang: �¨á«®
¯®¤¬­®¦¥áâ¢ ¢â®à®£® â¨¯  à ¢­®, ®ç¥¢¨¤­®, Ck

n: �«¥¤®¢ â¥«ì­®, C
k
n+1 =

Ck
n + Ck�1

n = n!
k!(n�k)! +

n!
(k�1)!(n�k+1)! =

n!
(k�1)!(n�k)![

1
k
+ 1

n�k+1] =
(n+1)!

k!(n+1�k)!: �¡®-

§­ ç¨¬, ¤ «¥¥, ç¥à¥§ Pn ç¨á«® ¢á¥å ã¯®àï¤®ç¥­­ëå n-®ª f(ai1; : : : ; ain); aij 2
M;ais 6= aitg ¬­®¦¥áâ¢  M: � ª¨¥ n-ª¨ ¬ë ¡ã¤¥¬ ­ §ë¢ âì ¯¥à¥áâ ­®¢ª -

¬¨. �®ª ¦¥¬, çâ® Pn = n!: �®á¯®«ì§ã¥¬áï ¬¥â®¤®¬ ¬ â¥¬ â¨ç¥áª®© ¨­-

¤ãªæ¨¨. �á«¨ n = 1; â® P1 = 1 = 1!: Ǳà¥¤¯®«®¦¨¬ ¨áâ¨­­®áâì ¨áª®¬®£®

à ¢¥­áâ¢  ¤«ï n-í«¥¬¥­â­ëå ¬­®¦¥áâ¢ ¨ ¤®ª ¦¥¬ ¥£® á¯à ¢¥¤«¨¢®áâì ¤«ï

(n + 1)-í«¥¬¥­â­®£® ¬­®¦¥áâ¢  A = fa1; : : : ; an+1g: �­®¦¥áâ¢® ¢á¥å ¯¥à¥-

áâ ­®¢®ª í«¥¬¥­â®¢ A ¬®¦­® à §¡¨âì ­  (n+1) ­¥¯¥à¥á¥ª îé¨åáï ª« áá®¢

C1; : : : ; Cn+1: �¬¥­­®, ®â­¥á¥¬ ¢ ª« áá Ci â¥ (¨ â®«ìª® â¥) ¯¥à¥áâ ­®¢ª¨,

ª®â®àë¥ á®¤¥à¦ â an+1 ­  i-¬ ¬¥áâ¥

(aj1; aj2; : : : ; aji�1; an+1; aji+1; aji+2; : : : ; ajn+1):

�á­®, çâ® jCij = n! ¨ Pn+1 = jC1j+ jC2j+ � � �+ jCn+1j = (n+1) �n! = (n+1)!:

�¡®§­ ç¨¬ ç¥à¥§ P r
n ç¨á«® ¢á¥å ã¯®àï¤®ç¥­­ëå ¢ë¡®à®ª, á®¤¥à¦ é¨å r

à §«¨ç­ëå í«¥¬¥­â®¢ ¬­®¦¥áâ¢  M (¨­®£¤  íâ® ç¨á«® ®¡®§­ ç ¥âáï ª ª

P (n; r); Ar
n ¨«¨ nPr): �¨á«® ¢á¥å r-í«¥¬¥­â­ëå ¯®¤¬­®¦¥áâ¢ M à ¢­® Cr

n

¨ ª ¦¤®¥ â ª®¥ ¯®¤¬­®¦¥áâ¢® ¯®à®¦¤ ¥â r! ã¯®àï¤®ç¥­­ëå ¨áª®¬ëå ¢ë-

¡®à®ª, â.¥. P r
n = Cr

n � r! = n!
(n�r)! : Ǳ®¤áç¨â ¥¬ ç¨á«® ¢á¥å ã¯®àï¤®ç¥­­ëå

r-¬­®¦¥áâ¢ f(a1; : : : ; ar); ai 2 Mg: � ¦¤ ï ª®®à¤¨­ â  (­¥§ ¢¨á¨¬®) ¯à®¡¥-
£ ¥â ¢á¥ ¬­®¦¥áâ¢® M: Ǳ®íâ®¬ã ç¨á«® ¢á¥å â ª¨å r-¢ë¡®à®ª à ¢­® nr:

� ¬¥ç ­¨¥. �§ ¯à¥¤ë¤ãé¥£® á«¥¤ã¥â, çâ® ç¨á«® ¢á¥å ¯®¤¬­®¦¥áâ¢

n-¬­®¦¥áâ¢  (â.¥. n-í«¥¬¥­â­®£® ¬­®¦¥áâ¢ ) à ¢­® (C0
n+C

1
n+ � � �+Cn

n): �¥-

ã¯®àï¤®ç¥­­ ï á®¢®ªã¯­®áâì ¨§ r í«¥¬¥­â®¢ fa1; a2; : : : ; arg ¬­®¦¥áâ¢  M
(­¥ ®¡ï§ â¥«ì­® à §«¨ç­ëå) ­ §ë¢ ¥âáï r-¢ë¡®àª®© ¨§ M: �¢¥ r-¢ë¡®àª¨

à ¢­ë, ¥á«¨ ª ¦¤ë© í«¥¬¥­â ¢å®¤¨â ¢ ®¡¥ ¢ë¡®àª¨ ®¤¨­ ª®¢®¥ ç¨á«® à §.

r-¢ë¡®àª , á®¤¥à¦ é ï ª ¦¤ë© í«¥¬¥­â ®¤¨­ à § ï¢«ï¥âáï r-¯®¤¬­®¦¥áâ¢®¬
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¨«¨ r-á®ç¥â ­¨¥¬.

�â¢¥à¦¤¥­¨¥ 2. �¨á«® r-¢ë¡®à®ª ¨§ n-¬­®¦¥áâ¢  à ¢­® Cr
n+r�1:

��������������.

ǱãáâìM = f1; 2; : : : ; ng ¨ M� = f1; 2; : : : ; n; n+1; : : : ; n+ r� 1g: �®®â¢¥â-
áâ¢¨¥ fa1; a2; : : : ; arg  ! fa1+0; a2+1; : : : ; ar+(r�1)g; £¤¥ a1 � a2 � � � � � ar,

ï¢«ï¥âáï ¡¨¥ªâ¨¢­ë¬ á®®â¢¥âáâ¢¨¥¬ ¬¥¦¤ã ¬­®¦¥áâ¢®¬ ¢á¥å

r-¢ë¡®à®ª ¨§ M ¨ r-á®ç¥â ­¨© ¨§ M�: Ǳ® ãâ¢¥à¦¤¥­¨î 1, ¨áª®¬®¥ ç¨á«®

à ¢­® Cr
n+r�1:

Ǳ®¤áç¨â ¥¬ ç¨á«® à §«¨ç­ëå ¯¥à¥áâ ­®¢®ª á¨¬¢®«®¢

a; : : : ; a| {z }
�1

; b; : : : ; b| {z }
�2

; : : : ; c; : : : ; c| {z }
�k

;

£¤¥
kP
i=1

�i = n: �¨á«® ¢á¥å ¯¥à¥áâ ­®¢®ª á¨¬¢®«®¢

a1; : : : ; a�1; b1; : : : ; b�2; : : : ; c1; : : : ; c�k

à ¢­® n!: �â®¦¤¥áâ¢«ïï a1 = � � � = a�1 = a; ¬ë ã¬¥­ìè ¥¬ íâ® ç¨á«® ¢ �1!

à §; ®â®¦¤¥áâ¢«ïï, ¤ «¥¥, b1 = � � � = b�2 = b; ¬ë ã¬¥­ìè ¥¬ ¯à¥¤ë¤ãé¥¥

ç¨á«® ¥é¥ ¢ �2! à § ¨ â.¤. Ǳ®íâ®¬ã ¨áª®¬ë¬ ç¨á«®¬ ¡ã¤¥â

P n(�1; : : : ; �k) =
n!

�1!�2! : : : �k!
:

�â¢¥à¦¤¥­¨¥ 3 (¯®«¨­®¬¨ «ì­ ï â¥®à¥¬ ).�¯à ¢¥¤«¨¢® á«¥¤ãîé¥¥

à ¢¥­áâ¢® ¬­®£®ç«¥­®¢

(x1 + � � � + xk)
n =

X
�1+���+�k=n

n!

�1! : : : �k!
x�11 x

�2
2 : : : x�kk :

��������������. � áá¬®âà¨¬ «¥¢ãî ç áâì p ¢¥­áâ¢ 

(x1 + � � �+ xk)
n = (x1 + � � �+ xk) : : : (x1 + � � �+ xk| {z }

n

) =

=
X

�1+���+�k=n
A(�1; : : : ; �k)x

�1
1 � � �x�kk ;

9



£¤¥ ª®íää¨æ¨¥­â A(�1; : : : ; �k) à ¢¥­ ç¨á«ã ¢á¥å â ª¨å ­ ¡®à®¢

(�1; : : : ; �k); çâ® �1+ � � �+�k = n: Ǳ®¤áç¨â ¥¬ íâ® ç¨á«®. Ǳ¥à¥¬¥­­ãî x1

¬®¦­® ¢ë¡à âì ¢ �1 ¬­®¦¨â¥«ïå (¨§ n ¢®§¬®¦­ëå!), â.¥. C�1
n á¯®á®¡ ¬¨.

Ǳ¥à¥¬¥­­ãî x2 ¬®¦­® (­¥§ ¢¨á¨¬®) ¢ë¡à âì ¢ �2 ¢ ®áâ ¢è¨åáï (n � �1)

¬­®¦¨â¥«ïå ¨ â.¤. � ª¨¬ ®¡à §®¬,

A(�1; : : : ; �k) = C�1
n � C�2

n��1 � � � �C
�k
n�(�1+���+�k�1) =

= n!
�1!(n��1)! �

(n��1)!
�2!(n��1��2)! � � � �

(n�(�1+���+�k�1))!
�k!0!

= n!
�1!�2!:::�k!

:

� ç áâ­®áâ¨, (x1 + x2)
n =

nP
k=0

Ck
nx

k
1x

n�k
2 { ª« áá¨ç¥áª ï ä®à¬ã«  ¡¨­®¬ 

�ìîâ®­ .

������

1). �¨á«® ¢á¥å ¯®¤¬­®¦¥áâ¢ n-¬­®¦¥áâ¢  à ¢­® 2n:

�����H��. �®á¯®«ì§®¢ âìáï à ¢¥­áâ¢®¬

(1 + 1)n =

nX
k=0

Ck
n:

2). �®ª § âì, çâ®

C0
n + C2

n + C4
n + � � � = C1

n + C3
n + C5

n + � � � :

�����H��. � áá¬®âà¥âì ¡¨­®¬ (1� 1)n = 0:

3). �®ª § âì à ¢¥­áâ¢® Cm
r+s =

mP
i=0

C i
rC

m�i
s :

�����H�� 1. � áá¬®âà¥âì â®¦¤¥áâ¢®

(1 + x)r(1 + x)s = (1 + x)r+s:

�����H�� 2. � áá¬®âà¥âì ç¨á«® á¯®á®¡®¢ ¢ë¡®à  ª®¬¨áá¨¨ ¨§ m ç¥-

«®¢¥ª ¢ £àã¯¯¥, á®áâ®ïé¥© ¨§ r ¦¥­é¨­ ¨ s ¬ã¦ç¨­.

4). �ª®«ìª® à §«¨ç­ëå ¯ïâ¨§­ ç­ëå ç¨á¥« ¬®¦­® á®áâ ¢¨âì ¯à¨ ¯®¬®é¨

æ¨äà 1,2,3 ?

�����: 35:

5). �ª®«ìª® à §«¨ç­ëå á¥¬¨§­ ç­ëå ç¨á¥« ¬®¦­® á®áâ ¢¨âì ¨§ æ¨äà
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2,2,3,3,3,0,4?

�����: 7!
2!3!
� 6!

2!3!
= 360:

6). � ®à ­¦¥à¥¥ ¨¬¥îâáï æ¢¥â  10 ­ ¨¬¥­®¢ ­¨©. �ª®«ìª¨¬¨ á¯®á®¡ ¬¨

¬®¦­® á®áâ ¢¨âì ¡ãª¥â ¨§ 20 æ¢¥â®¢?

�����: C20
10+20�1 = 10015005:

7). �§ £àã¯¯ë, á®áâ®ïé¥© ¨§ 7 ¬ã¦é¨­ ¨ 4 ¦¥­é¨­, ­ ¤® ¢ë¡à âì

6 ç¥«®¢¥ª â ª, çâ®¡ë áà¥¤¨ ­¨å ¡ë«® ­¥ ¬¥­¥¥ 2-å ¦¥­é¨­. �ª®«ìª¨¬¨

á¯®á®¡ ¬¨ íâ® ¬®¦­® á¤¥« âì?

�����: C2
4 � C4

7 + C3
4 � C3

7 + C4
4 � C2

7 = 371:

8). � ©â¨ ç¨á«® ¢á¥å ­ âãà «ì­ëå ¤¥«¨â¥«¥© ç¨á«  n = p�11 � � � p�ss , £¤¥
p1; : : : ; ps { à §«¨ç­ë¥ ¯à®áâë¥ ç¨á« .

�����: (�1 + 1) � � � (�s + 1):

9). �®ª § âì, çâ®
nP
k=1

Ck
n � k = 2n�1 � n:

�����H��. � áá¬®âà¥âì f(x) = (1 + x)n ¨ ¥¥ ¯à®¨§¢®¤­ãî f 0(x):

10). �®ª § âì à ¢¥­áâ¢®

4 �
X
k

C4k
n = 2n + 2

n
2
+1 � cos�n

4
:

�����H��. � áá¬®âà¥âì à ¢¥­áâ¢®

(1 + 1)n + (1 + i2)n + (1 + i)n + (1 + i3)n = 4 �
X
k

C4k
n :

11). �§ ª®«®¤ë, á®¤¥à¦ é¥© 52 ª àâë, ¢ë­ã«¨ 10 ª àâ. � áª®«ìª¨å á«ãç ïå

áà¥¤¨ íâ¨å ª àâ ®ª ¦¥âáï:

 ) å®âï ¡ë ®¤¨­ âã§;

¡) à®¢­® ®¤¨­ âã§;

¢) ­¥ ¬¥­¥¥ 2-å âã§®¢;

£) à®¢­® 2 âã§ .

�����:

 ) C1
4 � C9

48 + C2
4 � C8

48 + C3
4 C

7
48 + C4

4 � C6
48; ¡) C1

4 � C9
48 ¨ â.¤.
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1.2 �¥ªãàà¥­â­ë¥ á®®â­®è¥­¨ï ¨ ¯à®¨§¢®¤ïé¨¥ äã­ªæ¨¨

Ǳãáâì F { ­¥ª®â®à®¥ ¯®«¥ ¨ fu0; u1; : : : g { ¯®á«¥¤®¢ â¥«ì­®áâì ç¨á¥« ¨§

F: �ª ¦¥¬, çâ® íâ  ¯®á«¥¤®¢ â¥«ì­®áâì ï¢«ï¥âáï à¥ªãàà¥­â­®© ¯®àï¤ª  r;

¥á«¨ áãé¥áâ¢ãîâ ç¨á«  a1; : : : ; ar 2 F â ª¨¥, çâ®

ur = a1ur�1 + a2ur�2 + � � �+ ar � u0;

ur+1 = a1ur + a2ur�1 + � � �+ ar � u1;

: : : : : : : : :

un+r = a1 � un+r�1 + � � � + ar � un;

: : : : : : : : :

£¤¥ n = 0; 1; 2; : : : : �«ï à¥ªãàà¥­â­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ fung ¬­®£®ç«¥­
f(x) = xr � a1xr�1 � � � � � ar = (x� �1)

e1 : : : (x� �s)es; £¤¥
sP
i=1

ei = r;

�1; : : : ; �s 2 �F; ­ §ë¢ ¥âáï å à ªâ¥à¨áâ¨ç¥áª¨¬ ( �F -  «£¥¡à ¨ç¥áª®¥ § ¬ë-

ª ­¨¥ ¯®«ï F ; ­ ¯à¨¬¥à, �C = C; �R = C): � áá¬®âà¨¬, ¤ «¥¥, ¬­®¦¥áâ¢®

F hhxii = f
1P
i=0

vix
i; vi 2 Fg ¢á¥å ä®à¬ «ì­ëå áâ¥¯¥­­ëå àï¤®¢ ®â ¯¥à¥¬¥­­®©

x á ª®íää¨æ¨¥­â ¬¨ ¨§ ¯®«ï F: �¯à¥¤¥«¨¬ ­  íâ®¬ ¬­®¦¥áâ¢¥ á«¥¤ãîé¨¥

®¯¥à æ¨¨:

(

1X
i=0

vix
i) + (

1X
i=0

wix
i)
:
=

1X
i=0

(vi + wi)x
i;

(

1X
i=0

vix
i)(

1X
i=0

wix
i) =

1X
i=0

qix
i;

£¤¥ qi =
iP
t=0

vtwi�t: �¥£ª® ¢¨¤¥âì, çâ® hF hhxii;+; :i ï¢«ï¥âáï  áá®æ¨ â¨¢­ë¬ ¨
ª®¬¬ãâ â¨¢­ë¬ ª®«ìæ®¬ á ¥¤¨­¨æ¥© 1 = 1+0�x+0�x2+� � � ; ­¥ á®¤¥à¦ é¨¬
¤¥«¨â¥«¥© ­ã«ï (â.¥. ¥á«¨ ��� = 0; £¤¥ �; � 2 F hhxii; «¨¡® � = 0; «¨¡® � = 0):

Ǳà¨ íâ®¬ àï¤
1P
i=0

vix
i ï¢«ï¥âáï ®¡à â¨¬ë¬ ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ¥á«¨

v0 6= 0: � ª ¦¤®© ¯®á«¥¤®¢ â¥«ì­®áâìî fung á¢ï¦¥¬ àï¤

g(x) = u0 + u1x+ u2x
2 + : : : ;
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ª®â®àë© ­ §®¢¥¬ ¯à®¨§¢®¤ïé¥© äã­ªæ¨¥© ¤«ï fung: Ǳà¥¤¯®«®¦¨¬, çâ® ¯®-
á«¥¤®¢ â¥«ì­®áâì fung ï¢«ï¥âáï à¥ªãàà¥­â­®©. Ǳ®«®¦¨¬

'(x) = xrf(
1

x
) = 1� a1x� a2x2 � � � � � arxr

¨ à áá¬®âà¨¬ ¯à®¨§¢¥¤¥­¨¥ g(x) � '(x) = (
1P
i=0

uix
i) (1� a1x� � � � � arxr) =

= u0 + (u1 � a1u0)x+ (u2 � a1u1 � a2u0)x2 + � � �+ (ur�1 � a1ur�2 � � � � �
� � ��ar�1u0)xr�1+(ur�a1ur�1�� � ��ar �u0)xr+ � � � + (un+r�a1un+r�1�� � ��
�ar � un)xn+r + � � � = b0 + b1x+ � � �+ br�1x

r�1 =  (x): �«¥¤®¢ â¥«ì­®,

g(x) =
 (x)

'(x)
=

 (x)

(1��1x)e1 ���(1��sx)es : Ǳà ¢ ï ç áâì íâ®£® à ¢¥­áâ¢  ï¢«ï¥âáï ¯à -

¢¨«ì­®© ¤à®¡ìî ¢ �F (x) ¨, á«¥¤®¢ â¥«ì­®, à §«®¦¨¬  ¢ áã¬¬ã ª®­¥ç­®£®

ç¨á«  ¯à®áâ¥©è¨å ¤à®¡¥©, â.¥. ¤à®¡¥© ¢¨¤  A
(1��ix)t ; £¤¥ A 2 �F; t � ei: �â ª,

g(x) = �11
(1��1x) +

�12
(1��1x)2 + � � �+

�1e1
(1��1x)e1+

+ �21
(1��2x) +

�22
(1��2x)2 + � � �+

�2e2
(1��2x)e2 + � � �+ (1.1)

+ �s1
(1��sx) +

�s2
(1��sx)2 + � � �+

�ses
(1��sx)es :

� ª ª ª
1

(1+x)k
= 1� k � x+ � � �+ (�k)(�k�1)���(�k�(n�1))�xn

n!
+ � � � =

= 1� Ck�1
k x+ Ck�1

k+1x
2 � � � �+ (�1)n � Ck�1

n+k�1x
n + � � � ;

â® �
(1��x)k = � +

1P
n=1

Ck�1
n+k�1 � � � �n � xn: Ǳà¨à ¢­¨¢ ï ª®íää¨æ¨¥­âë ¯à¨ xn

¢ «¥¢®© ¨ ¯à ¢®© ç áâ¨ à ¢¥­áâ¢  (1), ¨¬¥¥¬, çâ®

un = q1(n)�
n
1 + q2(n)�

n
2 + � � � + qs(n)�

n
s ;

£¤¥ qi(n) { ¬­®£®ç«¥­ ®â n áâ¥¯¥­¨ � ei�1; ª®íää¨æ¨¥­âë ª®â®àëå ®¯à¥¤¥-

«ïîâáï ­ ç «ì­ë¬¨ §­ ç¥­¨ï¬¨ u0; u1; : : : ; ur�1 ­ è¥© ¯®á«¥¤®¢ â¥«ì­®áâ¨.

� ª¨¬ ®¡à §®¬, ¬ë ãª § «¨  «£®à¨â¬ ¢ëç¨á«¥­¨ï ç«¥­®¢ à¥ªãàà¥­â­®© ¯®-

á«¥¤®¢ â¥«ì­®áâ¨ á ¯®¬®éìî ¯à®¨§¢®¤ïé¨å äã­ªæ¨©. Ǳà¨¢¥¤¥¬ ¯à¨¬¥àë

à ¡®âë íâ®£®  «£®à¨â¬ .

Ǳà¨¬¥à 1. Ǳãáâì u0 = 1; u1 = 1; un = un�1 + un�2; £¤¥ n � 2 (¯®á«¥¤®-

¢ â¥«ì­®áâì �¨¡®­ çç¨). � à ªâ¥à¨áâ¨ç¥áª¨© ¬­®£®ç«¥­ f(x) = x2�x�1
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¨¬¥¥â ª®à­¨ � = 1+
p
5

2
¨ � = 1�

p
5

2
: �«¥¤®¢ â¥«ì­®,

k(x) = (1� �x)(1� �x) ¨ g(x) � k(x) = (
1P
n=0

unx
n)(1� x� x2) =

= u0 + (u1 � u0)x+ (u2 � u1 � u)x2 + � � � = 1:

� ª¨¬ ®¡à §®¬,

g(x) = 1
(1��x)(1��x) =

�=(���)
(1��x) +

�=(���)
(1��x) = 1p

5

�
�

1��x �
�

(1��x)
�
=

= 1p
5

�
�(1 + �x+ �2x2 + �3x3 + � � � )� �(1 + �x+ �2x2 + � � � )

�
=

= 1p
5

�
(�� �) + (�2 � �2)x+ � � �+ (�n+1 � �n+1)xn + � � �

	
: �«¥¤®¢ â¥«ì­®,

un =
1p
5
(�n+1 � �n+1) = 1p

5

�
(
p
5+1
2
)n+1 � (1�

p
5

2
)n+1

	
(ä®à¬ã«  �¨­¥).

� ¬¥ç ­¨¥. �ª ¦¥¬ ¨¤¥î ¤àã£®£® ¬¥â®¤  ¢ëç¨á«¥­¨ï ®¡é¥£® ç«¥­ 

à¥ªãàà¥­â­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¯®àï¤ª  ¤¢  ­  ¯à¨¬¥à¥ ¯®á«¥¤®¢ â¥«ì-

­®áâ¨

u0 = 1; u1 = 2; un+1 = 8un � 15un�1; n � 1:

� ©¤¥¬ ç¨á«  �; � â ª¨¥, çâ® 8 = � + �; 15 = �� (ïá­®, çâ® � = 3; � = 5):

Ǳ¥à¥¯¨è¥¬ à ¢¥­áâ¢® un+1 = 8un � 15un�1 ¢ ¢¨¤¥

un+1 � 5un = 3(un � 5un�1);

un+1 � 3un = 5(un � 3un�1):

�§ ¯®á«¥¤­¨å à ¢¥­áâ¢ á«¥¤ã¥â, çâ®

un+1 � 5un = 3f3(un�1 � 5un�2)g = 32(un�1 � 5un�2) = � � � =
= 3n�1(u2 � 5u1) = 3n(u1 � 5u0) = �3n+1;

un+1 � 3un = 5f5(un�1� 3un�2)g = 52(un�1 � 3un�2) = � � � =
= 5n(u1 � 3u0) = �5n:

�âªã¤  á«¥¤ã¥â, çâ® un =
3n+1�5n

2
:

Ǳà¨¬¥à 2. � áá¬®âà¨¬ à¥ªãàà¥­â­ãî ¯®á«¥¤®¢ â¥«ì­®áâì ¯®àï¤ª  3:

u0 = +1; u1 = 5; u2 = 10;

un+3 = un+2 + 5un+1 + 3un; n � 0:

� ©¤¥¬ ä®à¬ã«ã n-®£® ç«¥­  íâ®© ¯®á«¥¤®¢ â¥«ì­®áâ¨. � ¬¥â¨¬, çâ® å -

à ªâ¥à¨áâ¨ç¥áª¨© ¬­®£®ç«¥­ f(x) = x3�x2� 5x� 3 ¨¬¥¥â ª®à­¨ 3;�1;�1:
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Ǳ®íâ®¬ã (u0 + u1x + u2x
2 + : : : )(1 � x � 5x2 � 3x3) = u0 + (u1 � u0)x+

+(u2 � u1 � 5u0)x
2 + 0 � x3 + 0 � x4 + � � � = 1 + 4x: �«¥¤®¢ â¥«ì­®, ¯à®¨§-

¢®¤ïé ï äã­ªæ¨ï g(x) à ¢­  ¤à®¡¨ 1+4x
(1�3x)(1+x)2 : � §«®¦¨¬ íâã ¯à ¢¨«ì­ãî

¤à®¡ì ¢ áã¬¬ã ¯à®áâ¥©è¨å

1 + 4x

(1� 3x)(1 + x)2
=

A

(1� 3x)
+

B

(1 + x)
+

C

(1 + x)2
:

Ǳà¨¢®¤ï ª ®¡é¥¬ã §­ ¬¥­ â¥«î ¢ ¯à ¢®© ç áâ¨ ¨ ¯à¨à ¢­¨¢ ï ª®íää¨-

æ¨¥­âë ¯à¨ á®®â¢¥âáâ¢ãîé¨å áâ¥¯¥­ïå ç¨á«¨â¥«¥©, ¬ë ¯®«ãç¨¬ á¨áâ¥¬ã

ãà ¢­¥­¨©

A+B + C = 1

A� 3B = 0

2A� 2B � 3C = 4;

¨§ ª®â®à®© á«¥¤ã¥â, çâ® A = 21=16; B = 7=16; C = �3=4: �«¥¤®¢ â¥«ì­®,
g(x) = 1 + 5x+ � � � + (21

16
� 3n + 7

16
(�1)n + 3

4
(n+ 1)(�1)n+1)xn + : : : : Ǳ®íâ®¬ã

un =
21
16
� 3n + 7

16
(�1)n + 3

4
(n+ 1)(�1)n+1; £¤¥ n � 0:

������

1). � ©â¨ ®¡é¨© ç«¥­ á«¥¤ãîé¨å à¥ªãàà¥­â­ëå ¯®á«¥¤®¢ â¥«ì­®áâ¥©

 ) u0 = �2; u1 = 3; un+1 = 10un � 9un�1; n � 1;

¡) u0 = 1; u1 = 2; u2 = 0; u3 = �1;
un+4 = 3un+3 + 3un+2 � 7un+1 � 6un; n � 0:

2). �ª®«ìª¨¬¨ á¯®á®¡ ¬¨ ¬®¦­® à ááâ ¢¨âì áª®¡ª¨ ¢ (­¥ áá®æ¨ â¨¢­®¬)

á«®¢¥ a1a2 : : : an?

�����H��. �¡®§­ ç¨¬ ç¥à¥§ un ç¨á«® â ª¨å á¯®á®¡®¢. Ǳ®«®¦¨¬

u0 = 0; u1 = 1: �®£¤  u2 = 1; u3 = 2; u4 = 5; â ª ª ª ¨¬¥¥¬ á«¥¤ãîé¨¥

à ááâ ­®¢ª¨ áª®¡®ª

(a1a2)a3; a1(a2a3);

((a1a2)a3)a4; (a1a2)(a3a4); a1(a2(a3a4));

(a1(a2a3))a4; a1((a2a3)a4):
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� ¬¥â¨¬, çâ® un = u1un�1 + u2un�2 + � � � + un�1u1; n � 2: �§ íâ®£® à ¢¥­-

áâ¢  á«¥¤ã¥â á«¥¤ãîé¥¥ á®®â­®è¥­¨¥ ¤«ï ¯à®¨§¢®¤ïé¥© äã­ªæ¨¨ f(x) =

=
1P
i=0

uix
i : f(x)2 = f(x)� x: �âªã¤  á«¥¤ã¥â, çâ® f(x) = 1�

p
1�4x
2

(àï¤ f(x)

ã¤®¢«¥â¢®àï¥â ãá«®¢¨î f(0) = 0). �«¥¤®¢ â¥«ì­®, un =
(2n�2)!
n!(n�1)! ; n � 2:

3). (� ¤ ç  ® ¢áâà¥ç å). �¥ªâ® ­ ¯¨á « n ¯¨á¥¬ ¨ § ¯¥ç â « ¨å ¢ ª®­¢¥àâë,

­¥ ­ ¤¯¨á ¢ ¯à¥¤¢ à¨â¥«ì­®  ¤à¥á®¢. Ǳ®á«¥ íâ®£® ®­ ã¦¥ ­¥ §­ «, ¢ ª ª®¬

ª®­¢¥àâ¥ «¥¦¨â ª ª®¥ ¯¨áì¬®, ¨ ¯®íâ®¬ã n  ¤à¥á®¢ ­  ª®­¢¥àâ å ­ ¯¨á «

­ ã£ ¤. � ª®¢  ¢¥à®ïâ­®áâì â®£®, çâ® å®âï ¡ë ®¤¨­ ¨§  ¤à¥á â®¢ ¯®«ãç¨â

¯à¥¤­ §­ ç¥­­®¥ ¤«ï ­¥£® ¯¨áì¬®?

�����H��. �¡®§­ ç¨¬ ç¥à¥§ An ç¨á«® ¨áå®¤®¢, ¯à¨ ª®â®àëå ­¨ ®¤¨­

ª®­¢¥àâ ­¥ ¡ã¤¥â ¯®¤¯¨á ­ ¯à ¢¨«ì­®. �®£¤  ¨áª®¬ ï ¢¥à®ïâ­®áâì à ¢­ 

(1� An

n!
): �ëç¨á«¨¬ ç¨á«® An: �«ï íâ®£® § ¬¥â¨¬, çâ®

An = (n� 1)(An�1 +An�2):

Ǳà¨ ­¥¡« £®¯à¨ïâ­®¬ ¨áå®¤¥ ­  1-¬ ª®­¢¥àâ¥ (â.¥. ¢ ­¥¬ ­ å®¤¨âáï ¯¨áì-

¬®, ®â¯à ¢«¥¬®¥ ¯® ¯¥à¢®¬ã  ¤à¥áã) ¬®¦¥â ¡ëâì ­ ¯¨á ­ 2-©, 3-©, : : : ; n-©

 ¤à¥á. Ǳãáâì, ­ ¯à¨¬¥à, ­ ¯¨á ­ 2-©  ¤à¥á. �á«¨ ­  2-¬ ª®­¢¥àâ¥ ­ ¯¨á ­

1-©  ¤à¥á, â® ¤«ï ®áâ «ì­ëå (n� 2) ª®­¢¥àâ®¢ ¬ë ¨¬¥¥¬ An�2 ­¥¡« £®¯à¨-

ïâ­ëå ¢®§¬®¦­®áâ¥©. �á«¨ ¦¥ ­  2-¬ ª®­¢¥àâ¥ à §à¥è ¥âáï ¯¨á âì â®«ìª®

3-©, 4-©, ..., n-©  ¤à¥á , â® â ª¨å ¢®§¬®¦­®áâ¥© ã ­ á An�1: �â ª, ®¡é¥¥ ç¨-

á«® ­¥¡« £®¯à¨ïâ­ëå ¢®§¬®¦­®áâ¥©, ¯à¨ ª®â®àëå ­  ¯¥à¢®¬ ª®­¢¥àâ¥ ¯®¤-

¯¨áë¢ ¥âáï ¢â®à®©  ¤à¥á, à ¢­® (An�1+An�2): � ª¨¥ ¦¥ ç¨á«  ¬ë ¯®«ãç¨¬,

¯®¤¯¨áë¢ ï ¯¥à¢ë© ª®­¢¥àâ 3-¬, 4-¬,..., n-¬  ¤à¥á ¬¨. �«¥¤®¢ â¥«ì­®,

An = (n� 1)(An�1 +An�2):

�âªã¤  á«¥¤ã¥â, çâ® An � nAn�1 = �(An�1 � (n� 1)An�2) =

= An�2� (n�2)An�3 = � � � = (�1)n�2(A2�2A1) = (�1)n; â.ª. A1 = 0; A2 = 1:

� áá¬®âà¨¬ à ¢¥­áâ¢ :

An = nAn�1 + (�1)n
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An�1 = (n� 1)An�2 + (�1)n�1

: : : : : : : : :

A3 = 3A2 + (�1)3

�¬­®¦¨¬ ¢â®à®¥ à ¢¥­áâ¢® ­  n; âà¥âì¥ { ­  n(n� 1); : : : ¨ á«®¦¨¬. Ǳ®«ã-
ç¨¬ á«¥¤ãîé¥¥ à ¢¥­áâ¢®:

An =
� 1
2!
� 1

3!
+

1

4!
� � � �+ (�1)n

n!

�
� n!

�áª®¬ ï ¢¥à®ïâ­®áâì à ¢­ 

1� An

n!
= 1� 1

2!
+

1

3!
� � � � � (�1)n

n!
! (1� e�1) � 0; 6:

4). � ©â¨ ¯à®¨§¢®¤ïé¨¥ äã­ªæ¨¨ á«¥¤ãîé¨å ¯®á«¥¤®¢ â¥«ì­®áâ¥©:

 )

un =

(
1; n = 0; 1; : : : ; N;

0; n > N:

�����: g(x) = 1 + x+ � � �+ xN :

¡)

un =

(
0; n� ç¥â­®¥ ;

�n=n!; n� ­¥ç¥â­®¥ :

�����H��. g(x) = �
1!
� x+ �3

3!
x3 + � � � = e�x�e��x

2
:

¢) vn = n �un; ¥á«¨ g(x) { ¨§¢¥áâ­ ï ¯à®¨§¢®¤ïé ï äã­ªæ¨ï ¯®á«¥¤®¢ â¥«ì-
­®áâ¨ fung:
�����H��. H(x) =

1P
n=0

vnx
n = 0 + u1x+ 2u2x

2 + � � � =

= x � (u1 + 2u2x+ 3u3x
2 + : : : ) = x � (g(x)0):

£) vn = un+1� un; ¥á«¨ g(x) { ¨§¢¥áâ­ ï ¯à®¨§¢®¤ïé ï äã­ªæ¨ï ¯®á«¥¤®¢ -
â¥«ì­®áâ¨ fung:
�����H��.

H(x) = (u1 � u0) + (u2 � u1)x+ (u3 � u2)x2 + � � � = : : :
g(x)�g(0)

x
� g(x):
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5). Ǳãáâì fung â ª ï ¯®á«¥¤®¢ â¥«ì­®áâì í«¥¬¥­â®¢ ¯®«ï F; çâ® ¯à®¨§¢®-
¤ïé ï äã­ªæ¨ï g(x) ï¢«ï¥âáï ¯à ¢¨«ì­®© ¤à®¡ìî ¢¨¤ 

b0 + b1x+ � � �+ br�1x
r�1

1 + a1x+ � � � + arxr
:

�®ª § âì, çâ® fung { à¥ªãàà¥­â­ ï ¯®á«¥¤®¢ â¥«ì­®áâì ¯®àï¤ª  r:
�����H��. �§ à ¢¥­áâ¢ 

g(x)(1 + a1x+ � � �+ arx
r) = (b0 + b1 + � � �+ br�1x

r�1) á«¥¤ã¥â, çâ®

un+r + a1un+r�1 + � � �+ ar � un = 0; n � 0:

6). � ©â¨ ®¡é¨¥ à¥è¥­¨ï à¥ªãàà¥­â­ëå á®®â­®è¥­¨©:

 ) an+2 � 4an+1 + 3an = 0;

¡) an+3 + 3an+2 + 3an+1 + an = 0;

¢) an+3 � 3an+2 + an+1 � 3an = 0;

a1 = 3; a2 = 7; a3 = 27;

£) an+2 � 2cos� � an+1 + an = 0; a1 = cos�; a2 = cos2�:

7). �¥è¨âì à¥ªãàà¥­â­ë¥ á®®â­®è¥­¨ï:

 ) an+1 � an = n; a1 = 7;

¡) an+2 + 2an+1 � 8an = 27 � 5n; a1 = �9; a2 = 45:

8). � ©â¨ ¯®á«¥¤®¢ â¥«ì­®áâì fang; ç«¥­ë ª®â®à®© ã¤®¢«¥â¢®àïîâ á®®â-

­®è¥­¨ï¬:

 ) a0an + a1an�1 + � � � + ana0 = 2nan; a0 = a1 = 1;

¡) an+2 � (n+ 2)2 + an = 0; a0 = 1; a1 = 0:

�����H�� ¤«ï  ). � áá¬®âà¨¬ àï¤ f(x) =
1P
i=0

aix
i: �®£¤  f(x)2 = f(2x):

�§ á®®â­®è¥­¨©  ) á«¥¤ã¥â, çâ® ¥á«¨ à¥è¥­¨¥ áãé¥áâ¢ã¥â, â® ®­® ¥¤¨­áâ¢¥­-

­®¥. Ǳ®«®¦¨¬ f(x) = e�x: �®£¤  (e�x)2 = e�(2x): � ª ª ª

e�x =
1P
n=0

(�x)n

n!
; â® ¯®«®¦¨¬ �

1!
= a1 = 1; an =

1
n!
:

����� ¤«ï ¡): a2n+1 = 0; a2n =
(�1)n�4�n

(n!)2
:

9). Ǳãáâì an { ç¨á«® à¥è¥­¨© ¢ æ¥«ëå ­¥®âà¨æ â¥«ì­ëå ç¨á« å ãà ¢­¥­¨ï
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2x+ 5y + 7z = n: �®ª § âì, çâ®

1X
n=0

anx
n = (1� x2)�1(1� x5)�1(1� x7)�1:

1.3 Ǳà¨­æ¨¯ ¢ª«îç¥­¨ï ¨ ¨áª«îç¥­¨ï

Ǳãáâì M = fm1; : : : ;mng { ­¥ª®â®à®¥ ¬­®¦¥áâ¢®, í«¥¬¥­âë ª®â®à®£® ¬®-

£ãâ ã¤®¢«¥â¢®àïâì ®¤­®¬ã ¨§ á«¥¤ãîé¨å á¢®©áâ¢: p1; : : : ; pk: �¡®§­ ç¨¬

ç¥à¥§ Ai ¬­®¦¥áâ¢® â¥å í«¥¬¥­â®¢ M; ª®â®àë¥ ã¤®¢«¥â¢®àïîâ á¢®©áâ¢ã pi:

�¡®§­ ç¨¬ â ª¦¥ ç¥à¥§ Ai1i2:::ir = Ai1 \Ai2 \ � � � \Air:

�â¢¥p¦¤¥­¨¥.�¨á«® í«¥¬¥­â®¢M; ­¥ ã¤®¢«¥â¢®àïîé¨å ­¨ ®¤­®¬ã ¨§

á¢®©áâ¢ p1; : : : ; pk; à ¢­®

M(0) = n�
kX
i=1

jAij+
X
i<j

jAijj �
X
i<j<k

jAijkj+ � � �+ (�1)kjA12:::kj:

�������������� á«¥¤ã¥â ¨§ à ¢¥­áâ¢ 

jA1 [ � � � [ Akj =
kX
i=1

jAij �
X
i<j

jAi \Ajj+ � � �+ (�1)k�1jA1 \ � � � \Akj;

ª®â®à®¥, ¢ á¢®î ®ç¥à¥¤ì, ¤®ª §ë¢ ¥âáï ¨­¤ãªæ¨¥© ¯® ç¨á«ã k:

�á«¨ k = 2; â® jA1 [ A2j = jA1j + jA2j � jA1 \ A2j: Ǳà¥¤¯®«®¦¨¬, çâ® ­ è¥
à ¢¥­áâ¢® ¨áâ¨­­® ¤«ï k ¬­®¦¥áâ¢. �®ª ¦¥¬ ¥£® ¤«ï (k + 1) ¬­®¦¥áâ¢.

�¬¥¥¬ jA1[� � �[Ak[Ak+1j = jA1[� � �[Akj+ jAk+1j�j(A1[� � �[Ak)\Ak+1j =
=
P

1�i�k
jAij �

P
1�i<j�k

jAijj+
P

1�i<j<k
jAijkj � � � �+ (�1)k�1jA12:::kj+

+jAk+1j � j(A1 \ Ak+1) [ � � � [ (Ak \Ak+1)j =
=
P

i�k+1
jAij �

P
1�i<j�k+1

jAijj+ � � �+ (�1)kjA12:::kk+1j: �â¢¥à¦¤¥­¨¥ ¤®ª § ­®.

�¡®§­ ç¨¬ ç¥à¥§ M(r) ç¨á«® í«¥¬¥­â®¢ M; ã¤®¢«¥â¢®àïîé¨å â®ç­®

r á¢®©áâ¢ ¬. �¨ªá¨àã¥¬ á¢®©áâ¢  p1; : : : ; pr(r � k) ¨ ®¡®§­ ç¨¬ ç¥à¥§

A = A12:::r; Br+1 = A \Ar+1; : : : ; Bk = A \Ak:
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�¨á«® í«¥¬¥­â®¢ M; ã¤®¢«¥â¢®àïîé¨å â®ç­® á¢®©áâ¢ ¬ p1; : : : ; pr, à ¢­®

A(0) = jA12:::rj �
P

r+1�i�k
jBij+

P
1�i<j�k

jBi \Bjj � : : :

+(�1)n�rjBr+1 \ � � � \ Bkj = jA12:::rj �
P

r+1�i�k
jA12:::rij+ (�1)n�rjA12:::kj:

�«¥¤®¢ â¥«ì­®,

M(r) =
P

i1<���<ir
jAi1i2:::ir j � Cr

r+1

P
i1<���<ir+1

jAi1i2:::ir+1j+

+Cr
r+2

P
i1<���<ir+2

jAi1:::ir+2j � � � �+ (�1)jCr
r+j

P
i1<���<r+j

jAi1:::ir+j j+ : : : :

�â  ä®à¬ã«  ®¡®¡é ¥â ãâ¢¥à¦¤¥­¨¥ 1 (r = 0) ¨ ­ §ë¢ ¥âáï ä®à¬ã«®©

(¯à¨­æ¨¯®¬) ¢ª«îç¥­¨ï ¨ ¨áª«îç¥­¨ï.

Ǳà¨¬¥­¨¬ ¤®ª § ­­ë© ¯à¨­æ¨¯ ª à¥è¥­¨î § ¤ ç¨ ® ¢áâà¥ç å. Ǳ®¤-

áç¨â ¥¬ ç¨á«® â¥å ¯¥à¥áâ ­®¢®ª a1; : : : ; an ç¨á¥« 1; 2; : : : ; n; ¤«ï ª®â®àëå

ai 6= i; i � n: �¡®§­ ç¨¬ ç¥à¥§ Ai1:::ir ¬­®¦¥áâ¢® â¥å ¯¥à¥áâ ­®¢®ª, ¤«ï ª®-

â®àëå aij = ij; j � r: �®£¤  jAi1:::ir j = (n � r)! �§ ãâ¢¥à¦¤¥­¨ï 1 á«¥¤ã¥â,

çâ® ¨áª®¬®¥ ç¨á«® à ¢­®

n!� (n� 1)!n+ (n� 2)!C2
n � (n� 3)!C3

n + � � �+ (�1)nn!
n!
=

= n!
2!
� n!

3!
+ � � �+ (�1)nn!

n!
= n!

�
1
2!
� 1

3!
+ � � � + (�1)n

n!

�
:

Ǳà¨¬¥à. �  ®¤­®© ¨§ ª ä¥¤à ã­¨¢¥àá¨â¥â  à ¡®â îâ âà¨­ ¤æ âì ç¥«®-

¢¥ª, ¯à¨ç¥¬ ª ¦¤ë© ¨§ ­¨å §­ ¥â å®âï ¡ë ®¤¨­ ¨­®áâà ­­ë© ï§ëª. �¥¢ïâì

ç¥«®¢¥ª §­ îâ  ­£«¨©áª¨©, ¢®á¥¬ì { ­¥¬¥æª¨©, ¯ïâì { äà ­æã§áª¨©. Ǳïâ¥-

à® §­ îâ  ­£«¨©áª¨© ¨ ­¥¬¥æª¨©, âà®¥ {  ­£«¨©áª¨© ¨ äà ­æã§áª¨© ¨ ¤¢®¥

­¥¬¥æª¨© ¨ äà ­æã§áª¨©. �®¦¥¬ «¨ ¬ë ®â¢¥â¨âì ­  á«¥¤ãîé¨¥ ¢®¯à®áë:

1) �ª®«ìª® ç¥«®¢¥ª §­ îâ ¢á¥ âà¨ ï§ëª ?

2) �ª®«ìª® ç¥«®¢¥ª §­ îâ à®¢­® ¤¢  ï§ëª ?

3) �ª®«ìª® ç¥«®¢¥ª §­ îâ â®«ìª®  ­£«¨©áª¨©?

�¡®§­ ç¨¬ ç¥à¥§ K ¬­®¦¥áâ¢® á®âàã¤­¨ª®¢ ª ä¥¤àë, ç¥à¥§ Kx { ¬­®-

¦¥áâ¢® á®âàã¤­¨ª®¢, §­ îé¨å ï§ëª x: �®£¤ 

13 = jKaj+ jK­j+ jKäj � jK ;­j � jK ;äj � jK­;äj+ jK ;­;äj =
= 9+8+ 5� 5� 3� 2+ jK ;­;äj = 12+ jK ;­;äj: �«¥¤®¢ â¥«ì­®, â®«ìª® ®¤¨­
ç¥«®¢¥ª §­ ¥â ¢á¥ âà¨ ï§ëª .
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Ǳ®¤áç¨â ¥¬ ç¨á«® «î¤¥©, §­ îé¨å â®«ìª®  ­£«¨©áª¨© ï§ëª. �¬¥¥¬,

jK j � jK ;­j � jK ;äj + jK ;­;äj = 9 � 5 � 3 + 1 = 2: �, ­ ª®­¥æ, ç¨á«®

á®âàã¤­¨ª®¢, §­ îé¨å à®¢­® 2 ï§ëª , à ¢­® áã¬¬¥ á«¥¤ãîé¨å ç¨á¥«

jK ;­j � jK ;­;äj;

jK ;äj � jK ;­;äj;

jK­;äj � jK ;­;äj:

�.¥. ¨áª®¬®¥ ç¨á«® à ¢­® 4+2+1=7.

������

1). �®ª § âì, çâ® ç¨á«® æ¥«ëå ç¨á¥« ¢ á¥£¬¥­â¥ [1; n] ¢§ ¨¬­® ¯à®áâëå á n

à ¢­® '(n) = n �Q
pjn
(1� 1

p
):

�����H��. �¨á«® m ­¥ ï¢«ï¥âáï ¢§ ¨¬­® ¯à®áâë¬ á n = p�11 : : : p�ss

â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áãé¥áâ¢ã¥â ¯à®áâ®© ¤¥«¨â¥«ì pijn â ª®©, çâ®

pijm: Ǳãáâì Ai = fm 2 [1; n]; pijmg: �®£¤  '(n) { ç¨á«® í«¥¬¥­â®¢ ¢ à §­®áâ¨

[1; n] n (A1 [A2 [ � � � [As);

â.¥. '(n) = n�
sP
i=1

jAij+
P
i<j

jAi \ Ajj �
P

i<j<k

jAi \ Aj \Akj+ � � �+

+(�1)sjA1 \ � � � \Asj: � ª ª ª pi 6= pj ¯à¨ i 6= j; â® Ai1 \ � � � \Ait =

= fm 2 [1; n]; (pi1 : : : pit)jmg: � ¬¥â¨¬, ­ ª®­¥æ, çâ® ç¨á«® í«¥¬¥­â®¢ ¢ [1; n];
¤¥«ïé¨åáï ­  d(d � n) à ¢­® [n

d
]: Ǳ®íâ®¬ã '(n) = n�

sP
i=1

n
pi
+

+
P
i<j

n
pipj
� P

i<j<k

n
pipjpk

+ � � �+ (�1)s n
p1p2:::ps

= n(1� 1
p1
)(1� 1

p2
) : : : (1� 1

ps
):

2). �ª®«ìª® ¨§ n! ç«¥­®¢ ®¯à¥¤¥«¨â¥«ï0
BBBBBBB@

0 a12 : : : : : : a1n

a21 0
...

...
. . .

...
... 0 an�1;n

an1 : : : : : : an;n�1 0

1
CCCCCCCA
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à ­® ­ã«î?

�����: (n� 1)!n�C2
n(n� 2)!+C3

n(n� 3)!� � � � = n!� n!
2
+ n!

3!
� n!

4!
+ � � � =

= n(1� 1
2!
+ 1

3!
� � � �+ (�1)n�1

n!
):

3). Ǳãáâì ¤ ­® n ®¡ê¥ªâ®¢ (n > 1) ¨ ¯ãáâì á¢®©áâ¢®¬ � ®¡« ¤ îâ ¢á¥,

ªà®¬¥ ¯¥à¢®£®, á¢®©áâ¢®¬ � { ¢á¥, ªà®¬¥ ¢â®à®£®,..., á¢®©áâ¢®¬ � { ¢á¥,

ªà®¬¥ ¯®á«¥¤­¥£®. �¯à¥¤¥«¨âì ç¨á«® ®¡ê¥ªâ®¢, ­¥ ®¡« ¤ îé¨å ­¨ ®¤­¨¬

¨§ íâ¨å á¢®©áâ¢.

�����: n(1� (n� 1) +
(n�1)(n�2)

2
: : : ) = n(1� 1)n�1 = 0:

4). � ©â¨ ç¨á«® æ¥«ëå ¯®«®¦¨â¥«ì­ëå ç¨á¥«, ­¥ ¯à¥¢®áå®¤ïé¨å 1000 ¨ ­¥

¤¥«ïé¨åáï ­¨ ­  ®¤­® ¨§ ç¨á¥« 3, 5 ¨ 7.

�����H��. �áª®¬®¥ ç¨á«® à ¢­® 1000� [1000
3
]� [1000

5
]� [1000

7
] + [1000

15
]+

+[1000
21
] + [1000

35
]� [1000

105
]:

5). Ǳà¨ ®¡á«¥¤®¢ ­¨¨ ç¨â â¥«ìáª¨å ¢ªãá®¢ áâã¤¥­â®¢ ®ª § «®áì, çâ® 60%

áâã¤¥­â®¢ ç¨â ¥â £ §¥âã "Ǳà ¢¤ ", 50% { £ §¥âã "�«â ©áª ï Ǳà ¢¤ ", 50%

{ £ §¥âã "�®¬á®¬®«ìáª ï Ǳà ¢¤ ", 30% { £ §¥âë "Ǳà ¢¤ " ¨ "�«â ©áª ï

Ǳà ¢¤ ", 20% { £ §¥âë "�«â ©áª ï Ǳà ¢¤ " ¨ "�®¬á®¬®«ìáª ï Ǳà ¢¤ ",

40% { £ §¥âë "Ǳà ¢¤ " ¨ "�®¬á®¬®«ìáª ï Ǳà ¢¤ ", 10% { ¢á¥ £ §¥âë.

�ª®«ìª® ¯à®æ¥­â®¢ áâã¤¥­â®¢

1)­¥ ç¨â ¥â ­¨ ®¤­®© ¨§ £ §¥â;

2) ç¨â ¥â â®ç­® ¤¢¥ £ §¥âë;

3) ç¨â ¥â ­¥ ¬¥­¥¥ ¤¢ãå £ §¥â?

6). (� ¤ ç  ¬ ¦®à¤®¬ ). � ®¡¥¤ã §  ªàã£«ë¬ áâ®«®¬ ¯à¨£« è¥­ë n ¯ à

¢à ¦¤ãîé¨å àëæ à¥© (n � 2): �®ª § âì, çâ® áãé¥áâ¢ã¥â à®¢­®

nX
k=0

(�1)kCk
n � 2k � (2n� k)!

á¯®á®¡®¢ à áá ¦¨¢ ­¨ï ¨å â ª, çâ®¡ë ­¨ª ª¨¥ ¤¢  ¢à £  ­¥ á¨¤¥«¨ àï¤®¬.
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1.4 �¥®à¥¬  �®««  (® ¯à¥¤áâ ¢¨â¥«ïå)

� áá¬®âà¨¬ á«¥¤ãîéãî "§ ¤ çã ® á¢ â®¢áâ¢¥":

Ǳãáâì n î­®è¥© ¤àã¦ â á ¤¥¢ãèª ¬¨, ¨ ¯ãáâì ¤«ï ª ¦¤®© £àã¯¯ë ¨§

k î­®è¥© (k = 1; 2; � � � ; n) ¨¬¥¥âáï ¯® ªà ©­¥© ¬¥à¥ k ¤¥¢ãè¥ª, ¨¬¥îé¨å

¤àã§¥© áà¥¤¨ íâ¨å î­®è¥©. �¥à­® «¨, çâ® ª ¦¤®£® î­®èã ¬®¦­® ¦¥­¨âì

­  ¤¥¢ãèª¥, á ª®â®à®© ®­ ¤àã¦¨â?

�â¢¥â ­  íâ®â ¢®¯à®á ¯®«®¦¨â¥«ì­ë© ¨ á®áâ ¢«ï¥â á®¤¥à¦ ­¨¥ â.­. â¥®-

à¥¬ë �.�®««  ® ¯à¥¤áâ ¢¨â¥«ïå (1935 £.).

�¥®à¥¬  1.Ǳãáâì S1; S2; : : : Sn { ¯®¤¬­®¦¥áâ¢  S (­¥ ®¡ï§ â¥«ì­® à §-

«¨ç­ë¥). �¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®ç­ë¬ ãá«®¢¨¥¬ áãé¥áâ¢®¢ ­¨ï á¨áâ¥-

¬ë à §«¨ç­ëå ¯à¥¤áâ ¢¨â¥«¥© (á.à.¯.) ¤«ï á¥¬¥©áâ¢ 

S1; S2; : : : ; Sn;

â.¥. â ª¨å í«¥¬¥­â®¢ x1; : : : ; xn 2 S; çâ® xi 2 Si; i � n ¨ xi 6= x; ¯à¨ i 6= j;

ï¢«ï¥âáï ãá«®¢¨¥ (�) : ¤«ï «î¡ëå à §«¨ç­ëå ¨­¤¥ªá®¢ i1; : : : ; ik ¬­®¦¥áâ¢®

Si1 [ Si2 [ � � � [ Sik

á®¤¥à¦¨â ­¥ ¬¥­¥¥ k à §«¨ç­ëå í«¥¬¥­â®¢.

��������������. �á«¨ â ª¨¥ ¯à¥¤áâ ¢¨â¥«¨ áãé¥áâ¢ãîâ, â®, ®ç¥-

¢¨¤­®, ­ è¥ ãá«®¢¨¥ ¢ë¯®«­¥­®. �®ª ¦¥¬ ®¡à â­®¥ ãâ¢¥à¦¤¥­¨¥. �«ï

íâ®£® à áá¬®âà¨¬ á­ ç «  ¯à¨¬¥àë. Ǳãáâì S = f1; 2; 3; 4; 5; 6g ¨
S1 = f1; 2; 3g; S2 = f1; 2; 4g; S3 = f1; 2; 5g; S4 = f2; 5; 6g; S5 = f2; 5; 6g: �«¥-
¬¥­âë 1 2 S1; 4 2 S2; 5 2 S3; 2 2 S4; 6 2 S5 á®áâ ¢«ïîâ á.à.¯. ¤«ï ­ -

è¥£® á¥¬¥©áâ¢  ¬­®¦¥áâ¢. �á«¨ ¦¥ ¬ë ¢®§ì¬¥¬ á¥¬¥©áâ¢® ¯®¤¬­®¦¥áâ¢

T1 = f1; 1; 3g; T2 = f1; 1; 3g; T3 = f3; 3; 1g; T4 = f1; 2; 3; 3g; â® ¤«ï ­¥£® ­¥

áãé¥áâ¢ã¥â á.à.¯., â.ª. jT1 [ T2 [ T3j = 2:

�®ª § â¥«ìáâ¢® â¥®à¥¬ë ¯à®¢¥¤¥¬ ¬¥â®¤®¬ ¬ â¥¬ â¨ç¥áª®© ¨­¤ãªæ¨¨ ¯®

ç¨á«ã ¬­®¦¥áâ¢ n. �¥®à¥¬  ®ç¥¢¨¤­  ¯à¨ n = 1. �¤¥« ¥¬ ¯à¥¤¯®«®¦¥­¨¥

¨­¤ãªæ¨¨ ®¡ ¨áâ¨­­®áâ¨ â¥®à¥¬ë ¤«ï á¥¬¥©áâ¢, á®¤¥à¦ é¨å ¬¥­¥¥ ç¥¬ n
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í«¥¬¥­â®¢. �®ª ¦¥¬ â¥®à¥¬ã ¤«ï á¥¬¥©áâ¢  ¨§ n í«¥¬¥­â®¢ (¤®ª § â¥«ì-

áâ¢® ¯à¨­ ¤«¥¦¨â �.�®««ã). �á«¨ jS1j = jS2j = � � � = jSnj = 1; â® ãá«®¢¨¥

(�) ®§­ ç ¥â, çâ® S1 = fx1g; : : : ; Sn = fxng; £¤¥ xi 6= xj; i 6= j: �«¥¤®¢ â¥«ì­®,

â¥®à¥¬  ¤®ª § ­ . �á«¨ ­¥ª®â®à®¥ Si á®¤¥à¦¨â ¡®«¥¥, ç¥¬ n í«¥¬¥­â®¢, â®,

®áâ ¢«ïï ¢ ­¥¬ n í«¥¬¥­â®¢, ¬ë, ®ç¥¢¨¤­®, á®åà ­¨¬ ãá«®¢¨¥ (�): �¥¬¥©-
áâ¢® fSi1; : : : ; Sirg = Br;s; £¤¥ s = jSi1[� � �[Sirj � r; ­ §®¢¥¬ ¡«®ª®¬ (ãá«®¢¨¥

s � r á«¥¤ã¥â ¨§ ãá«®¢¨ï (�)). �á«¨ s = r; â® ¡«®ª ­ §®¢¥¬ ªà¨â¨ç¥áª¨¬.

Ǳãáâì fA1; : : : ; Au; Cu+1; : : : ; Crg = Br;s ¨ fA1; : : : ; Au; Du+1; : : : ; Dtg = Bt;v {

¤¢  ¡«®ª  (Ai; Bj; De 2 fS1; : : : ; Sng); ¢ ª®â®àëå ¬­®¦¥áâ¢  A1; : : : ; Au ï¢«ï-

îâáï ®¡é¨¬¨ ¤«ï íâ¨å ¡«®ª®¢. Ǳ®«®¦¨¬ Br;s \ Bt;v = fA1; : : : ; Aug = Bu;w

¨ Br;s [Bt;v = fA1; : : : ; Au; Cu+1; : : : ; Cr; Du+1; : : : ; Dtg = B(r+t�u);z: �á­®, çâ®

w � u ¨ z � r + t� u:
�¥¬¬  1. �¡ê¥¤¨­¥­¨¥ ¨ ¯¥à¥á¥ç¥­¨¥ ¤¢ãå ªà¨â¨ç¥áª¨å ¡«®ª®¢ ( ¢ á¬ë-

á«¥ ¢ëè¥¯à¨¢¥¤¥­­ëå ®¯à¥¤¥«¥­¨©) ï¢«ïîâáï á­®¢  ªà¨â¨ç¥áª¨¬¨ ¡«®ª -

¬¨.

��������������. Ǳãáâì Br;r \ Bt;t = Bu;w ¨ Br;r [ Bt;t = Br+t�u;z:

� ¬¥â¨¬, çâ® z � r+ t�w ¨ z � r+ t�u;w � u: �«¥¤®¢ â¥«ì­®, r+ t�w �
� z � r + t� u; u � w; u = w; z = r + t� u:
�¥¬¬  ¤®ª § ­ .

Ǳãáâì Br;s = fA1; : : : ; Au; Cu+1; : : : ; Crg { ¯à®¨§¢®«ì­ë© ¡«®ª ¨
Bk;k = fA1; : : : ; Au; Du+1; : : : ; Dkg { ªà¨â¨ç¥áª¨© ¡«®ª, ¢ ª®â®à®¬A1; : : : ; Au

{ ¢á¥ ¬­®¦¥áâ¢ , ®¡é¨¥ ¤«ï ®¡®¨å ¡«®ª®¢. �®£¤  Br;s \ Bk;k = Bu;v; £¤¥

v � u ¨ Br;s [ Bk;k = fA1; : : : ; Au; Cu+1; : : : ; Cr; Du+1; : : : ; Dkg = Br+k�u;z; £¤¥

z � r + k � u: � ¡«®ª®¬ Br;s á¢ï¦¥¬ ¡«®ª B
0

r;s
0
; ¯®«ãç¥­­ë© ¨§ Br;s ¢ëç¥à-

ª¨¢ ­¨¥¬ í«¥¬¥­â®¢ Bk;k ¨§ ¬­®¦¥áâ¢ Cu+1; : : : ; Cr: �â®â ¡«®ª ¨¬¥¥â ¢¨¤

fA1; : : : ; Au; C
0
u+1; : : : ; C

0
rg = B0r;s0:

Ǳ®ª ¦¥¬, çâ® s0 � r; â.¥. ®¯¥à æ¨ï ¢ëç¥àª¨¢ ­¨ï ­¥ ­ àãè ¥â ãá«®¢¨ï

(�): � ¬¥â¨¬, çâ® j(Cu+1 [ � � � [ Cr) n Bk;kj = z � k ¨, á«¥¤®¢ â¥«ì­®, s0 =

= v + z � k � v + (r + k � u)� k � r: �â ª, ­ ¬¨ ¤®ª § ­  á«¥¤ãîé ï
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�¥¬¬  2. �á«¨ Bk;k { ªà¨â¨ç¥áª¨© ¡«®ª, â® ¢ëç¥àª¨¢ ­¨¥ í«¥¬¥­â®¢

Bk;k ¨§ ¬­®¦¥áâ¢, ­¥ ¯à¨­ ¤«¥¦ é¨å Bk;k; ­¥ ­ àãè ¥â ãá«®¢¨ï (�):
�á«¨, ¤ «¥¥, á¨áâ¥¬  ­ è¨å ¬­®¦¥áâ¢ fS1; : : : ; Sng á®¤¥à¦¨â ªà¨â¨ç¥-

áª¨© ¡«®ª Bk;k, £¤¥ k � n � 1; â®, ¢ëç¥àª­ã¢ í«¥¬¥­âë Bk;k ¨§ ®áâ «ì­ëå

¬­®¦¥áâ¢, ¬ë ¬®¦¥¬ áç¨â âì, çâ® ­ è¥ á¥¬¥©áâ¢® fS1; : : : ; Sng á®áâ®¨â ¨§
¤¢ãå ¡«®ª®¢ Bk;k ¨ Bn�k;v: �â¨ ¡«®ª¨ ­¥ ¨¬¥îâ ®¡é¨å í«¥¬¥­â®¢, ¨ ¤«ï ­¨å

¢ë¯®«­¨¬® ãá«®¢¨¥ (�): Ǳ® ¯à¥¤¯®«®¦¥­¨î ¨­¤ãªæ¨¨, ®¡  ¨¬¥îâ á.à.¯. ¨,

á«¥¤®¢ â¥«ì­®, áãé¥áâ¢ã¥â á.à.¯. ¨ ¤«ï á¥¬¥©áâ¢  fS1; : : : ; Sng:
Ǳãáâì ­ è¥ á¥¬¥©áâ¢® ­¥ á®¤¥à¦¨â ªà¨â¨ç¥áª¨å ¡«®ª®¢ Bk;k; £¤¥

1 � k < n: Ǳãáâì a 2 S1: �ëç¥àª­¥¬ a ¢ S2; S3; : : : ; Sn: Ǳà®¨§¢®«ì­ë© ¡«®ª

Br;s(r < n) á¥¬¥©áâ¢  fS2; : : : ; Sng ­¥ ï¢«ï¥âáï ªà¨â¨ç¥áª¨¬, â.¥.
s � r + 1: �«¥¤®¢ â¥«ì­®, ¯®á«¥ ¢ëç¥àª¨¢ ­¨ï ¬ë ¯®«ãç¨¬ ¡«®ª B0r;s0 á¥-

¬¥©áâ¢  fS 02; : : : ; S 0ng; ¢ ª®â®à®¬ s0 à ¢­® «¨¡® s; «¨¡® s� 1: �.¥. s0 � r: �â®

®§­ ç ¥â, çâ® á¥¬¥©áâ¢® fS 02; : : : ; S 0ng ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (�): Ǳ® ¯à¥¤-
¯®«®¦¥­¨î ¨­¤ãªæ¨¨ á¥¬¥©áâ¢® fS 02; : : : ; S 0ng ¨¬¥¥â á.à.¯. �«¥¤®¢ â¥«ì­®,

fS2; : : : ; Sng ¨¬¥¥â á.à.¯. (¢á¥ ®­¨ ­¥ à ¢­ë a). �¥àï í«¥¬¥­â a ¢ ª ç¥áâ¢¥

¯à¥¤áâ ¢¨â¥«ï S1; ¬ë ¯®«ãç¨¬ ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë.

� ¬¥ç ­¨¥ 1. �¥¬¬  1 ­¥ ¨á¯®«ì§®¢ « áì ¢ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë.

�® ¨§ ­¥¥ á«¥¤ã¥â, çâ® áãé¥áâ¢ã¥â ­ ¨¡®«ìè¨© ¨ ­ ¨¬¥­ìè¨© ªà¨â¨ç¥áª¨¥

¡«®ª¨.

� ¬¥ç ­¨¥ 2. �§ ¤®ª § ­­®© â¥®à¥¬ë ¬®¦­® ¢ë¢¥áâ¨, ¢ ª ç¥áâ¢¥ á«¥¤-

áâ¢¨ï, çâ® ¥á«¨ H � G { ª®­¥ç­ ï ¯®¤£àã¯¯  £àã¯¯ë G; â® áãé¥áâ¢ãîâ

í«¥¬¥­âë faig � G; ï¢«ïîé¨¥áï ®¤­®¢à¥¬¥­­® ¯à¥¤áâ ¢¨â¥«ï¬¨ ¤«ï ¯à -

¢ëå á¬¥¦­ëå ª« áá®¢ ¯® H ¨ «¥¢ëå á¬¥¦­ëå ª« áá®¢ ¯® H:

25



1.5 �¥ª®â®àë¥ ª®¬¡¨­ â®à­ë¥ § ¤ ç¨ ­  ¯«®áª®áâ¨

� ¤ ç  1. Ǳ®ª § âì, çâ® ¬®¦­® â ª ®à£ ­¨§®¢ âì  ¢â®¡ãá­®¥ ¤¢¨¦¥­¨¥

¢ £®à®¤¥, çâ®

1) ª ¦¤ë©  ¢â®¡ãá­ë© ¬ àèàãâ ¨¬¥« à®¢­® 3 ®áâ ­®¢ª¨;

2) ª ¦¤ë¥ ¤¢  ¬ àèàãâ  ¨¬¥«¨ ¥¤¨­áâ¢¥­­ãî ®¡éãî ®áâ ­®¢ªã;

3) á «î¡®© ¨§ ®áâ ­®¢®ª ¬®¦­® ¯à®¥å âì ­  «î¡ãî ¤àã£ãî ¡¥§ ¯¥à¥á ¤ª¨.

�����H��. � áá¬®âà¥âì £à ä

�
�
�
�
�
�
�
�

�
�
�
�
�
�

A
A
A
A
A
A
A
A

Q
Q
Q
Q
Q
Q

A
A
A
A

'$

� � �
�

� �

�

� ¤ ç  2. �  ¯«®áª®áâ¨ ¤ ­® n â®ç¥ª, à á¯®«®¦¥­­ëå â ª, çâ® ­  ª -

¦¤®© ¯àï¬®©, á®¥¤¨­ïîé¥© «î¡ë¥ ¤¢¥ ¨§ íâ¨å â®ç¥ª, «¥¦¨â ¯® ªà ©­¥©

¬¥à¥ ¥é¥ ®¤­  ¨§ ­¨å. �®ª § âì, çâ® ¢á¥ íâ¨ â®çª¨ «¥¦ â ­  ®¤­®© ¯àï¬®©.

�����H��. �®¯ãáâ¨¬ ¯à®â¨¢­®¥ ¨ ¢ë¡¥à¥¬ áà¥¤¨ ¤ ­­ëå â®ç¥ª â ª¨¥

âà¨ â®çª¨ A;B;C; çâ® à ááâ®ï­¨¥ ®â â®çª¨ A ¤® ¯àï¬®© BC ­¥ à ¢­® ­ã«î

¨ ï¢«ï¥âáï ­ ¨¬¥­ìè¨¬ ¨§ ¢á¥å ¢®§¬®¦­ëå.

@
@
@
@
@
@
@

@

@
@

�
�

�
�
�

B P C

D

A

L1

L

� � � �

�

� �

Ǳãáâì D { âà¥âìï â®çª  ­ è¥£® ¬­®¦¥áâ¢ , ¯à¨­ ¤«¥¦ é ï ¯àï¬®© BC:

�á­®, çâ® ¤«¨­ë ¯¥à¯¥­¤¨ªã«ïà®¢ CL; PL;AP ã¤®¢«¥â¢®àïîâ ­¥à ¢¥­-

áâ¢ ¬: AP > PL1 > CL: Ǳà®â¨¢®à¥ç¨¥.

� ¤ ç  3. �  ¯«®áª®áâ¨ ¤ ­® ­¥ª®â®à®¥ ª®­¥ç­®¥ ç¨á«® ¯®¯ à­® ¯¥à¥-

á¥ª îé¨åáï ¯àï¬ëå, ¯à¨ç¥¬ ç¥à¥§ â®çªã ¯¥à¥á¥ç¥­¨ï «î¡ëå ¤¢ãå ¯àï¬ëå
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­ è¥£® ¬­®¦¥áâ¢  ¯à®å®¤¨â ­¥ª®â®à ï âà¥âìï ¯àï¬ ï ¨§ íâ®£® ¦¥ ¬­®¦¥-

áâ¢ . �®ª § âì, çâ® ¢á¥ ¯àï¬ë¥ ¯¥à¥á¥ª îâáï ¢ ®¤­®© â®çª¥.

�����H��. �®¯ãáâ¨¬ ¯à®â¨¢­®¥. �®£¤  áãé¥áâ¢ãîâ ¯àï¬ë¥ l1; l2; l3 ¨§

­ è¥£® ¬­®¦¥áâ¢  â ª¨¥, çâ® ®­¨ ­¥ ¯¥à¥á¥ª îâáï ¢ ®¤­®© â®çª¥ ¨ à ááâ®-

ï­¨¥ ®â â®çª¨ A ¯¥à¥á¥ç¥­¨ï ¯àï¬ëå l1 ¨ l2 ¤® l3 ï¢«ï¥âáï ­ ¨¬¥­ìè¨¬ ¨§

¢®§¬®¦­ëå:
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�
�
�
�
�
�
�

�
�

�
�
�
�
�
�
�
�
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@
@

@
@

�
�
��

@
@

@
@
@
@
@
@
@
@

@
@

l1 l4 l5 l2

l3
B

C

A

� � �
�

�

�¥à¥§ â®çªã A ¯à®å®¤¨â ­¥ª®â®à ï ¯àï¬ ï l4 ¨§ ­ è¥£® ¬­®¦¥áâ¢ ,  

ç¥à¥§ â®çªã B = l3 \ l4 ¯àï¬ ï l5; ¯¥à¥á¥ª îé ï l1 ¢ â®çª¥ C: �á­®, çâ®
à ááâ®ï­¨¥ ®â â®çª¨ C ¤® l3 ¬¥­ìè¥ à ááâ®ï­¨ï ®â â®çª¨ A ¤® l3: Ǳà®â¨-

¢®à¥ç¨¥.

� ¤ ç  4. �®¦­® «¨ á¯« ­¨à®¢ âì  ¢â®¡ãá­ãî á¥âì ¢ ­¥ª®â®à®¬ £®à®¤¥,

á®áâ®ïéãî ¨§ n(n � 3) ¬ àèàãâ®¢ â ª, çâ®¡ë ¯®á«¥ § ªàëâ¨ï «î¡®£® ¨§

íâ¨å ¬ àèàãâ®¢ ®áâ ¢ « áì ¡ë ¢®§¬®¦­®áâì ¯à®¥å âì á ª ¦¤®© ¨§ ¨¬¥î-

é¨åáï ®áâ ­®¢®ª ­  «î¡ãî ¤àã£ãî, ¨á¯®«ì§ãï ¯¥à¥á ¤ª¨,   ¯®á«¥ § ªàëâ¨ï

ª ª¨å ã£®¤­® ¤¢ãå ¬ àèàãâ®¢ ­ è«¨áì ¡ë ¤¢¥ ®áâ ­®¢ª¨, á ®¤­®© ¨§ ª®â®-

àëå ã¦¥ ­¥«ì§ï ¯à®¥å âì ­  ¤àã£ãî?

�����H��. � ª ï ¯« ­¨à®¢ª  áãé¥áâ¢ã¥â. �¥©áâ¢¨â¥«ì­®, à áá¬®âà¨¬

n ¯®¯ à­® ¯¥à¥á¥ª îé¨åáï ¯àï¬ëå, ­¨ª ª¨¥ âà¨ ¨§ ª®â®àëå ­¥ ¯¥à¥á¥ª îâ-

áï ¢ ®¤­®© â®çª¥. � ¦¤ãî ¯àï¬ãî ¡ã¤¥¬ áç¨â âì  ¢â®¡ãá­ë¬ ¬ àèàãâ®¬,

  ª ¦¤ãî â®çªã ¯¥à¥á¥ç¥­¨ï { ®áâ ­®¢ª®©. �ë¡à®á¨¬ ­¥ª®â®àãî ¯àï¬ãî

l :

�
�
�
�
�

�
�l

B B1

A C� � �

� �
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�á«¨ ­ è¨ ®áâ ­®¢ª¨ A ¨ B1 «¥¦ â ­  ®¤­®© ¯àï¬®©, ­¥ á®¢¯ ¤ îé¥©

á l; â® ¤®¥å âì ¬®¦­® ¡¥§ ¯¥à¥á ¤ª¨. �á«¨ ¦¥ ®­¨ ¯à¨­ ¤«¥¦ â à §­ë¬

¯àï¬ë¬ (­¥ á®¢¯ ¤ îé¨¬¨ á l), â® ¤®¥å âì ¬®¦­®, á¤¥« ¢ ¯¥à¥á ¤ªã ¢ â®çª¥

¯¥à¥á¥ç¥­¨ï íâ¨å ¯àï¬ëå. �á«¨ ¦¥ ®¤­  ¨«¨ ®¡¥ ®áâ ­®¢ª¨ ¯à¨­ ¤«¥¦ â

¢ëç¥àª­ãâ®¬ã ¬ àèàãâã l; â® à ááã¦¤¥­¨¥  ­ «®£¨ç­®. � á«ãç ¥ ã¤ «¥­¨ï

2-å ¬ àèàãâ®¢, â® ®áâ ­®¢ª , à á¯®«®¦¥­­ ï ­  ¨å ¯¥à¥á¥ç¥­¨¨, ¡ë«  ¡ë

­¥¤®áï£ ¥¬®©.

� ¤ ç  5. � á¯®«®¦¨âì ­  ¯«®áª®áâ¨ ¤¥¢ïâì ¯àï¬ëå ¨ ¤¥¢ïâì â®ç¥ª

â ª, çâ®¡ë ç¥à¥§ ª ¦¤ãî â®çªã ¯à®å®¤¨«¨ à®¢­® 3 ¯àï¬ë¥ ¨ ­  ª ¦¤®©

¯àï¬®© «¥¦ «¨ à®¢­® 3 â®çª¨.

�����H��.
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A
A
A
A
A

� � �

� � ��

� � �

� ¤ ç  6. �  ¯«®áª®áâ¨ ¯à®¢¥¤¥­® n ¯àï¬ëå «¨­¨©. �®ª § âì, çâ®

®¡« áâ¨, ­  ª®â®àë¥ íâ¨ ¯àï¬ë¥ à §¡¨¢ îâ ¯«®áª®áâì, ¬®¦­® § ªàëâì 2

ªà áª ¬¨ â ª, çâ® ­¨ª ª¨¥ ¤¢¥ á®á¥¤­¨¥ ®¡« áâ¨ ­¥ ¡ã¤ãâ § ªà è¥­ë ®¤­¨¬

æ¢¥â®¬.

�����H��. �®á¯®«ì§®¢ âìáï ¨­¤ãªæ¨¥© ¯® ç¨á«ã n: �á«¬¨ n = 1; â® à¥-

è¥­¨¥ ®ç¥¢¨¤­®. Ǳà¥¤¯®«®¦¨¬, çâ® § ¤ ç  ¨¬¥¥â à¥è¥­¨¥ ¤«ï n ¯àï¬ëå.

� áá¬®âà¨¬ à §¡¨¥­¨¥ ¯«®áª®áâ¨ (n + 1) ¯àï¬ë¬¨ l1; : : : ; ln+1: Ǳ® ¯à¥¤¯®-

«®¦¥­¨î ¨­¤ãªæ¨¨ áãé¥áâ¢ã¥â ¨áª®¬ ï à áªà áª  ®¡« áâ¥© ¯«®áª®áâ¨, ­ 

ª®â®àë¥ ®­  à §¡¨¢ ¥âáï ¯àï¬ë¬¨ l1; : : : ; ln:

28



�
�
�
�
�
�
�
�
�
�
�
�
�
�

�

@
@
@
@
@
@
@
@
@
@
@
@
@
@

@
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ln+1

�«£®à¨â¬ ­®¢®© à áªà áª¨: á ®¤­®© áâ®à®­ë ®â ln+1 à áªà áª  ­¥ ¬¥­ï-

¥âáï,   á ¤àã£®© { ¬¥­ï¥âáï ­  ¯à®â¨¢®¯®«®¦­ãî.

� ¤ ç  7. �®ª § âì, çâ® ç¨á«® â®ç¥ª ¯¥à¥á¥ç¥­¨ï ¤¨ £®­ «¥© ¢ë¯ãª«®-

£® n-ã£®«ì­¨ª  ­¥ ¯à¥¢®áå®¤¨â C4
n:

� ¤ ç  8. �  ¯àï¬®© ®â¬¥ç¥­ë n à §«¨ç­ëå â®ç¥ª A1; : : : ; An(n � 4):

� ¦¤ ï ¨§ íâ¨å â®ç¥ª ¯®ªà è¥­  ¢ ®¤¨­ ¨§ 4-å æ¢¥â®¢, ¯à¨ç¥¬ ¢á¥ 4 æ¢¥-

â  ¯à¨áãâáâ¢ãîâ. �®ª § âì, çâ® áãé¥áâ¢ã¥â ®âà¥§®ª ¯àï¬®©, á®¤¥à¦ é¨©

à®¢­® ¯® ®¤­®© â®çª¥ ¤¢ãå æ¢¥â®¢ ¨ ¯® ªà ©­¥© ¬¥à¥ ¯® ®¤­®© â®çª¥ ¤¢ãå

®áâ ¢è¨åáï æ¢¥â®¢.

�����H��. �®¦­® áç¨â âì, çâ® ­ è¨ â®çª¨ à á¯®«®¦¥­ë á«¥¢  ­ ¯à ¢®.

� � �� � �
A1 A2 An

Ǳãáâì m = minfi; áà¥¤¨ â®ç¥ª A1; : : : ; Ai ¯à¨áãâáâ¢ãîâ â®çª¨ ¢á¥å

4-å æ¢¥â®¢ g: �®£¤  æ¢¥â Am ®â«¨ç¥­ ®â æ¢¥â®¢ A1; : : : ; Am�1: Ǳãáâì

k = maxfj; j � m�1; áà¥¤¨ â®ç¥ªAj; Aj+1; : : : ; Am ¯à¨áãâáâ¢ãîâ â®çª¨ ¢á¥å

4-å æ¢¥â®¢ g: �®£¤  æ¢¥â Ak ®â«¨ç ¥âáï ®â æ¢¥â®¢ Ak+1; : : : ; Am, ¨ ®âà¥§®ª

[Ak; Am] ï¢«ï¥âáï ¨áª®¬ë¬.

� ¤ ç  9. � ­¥ª®â®à®¬ ®¡é¥áâ¢¥ «î¡ë¥ ¤¢  §­ ª®¬ëå ­¥ ¨¬¥îâ ®¡é¨å

§­ ª®¬ëå,   «î¡ë¥ ¤¢  ­¥§­ ª®¬ëå ¨¬¥îâ à®¢­® ¤¢ãå ®¡é¨å §­ ª®¬ëå.

�®ª § âì, çâ® ¢ íâ®¬ ®¡é¥áâ¢¥ ¢á¥ ¨¬¥îâ ®¤¨­ ª®¢®¥ ç¨á«® §­ ª®¬ëå.

�����H��. �­ ç «  ¤®ª ¦¥¬ á«¥¤ãîéãî «¥¬¬ã.
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�¥¬¬ . �á«¨ A ¨ B §­ ª®¬ë, â® ®­¨ ¨¬¥îâ ®¤¨­ ª®¢®¥ ç¨á«® §­ ª®-

¬ëå.

��������������. Ǳãáâì A1; : : : ; An { ¢á¥ §­ ª®¬ë¥ A: �ã¤¥¬ ¨§®¡à -

¦ âì ç«¥­®¢ ®¡é¥áâ¢  â®çª ¬¨ ¨ á®¥¤¨­ïâì «î¡ë¥ ¤¢  à¥¡à®¬, ¥á«¨ ®­¨

§­ ª®¬ë. �®£¤  áà¥¤¨ B;A1; : : : ; An ­¥â §­ ª®¬ëå ¨ áãé¥áâ¢ãîâ B1; : : : ; Bn

â ª¨¥, çâ® Bi { ®¡é¨© §­ ª®¬ë© Ai ¨ B :
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� � � � �
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� � �

� � �

A1 A2 An

B1 B2 Bn

A

B

� ª¨¬ ®¡à §®¬, ç¨á«® §­ ª®¬ëå B ¡®«ìè¥ ¨«¨ à ¢­® n: �­ «®£¨ç­® ¤®-

ª §ë¢ ¥âáï, çâ® ç¨á«® §­ ª®¬ëå A ­¥ ¬¥­ìè¥ ç¨á«  §­ ª®¬ëå B: �¥¬¬ 

¤®ª § ­ .

Ǳãáâì C ¨ D ­¥§­ ª®¬ë. �®£¤  áãé¥áâ¢ã¥â E â ª®©, çâ®

@
@
@

�
�
�

�

�

�

E

D

C

Ǳ® «¥¬¬¥ ç¨á«® §­ ª®¬ëå E à ¢­® ç¨á«ã §­ ª®¬ëå C ¨ à ¢­® ç¨á«ã

§­ ª®¬ëå D:

� ¤ ç  10. � ª®¬¯ ­¨¨, á®áâ®ïé¥© ¨§ 5 ç¥«®¢¥ª, áà¥¤¨ «î¡ëå âà¥å

ç¥«®¢¥ª ­ ©¤ãâáï ¤¢®¥, ª®â®àë¥ §­ îâ ¤àã£ ¤àã£ , ¨ ¤¢®¥, ­¥§­ ª®¬ëå ¤àã£

á ¤àã£®¬. �®ª § âì, çâ® ª®¬¯ ­¨î ¬®¦­® à áá ¤¨âì §  ªàã£«ë¬ áâ®«®¬

â ª, çâ®¡ë ¯® ®¡¥ áâ®à®­ë ®â ª ¦¤®£® ç¥«®¢¥ª  á¨¤¥«¨ ¥£® §­ ª®¬ë¥.

�����H��. �®ª ¦¥¬, çâ® ª ¦¤ë© ç¥«®¢¥ª §­ ¥â à®¢­® ¤¢®¨å. �á«¨

A §­ ¥â âà¥å B;C;D; â® áà¥¤¨ fB;C;Dg ­¥â §­ ª®¬ëå. Ǳà®â¨¢®à¥ç¨¥.

30



�á«¨ A ­¥ §­ ª®¬ á âà¥¬ï ç«¥­ ¬¨ ª®¬¯ ­¨¨ B;C;D; â® B;C ¨ D ¯®¯ à­®

§­ ª®¬ë ¤àã£ á ¤àã£®¬. �â ª, ª ¦¤ë© ç«¥­ ª®¬¯ ­¨¨ §­ ª®¬ à®¢­® á

¤¢ã¬ï ¤àã£¨¬¨. Ǳãáâì A §­ ª®¬, ­ ¯à¨¬¥à, á B ¨ C: �®£¤  B ¨ C ­¥

§­ ª®¬ë ¬¥¦¤ã á®¡®©. Ǳãáâì D { §­ ª®¬ë© B ¨ E { ®áâ ¢è¨©áï ç«¥­

ª®¬¯ ­¨¨. �®£¤  E { §­ ª®¬ë© C ¨ D { ­¥§­ ª®¬ë© C: �ª ¦¥¬ ¨áª®¬ãî

à áá ¤ªã

'
&
$
%� �

�

� �
C B

A

E D

� ¤ ç  11. � ª ¦¤®© ¨§ 3-å áâã¤¥­ç¥áª¨å £àã¯¯ ãç¨âáï ¯® n áâã¤¥­â®¢.

�î¡®© áâã¤¥­â ¨¬¥¥â (n + 1) §­ ª®¬ëå áâã¤¥­â®¢ ¢ ¤¢ãå ¤àã£¨å £àã¯¯ å.

�®ª § âì, çâ® ¢ ª ¦¤®© £àã¯¯¥ ¬®¦­® ¢ë¡à âì ¯® ®¤­®¬ã áâã¤¥­âã â ª,

çâ®¡ë ¢á¥ âà®¥ ¢ë¡à ­­ëå áâã¤¥­â®¢ ¡ë«¨ §­ ª®¬ë ¤àã£ á ¤àã£®¬.

�����H��. Ǳãáâì A â ª®© áâã¤¥­â ®¤­®© ¨§ £àã¯¯, ª®â®àë© ¨¬¥¥â ­ ¨-

¡®«ìè¥¥ ç¨á«® k §­ ª®¬ëå ¢ ®¤­®© ¨§ £àã¯¯ (k � n): � ª ª ª

(n + 1 � k) � 1; â® ¯ãáâì B { §­ ª®¬ë© A ¨§ ®áâ ¢è¥©áï âà¥âì¥© £àã¯¯ë.

�á«¨ B §­ ª®¬ á ª¥¬-«¨¡® ¨§ §­ ª®¬ëå A ¢® ¢â®à®© £àã¯¯¥, â® § ¤ ç  à¥-

è¥­ . �­ ç¥, ®­ §­ ª®¬ á ­¥ ¡®«¥¥ ç¥¬ k áâã¤¥­â ¬¨ ¢ ¯¥à¢®© £àã¯¯¥ ¨ á

­¥ ¡®«¥¥ ç¥¬ (n � k) áâã¤¥­â ¬¨ ¢® ¢â®à®© £àã¯¯¥. �.¥. ®¡é¥¥ ç¨á«® ¥£®

§­ ª®¬ëå ­¥ ¯à¥¢®áå®¤¨â n: Ǳà®â¨¢®à¥ç¨¥.

� ¤ ç  12. �®ª § âì, çâ® ¥á«¨ ¢ £à ä¥ á 2n ¢¥àè¨­ ¬¨ ­¨ª ª¨¥ âà¨

à¥¡à  ­¥ ®¡à §ãîâ âà¥ã£®«ì­¨ª , â® ç¨á«® à¥¡¥à ­¥ ¯à¥¢®áå®¤¨â n2:

�����H��. �®á¯®«ì§ã¥¬áï ¬¥â®¤®¬ ¬ â¥¬ â¨ç¥áª®© ¨­¤ãªæ¨¨. �ë¡¥-

à¥¬ ¤¢¥ ¢¥àè¨­ë A ¨ B; á®¥¤¨­¥­­ë¥ à¥¡à®¬:

� � �

� �A B

� � �
A1 A2 A2n
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�áâ ¢è¨¥áï ¢¥àè¨­ë á®¥¤¨­¥­ë ­¥ ¡®«¥¥ ç¥¬ n2 à¥¡à ¬¨ ¨ ª ¦¤ ï ¨§

­¨å á®¥¤¨­¥­  á A ¨ B ­¥ ¡®«¥¥ ç¥¬ ®¤­¨¬ à¥¡à®¬.

� ª¨¬ ®¡à §®¬, ®¡é¥¥ ç¨á«® à¥¡¥à ­¥ ¯à¥¢®áå®¤¨â ç¨á«  n2 + 2n+ 1 =

= (n + 1)2: Ǳà¨¬¥à®¬ £à ä  á 2n ¢¥àè¨­ ¬¨ ¨ n2 à¥¡à ¬¨ ï¢«ï¥âáï ¤¢ã-

¤®«ì­ë© £à ä:

�
�
�
�
�
�
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�« ¢  2

�«¥¬¥­âë â¥®à¨¨ £à ä®¢

� 1736 £. �.�©«¥à ®¯ã¡«¨ª®¢ « áâ âìî, ¯®á¢ïé¥­­ãî à¥è¥­¨î § ¤ ç¨

® �¥­¨£á¡¥à£áª¨å ¬®áâ å. � íâ®£® ¢à¥¬¥­¨ ¨¤¥â ®âáç¥â â¥®à¨¨ £à ä®¢ ª ª

¬ â¥¬ â¨ç¥áª®© ¤¨áæ¨¯«¨­ë. Ǳ¥à¢ë¥ ¨áá«¥¤®¢ ­¨ï ¢ â¥®à¨¨ £à ä®¢ ¡ë-

«¨ á¢ï§ ­ë á ¯®¯ëâª ¬¨ à¥è¥­¨ï â.­. § ¤ ç¨ ® ç¥âëà¥å ªà áª å (¢¯¥à¢ë¥

áä®à¬ã«¨à®¢ ­­®© ¢ �¥«¨ª®¡à¨â ­¨¨ �.�¥ �®à£ ­®¬ ¨ �.�í«¨ ¢® ¢â®à®©

¯®«®¢¨­¥ XIX ¢¥ª ),   â ª¦¥ á § ¤ ç ¬¨ ® ¯¥à¥¢®§ª å ¨ ® í«¥ªâà¨ç¥áª¨å

áå¥¬ å (�.�¨àå£®ä). � ­ áâ®ïé¥¥ ¢à¥¬ï â¥®à¨ï £à ä®¢ ï¢«ï¥âáï á ¬®áâ®-

ïâ¥«ì­®© ¬ â¥¬ â¨ç¥áª®© ¤¨áæ¨¯«¨­®©, ¨¬¥îé¥© ¯à¨«®¦¥­¨ï ª ª ¢ á ¬®©

¬ â¥¬ â¨ª¥, â ª ¨ ¢ íª®­®¬¨ª¥, ä¨§¨ª¥, ¡¨®«®£¨¨. �â® á¢ï§ ­® á ã­¨¢¥à-

á «ì­®áâìî ï§ëª  â¥®à¨¨ £à ä®¢ ¨ íää¥ªâ¨¢­®áâìî ¥¥ ¬¥â®¤®¢ ¢ à¥è¥­¨¨

à §«¨ç­ëå § ¤ ç.

2.1 �á­®¢­ë¥ ¯®­ïâ¨ï â¥®à¨¨ £à ä®¢ ¨ á¯®á®¡ë

¯à¥¤áâ ¢«¥­¨ï £à ä®¢

�à ä G { ã¯®àï¤®ç¥­­ ï ¯ à  (V;E); £¤¥ V { ¬­®¦¥áâ¢® ¨ E á¥¬¥©áâ¢®

­¥ã¯®àï¤®ç¥­­ëå ¯ à í«¥¬¥­â®¢ ¨§ V: �«¥¬¥­âë ¬­®¦¥áâ¢  V ­ §ë¢ îâ-

áï ¢¥àè¨­ ¬¨ £à ä  G;   í«¥¬¥­âë E { ¥£® à¥¡à ¬¨. �¥àè¨­ë a; b à¥¡à 

fa; bg 2 E ­ §ë¢ îâáï ¥£® ª®­æ ¬¨. �®¢®àïâ, çâ® à¥¡à® � = fa; bg ¨­æ¨-
¤¥­â­® á¢®¨¬ ª®­æ ¬ a ¨ b;   ª®­æë, ¢ á¢®î ®ç¥à¥¤ì, ¨­æ¨¤¥­â­ë à¥¡àã



�: �à ä G = (V;E) ­ §ë¢ ¥âáï ¯à®áâë¬, ¥á«¨ V { ª®­¥ç­®¥ ¬­®¦¥áâ¢® ¨

á¥¬¥©áâ¢® E â®¦¥ ï¢«ï¥âáï ¬­®¦¥áâ¢®¬, â.¥. ª ¦¤ãî ¯ àã ¢¥àè¨­ £à ä 

¬®¦¥â á®¥¤¨­ïâì ­¥ ¡®«¥¥ ç¥¬ ®¤­® à¥¡à®. � áâ® à áá¬ âà¨¢ îâ ®à¨¥­-

â¨à®¢ ­­ë¥ £à äë G = (V;E); ¯à¥¤áâ ¢«ïîé¨¥ á®¡®© ¯ àã (V;E); £¤¥ V

{ ­¥ª®â®à®¥ ¬­®¦¥áâ¢®,   E { á¥¬¥©áâ¢® ã¯®àï¤®ç¥­­ëå ¯ à í«¥¬¥­â®¢ ¨§

V; â.¥. E { á¥¬¥©áâ¢® í«¥¬¥­â®¢ ¤¥ª àâ®¢  ª¢ ¤à â  V � V: Ǳà¨ íâ®¬ ¢

à¥¡à¥ � = (a; b) 2 E ¢¥àè¨­ã a ­ §ë¢ îâ ­ ç «®¬,   b { ª®­æ®¬ à¥¡à  � ¨

¨§®¡à ¦ îâ á«¥¤ãîé¨¬ ®¡à §®¬

-a b� �

�­®£¤  à áá¬ âà¨¢ îâ á¬¥è ­­ë¥ £à äë, ª®â®àë¥ ¨¬¥îâ ª ª ®à¨¥­â¨-

à®¢ ­­ë¥, â ª ¨ ­¥®à¨¥­â¨à®¢ ­­ë¥ à¥¡à . � ¯à¨¬¥à, ¯« ­ £®à®¤  ¬®¦­®

à áá¬ âà¨¢ âì ª ª á¬¥è ­­ë© £à ä, ¢ ª®â®à®¬ ¢¥àè¨­ë { ¯¥à¥ªà¥áâª¨,

  à¥¡à  { ã«¨æë á ®¤­®áâ®à®­­¨¬ ¨«¨ á ¤¢ãáâ®à®­­¨¬ ¤¢¨¦¥­¨¥¬. �§

®¯à¥¤¥«¥­¨ï £à ä  á«¥¤ã¥â, çâ® ¤®¯ãáª îâáï à¥¡à  ¢¨¤  (a; a), ­ §ë¢ ¥¬ë¥

¯¥â«ï¬¨ (®¡ëç­®, ¯¥â«ï áç¨â ¥âáï ­¥®à¨¥­â¨à®¢ ­­®©),   â ª¦¥ ªà â­ë¥

à¥¡à , á®¥¤¨­ïîé¨¥ ¤¢¥ ¢¥àè¨­ë �1 = (a; b)1; �2 = (a; b)2 :

�'
� %a

-�1
6
b

�2

�¢  £à ä  G1 = (V1; E1) ¨ G2 = (V2; E2) ­ §®¢¥¬ ¨§®¬®àä­ë¬¨, ¥á«¨

áãé¥áâ¢ã¥â ¡¨¥ªæ¨ï V1 ­  V2; ' : V1 ! V2; â ª ï, çâ®

fx; yg 2 E1, f'(x); '(y)g 2 E2 (¥á«¨ à¥¡à  ®à¨¥­â¨à®¢ ­ë, â® ®à¨¥­â -

æ¨ï á®åà ­ï¥âáï). �á«¨ G1 ¨§®¬®àä¥­ G2; â® ¡ã¤¥¬ ¯¨á âì G1
�= G2:
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Ǳà¨¬¥à 1. �«¥¤ãîé¨¥ £à äë ï¢«ïîâáï ¨§®¬®à­ë¬¨
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C
C
C
C
C
C
C
C
C
C
C
C

A
A
A
A
A
A

®â­®á¨â¥«ì­® ¡¨¥ªæ¨¨ ai ! bi; i � 7:

�¥àè¨­ , ­¥ ¨­æ¨¤¥­â­ ï ­¨ª ª®¬ã à¥¡àã, ­ §ë¢ ¥âáï ¨§®«¨à®¢ ­­®©.

�à ä, á®áâ®ïé¨© â®«ìª® ¨§ ¨§®«¨à®¢ ­­ëå ¢¥àè¨­ ­ §ë¢ ¥âáï ­ã«ì-£à ä®¬

¨ ®¡®§­ ç ¥âáï En; £¤¥ n { ç¨á«® ¢¥àè¨­. �à ä, á®¤¥à¦ é¨© n ¢¥àè¨­,

¢ ª®â®à®¬ «î¡ë¥ ¤¢¥ à §«¨ç­ë¥ ¢¥àè¨­ë á®¥¤¨­¥­ë ®¤­¨¬ à¥¡à®¬, ­ -

§ë¢ ¥âáï ¯®«­ë¬ £à ä®¬ ¨ ®¡®§­ ç ¥âáï Kn (£à ä K1 = E1 ­ §ë¢ ¥âáï

âà¨¢¨ «ì­ë¬). � ¬¥â¨¬ â ª¦¥, çâ® ¯à®áâ®© £à ä ¯®àï¤ª  n (â.¥. á®¤¥à-

¦ é¨© n ¢¥àè¨­) ¨¬¥¥â ­¥ ¡®«¥¥ C2
n à¥¡¥à. �¨á«® à¥¡¥à ¯à®áâ®£® £à ä 

­ §ë¢ ¥âáï ¥£® à §¬¥à®¬ ¨ ®¡®§­ ç ¥âáï �e(G):

Ǳà¨¬¥à 2. �«¥¤ãîé¨¥ "¯à®áâà ­áâ¢¥­­ë¥" £à äë ¤®¯ãáª îâ ¨§®¬®àä-

­®¥ ¨§®¡à ¦¥­¨¥ ­  ¯«®áª®áâ¨:

1)
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2)
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5)
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�â¥¯¥­ìî ¢¥àè¨­ë a ­¥®à¨¥­â¨à®¢ ­­®£® £à ä  ­ §®¢¥¬ ç¨á«® à¥¡¥à,

¨­æ¨¤¥­â­ëå a (¢ ®¡®§­ ç¥­¨¨ �(a)). �à ä ­ §ë¢ ¥âáï ®¤­®à®¤­ë¬ (à¥£ã-

«ïà­ë¬) áâ¥¯¥­¨ k; ¥á«¨ áâ¥¯¥­ì ª ¦¤®© ¢¥àè¨­ë �(a) à ¢­  k: � ¯à¨¬¥à,

£à äë ¯à ¢¨«ì­ëå ¬­®£®£à ­­¨ª®¢ (¯« â®­®¢ëå â¥«) ï¢«ïîâáï à¥£ã«ïà-

­ë¬¨ (á¬. ¯à¨¬¥à 2).

�â¢¥à¦¤¥­¨¥ 1.Ǳãáâì �e = �e(G) { ç¨á«® ¢á¥å à¥¡¥à £à ä  G = (V;E):

�®£¤ 

2�e =
X
a2V

�(a):

� ç áâ­®áâ¨, ¢ ª®­¥ç­®¬ £à ä¥ ç¨á«® ¢¥àè¨­, ¨¬¥îé¨å ­¥ç¥â­ãî áâ¥-

¯¥­ì, ï¢«ï¥âáï ç¥â­ë¬.

�®ª § â¥«ìáâ¢® á«¥¤ã¥â ¨§ â®£®, çâ® ¢ áã¬¬¥
P
a2V

�(a) ª ¦¤®¥ à¥¡à® fa; bg
ãç¨âë¢ ¥âáï ¤¢  à § .

�­®£¤  ç¨á«® ¢á¥å à¥¡¥à £à ä  G ®¡®§­ ç ¥âáï á¨¬¢®«®¬ e(G):

�«¥¤áâ¢¨¥ 1. � ®¤­®à®¤­®¬ áâ¥¯¥­¨ k ª®­¥ç­®¬ £à ä¥ ¯®àï¤ª  n á¯à -

¢¥¤«¨¢® à ¢¥­áâ¢®

�e =
k � n
2
:

� ç áâ­®áâ¨, ¥á«¨ k { ­¥ç¥â­®¥ ç¨á«®, â® ç¨á«® ¢¥àè¨­ ï¢«ï¥âáï ç¥â-

­ë¬.

� ª ã¦¥ ®â¬¥ç «®áì, ç¨á«® ¢á¥å ¢¥àè¨­ £à ä  G ­ §ë¢ ¥âáï ¯®àï¤ª®¬

£à ä  ¨ ®¡®§­ ç ¥âáï á¨¬¢®«®¬ jGj = n = jV (G)j: Ǳà®¨§¢®«ì­ë© £à ä
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¯®àï¤ª  n § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥ Gn;   ¯à®¨§¢®«ì­ë© ¯à®áâ®© £à ä ¯®àï¤ª 

n á m à¥¡à ¬¨ § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥ G(n;m):

Ǳà¨¬¥à 3. �«¥¤ãîé¨¥ £à äë ¨¬¥îâ ¯®àï¤®ª ­¥ ¯à¥¢®áå®¤ïé¨© 4 ¨

à §¬¥à 3:
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�
�

A
A
A
A
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�
�
�

�
�
�
�

� �

�

� �

� �

�

�

�

�

�

�

�

�

�à ä G0 = (V 0; E 0) ï¢«ï¥âáï ¯®¤£à ä®¬ £à ä  G = (V;E); ¥á«¨

V 0 � V ¨ E 0 � E (¢ ®¡®§­ ç¥­¨¨, G0 � G): �á«¨ ¯®¤£à ä G0 á®¤¥à¦¨â ¢á¥

à¥¡à  £à ä  G; á®¥¤¨­ïîé¨¥ «î¡ë¥ ¤¢¥ ¢¥àè¨­ë ¨§ G0; â® ®­ ­ §ë¢ ¥âáï

­ âï­ãâë¬ (¨«¨ ¨­¤ãæ¨à®¢ ­­ë¬) ­  V 0:

Ǳà¨¬¥à 4. � áá¬®âà¨¬ £à ä

G = (f1; 2; 3; 4; 5; 6g; ff1; 2g; f1; 4g; f1; 6g; f2; 5g; f3; 4g; f3; 6g; f4; 5g; f5; 6gg):
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Q
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�
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�
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1

6
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3

G

�®£¤  ­¨¦¥á«¥¤ãîé¨¥ £à äë G1 ¨ G
0 ï¢«ïîâáï á®®â¢¥âáâ¢¥­­® ¯®¤£à -

ä®¬ G ¨ ¯®¤£à ä®¬ G; ­ âï­ãâë¬ ­  f1; 2; 3; 4; 6g :
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Ǳ®¤£à ä G0; ­ âï­ãâë© ­  ¬­®¦¥áâ¢® V 0 � V; ®¡®§­ ç îâ G0 = G[V 0]:

�á«¨ W � V (G); â® G nW = G[V nW ] { ¯®¤£à ä G; ¯®«ãç¥­­ë© ¨§ G ¢ë-

ç¥àª¨¢ ­¨¥¬ ¢á¥å ¢¥àé¨­ ¨§W ¨ ¢á¥å à¥¡¥à, ¨­æ¨¤¥­â­ëå íâ¨¬ ¢¥àè¨­ ¬.

�­ «®£¨ç­®, ¥á«¨ E 0 � E(G); â® G nE 0 = (V (G); E(G) nE 0):
� ¤ ç  1. �®ª § âì, çâ® á«¥¤ãîé¨¥ £à äë ­¥ ï¢«ïîâáï ¨§®¬®àä­ë¬¨

�
�

@
@

�

� �

�
� �
�
�4

1 2

8

5 6

7
3 �

� �

�
� �
�
�

@
@

@
@

�����H��. � ¯¥à¢®¬ £à ä¥ ¥áâì ¯®á«¥¤®¢ â¥«ì­®áâì ¨­æ¨¤¥­â­ëå à¥-

¡¥à, ¢®§¢à é îé ïáï ª ¨áå®¤­®© ¢¥àè¨­¥ (æ¨ª«):

f1; 2g; f2; 3g; f3; 4g; f4; 8g; f8; 7g; f7; 6g; f6; 5g; f5; 1g:

�® ¢â®à®¬ £à ä¥ â ª®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ ­¥â.

�á«¨ ¨¬¥¥âáï ¯à®áâ®© £à ä ¡¥§ ¯¥â¥«ì G = (V;E); jGj = n; â® ¥£® ¬®¦-

­® ¤®¯®«­¨âì ¤® ¯®«­®£® £à ä  Kn; ¯à®¢¥¤ï ­¥¤®áâ îé¨¥ à¥¡à . �à ä,

®¡à §®¢ ­­ë© ¬­®¦¥áâ¢®¬ ¢¥àè¨­ V (G) ¨ ¢­®¢ì ¯à®¢¥¤¥­­ë¬¨ à¥¡à ¬¨,

­ §ë¢ ¥âáï ¤®¯®«­¥­¨¥¬ G ¨ ®¡®§­ ç ¥âáï ç¥à¥§ �G:

Ǳà¨¬¥à 5.

�
�
�
�

@
@
�
�
�

Q
Q

Q
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� �
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�
G

��
��

HH
HH

C
C
C
C

�
� �

�

�
G

Ǳãáâì G = (V (G); E(G)) ¨ H(V (H); E(H)) { ¤¢  £à ä . � §®¢¥¬ ¨å

®¡ê¥¤¨­¥­¨¥¬ á«¥¤ãîé¨© £à ä:

G [H = (V (G) [ V (H); E(G) [E(H)):

�ã¬¬®© G +H ­ §ë¢ ¥âáï £à ä, ¯®«ãç¥­­ë© ¨§ G [H ¤®¡ ¢«¥­¨¥¬ ¢á¥å

à¥¡¥à, á®¥¤¨­ïé¨å ¢¥àè¨­ë ¨§ V (G) á ¢¥àè¨­ ¬¨ ¨§ V (H): �à ä ­ §ë¢ -

¥âáï ª®­¥ç­ë¬, ¥á«¨ ç¨á«® ¥£® à¥¡¥à ª®­¥ç­®. �.¥., ¥á«¨ ¢ ª®­¥ç­®¬ £à ä¥
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¨¬¥¥âáï ¡¥áª®­¥ç­®¥ ç¨á«® ¢¥àè¨­, â® ¢á¥ ®­¨, §  ¨áª«îç¥­¨¥¬ ª®­¥ç­®£®

ç¨á« , ï¢«ïîâáï ¨§®«¨à®¢ ­­ë¬¨. �¨áâ¥¬  à¥¡¥à £à ä  = (V;E)

Aaiaj = ffai1; ai2g; fai2; ai3g; : : : ; fais�1; aisgg;

£¤¥ ai = ai1; ais = aj ¨ fait; ait+1g 2 E; 1 � t � s � 1; at 2 V ­ §ë¢ ¥âáï

¯ãâ¥¬ (¨«¨ ¬ àèàãâ®¬), á®¥¤¨­ïîé¨¬ ¢¥àè¨­ë ai ¨ aj : �á«¨ ai = aj; â®

¯ãâì Aaiai ­ §ë¢ ¥âáï æ¨ª«¨ç¥áª¨¬. �à ä G ­ §ë¢ ¥âáï á¢ï§­ë¬, ¥á«¨ ¤«ï

«î¡ëå ¤¢ãå à §«¨ç­ëå ¢¥àè¨­ ai ¨ aj £à ä  G áãé¥áâ¢ã¥â ¯ãâì, á®¥¤¨­ï-

îé¨© íâ¨ ¢¥àè¨­ë. �á­®, çâ® ª ¦¤ë© £à ä ª®­¥ç­®£® ¯®àï¤ª  ï¢«ï¥âáï

®¡ê¥¤¨­¥­¨¥¬ ª®­¥ç­®£® ç¨á«  á¢ï§­ëå ­¥¯¥à¥á¥ª îé¨åáï (â.¥. ­¥ ¨¬¥î-

é¨å ®¡é¨å ¢¥àè¨­) ¯®¤£à ä®¢, ­ §ë¢ ¥¬ëå á¢ï§­ë¬¨ ª®¬¯®­¥­â ¬¨ £à -

ä .

Ǳãâì Aaiaj , ¢ ª®â®à®¬ ª ¦¤®¥ à¥¡à® ¢áâà¥ç ¥âáï ­¥ ¡®«¥¥ ®¤­®£® à § ,

­ §ë¢ ¥âáï æ¥¯ìî. �¨ª«¨ç¥áª¨© ¯ãâì, ï¢«ïîé¨©áï æ¥¯ìî, ­ §ë¢ ¥âáï æ¨-

ª«®¬. �¨ª« á ª®­æ®¬ a ­ §ë¢ ¥âáï ¯à®áâë¬ æ¨ª«®¬: ¥á«¨ a ­¥ ï¢«ï¥âáï

¢ ­¥¬ ¯à®¬¥¦ãâ®ç­®© ¢¥àè¨­®© ¨ ­¨ª ª¨¥ ¤àã£¨¥ ¢¥àè¨­ë ­¥ ¯®¢â®àïîâ-

áï. �­ «®£¨ç­®, ­ §®¢¥¬ ­¥æ¨ª«¨ç¥áªãî æ¥¯ì ¯à®áâ®© æ¥¯ìî, ¥á«¨ ¢ ­¥©

­¨ª ª ï ¢¥àè¨­  ­¥ ¯®¢â®àï¥âáï. �¨£ãà  S � R(3); á®áâ®ïé¥¥ ¨§ â®ç¥ª

b1; b2; : : : ¨ ªà¨¢ëå (®âà¥§ª®¢), ¨å á®¥¤¨­ïîé¨å (¢ ®¡®§­ ç¥­¨¨ fbi; bjg; § -
¬¥â¨¬ â ª¦¥, çâ® ­¨ª ª ï ¢­ãâà¥­­ïï â®çª  ªà¨¢®© ­¥ ï¢«ï¥âáï ¢¥àè¨­®©

¨«¨ ¢­ãâà¥­­¥© â®çª®© ¤àã£®© ªà¨¢®©), ­ §ë¢ ¥âáï £¥®¬¥âà¨ç¥áª®© à¥ «¨-

§ æ¨¥© £à ä  G = (V;E); £¤¥ V = fa1; a2; : : :g; ¥á«¨ áãé¥áâ¢ãîâ ¡¨¥ªæ¨¨ V
­  fb1; : : :g ¨ E ­  ffbi; bjgg â ª¨¥, çâ® fbni; bnjg $ (ai; aj) â®£¤  ¨ â®«ìª®

â®£¤ , ª®£¤  bni $ ai; bnj $ aj (â.¥. S �= G):

�â¢¥à¦¤¥­¨¥ 2. � ¦¤ë© ª®­¥ç­ë© £à ä G = (V;E) ¬®¦­® à¥ «¨§®-

¢ âì ¢ R(3):

��������������. �¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨ ¬®¦­® áç¨â âì, çâ®

jGj = n < 1: �®§ì¬¥¬ ¯àï¬ãî ¢ R(3) ¨ ¯à®¢¥¤¥¬ ç¥à¥§ ­¥¥ á¢ï§ªã ¨§ m

¯«®áª®áâ¥©, £¤¥ m { ç¨á«® à¥¡¥à G: �ë¡¥à¥¬ ­  ¯àï¬®© n â®ç¥ª b1; : : : ; bn

¨ à áá¬®âà¨¬ ¡¨¥ªæ¨î bi ! ai; i � n; £¤¥ V = fa1; : : : ; ang: � ¦¤®¬ã à¥¡àã
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fai; ajg 2 E ¯®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ ­¥ª®â®àãî ¯«®áª®áâì ¨§ ¯ãçª  ¨ ¢ ­¥©

¤ã£ã ®ªàã¦­®áâ¨, á®¥¤¨­ïîéãî bi ¨ bj: � à¥§ã«ìâ â¥ ¯®«ãç ¥¬ ¨áª®¬ãî

£¥®¬¥âà¨ç¥áªãî à¥ «¨§ æ¨î S ­ è¥£® £à ä  G ¢ R(3):

�®¯à®á ® à¥ «¨§ æ¨¨ ¯à®¨§¢®«ì­®£® ª®­¥ç­®£® £à ä  ¢ R(2) ï¢«ï¥âáï ­¥

¯à®áâë¬, å®âï ¨ ¨¬¥¥â ¯®«­®¥ à¥è¥­¨¥ (á¬. ­¨¦¥ â¥®à¥¬ã Ǳ®­âàï£¨­ -

�ãà â®¢áª®£®).

� ¤ ç  2. (® âà¥å ¤®¬ å ¨ âà¥å ª®«®¤æ å)

�
�
�
�

��
��
��
��

@
@

@
@

�
�
�
�

HH
HH

HH
HH

@
@
@
@

� � �

� � �

X Y Z

A B C

�  ãç áâª¥ §¥¬«¨ ¡ë«¨ ¯®áâà®¥­ë âà¨ ¤®¬  A;B;C ¨ ¢ëàëâë âà¨ ª®«®¤-

æ X; Y; Z:�â ª ¦¤®£® ¨§ ¤®¬®¢ ¨¬¥« áì âà®¯  ª ª ¦¤®¬ã ¨§ âà¥å ª®«®¤æ¥¢.

�¯ãáâï ­¥ª®â®à®¥ ¢à¥¬ï ®¡¨â â¥«¨ ¤®¬®¢ A;B;C ¯®áá®à¨«¨áì ¤àã£ á ¤àã-

£®¬ ¨ à¥è¨«¨ ¯à®«®¦¨âì ¤®à®¦ª¨ ª ª®«®¤æ ¬ X; Y; Z â ª, çâ®¡ë ¯® ¯ãâ¨

ª ª®«®¤æ ¬ ¨¬ ­¥ ¯à¨å®¤¨«®áì ¢áâà¥ç âìáï ¤àã£ á ¤àã£®¬. �¯à è¨¢ ¥âáï,

¬®¦­® «¨ íâ® á¤¥« âì?

Ǳ®¯ëâª¨ à¥è¨âì íâã § ¤ çã ¯à¨¢®¤ïâ ­ á ª ã¡¥¦¤¥­¨î, çâ® íâ® ­¥¢®§-

¬®¦­®, å®âï ç¨á«® â®ç¥ª ¯¥à¥á¥ç¥­¨ï à¥¡¥à ¬®¦­® á¢¥áâ¨ ª 1:

@
@

@
@

�
�
�
�

HH
HH

HH
HH

� � �

� � �

X Y

Z

A B C

'

&

'$
� ��

'

&

' $' $$

%� �

' $

Ǳà¥¤¯®«®¦¨¬, çâ® ­ è £à ä ¤®¯ãáª ¥â ¯«®áªãî à¥ «¨§ æ¨î. � ç¥àâ¨¬

­  ¯«®áª®áâ¨ ­¥¯¥à¥á¥ª îé¨¥áï à¥¡à  AX;BX; Y B; Y C;CZ;ZA :
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'

&

$

%

' $

�

�

�

� � �

A

Z

X

Y
B

C

�®¦­® áç¨â âì, çâ® ¯®«ãç¥­­ë© § ¬ª­ãâë© ª®­âãà ®¯¨áë¢ ¥âáï ­¥¯à¥-

àë¢­®© ªà¨¢®©. Ǳà®¢®¤ï ­¥¯¥à¥á¥ª îé¨¥áï ­¥¯à¥àë¢­ë¥ «¨­¨¨ AY ¨ BZ;

¬®¦­® áç¨â âì, çâ® ®¤­  ¨§ ­¨å «¥¦¨â ¢­ãâà¨ ª®­âãà ,   ¢â®à ï ¢­¥ ¥£®.

�® â®£¤  ¤ã£  CX ®¡ï§ â¥«ì­® ¯¥à¥á¥ç¥â ®¤­ã ¨§ ¤ã£. � ¤®ª § â¥«ìáâ¢¥

¥áâì í«¥¬¥­âë ¨­âã¨â¨¢­®áâ¨. �âà®£®áâì ¤®áâ¨£ ¥âáï, ¥á«¨ ¯®«ì§®¢ âìáï

â¥®à¥¬®© �®à¤ ­ :

Ǳãáâì K { ­¥¯à¥àë¢­ ï § ¬ª­ãâ ï «¨­¨ï ­  ¯«®áª®áâ¨. �¨­¨ï K ¤¥-

«¨â ¯«®áª®áâì ­  ¢­¥è­îî ¨ ¢­ãâà¥­­îî ®¡« áâ¨ â ª, çâ® «î¡ ï ­¥-

¯à¥àë¢­ ï ªà¨¢ ï, á®¥¤¨­ïîé ï «î¡ãî â®çªã ¢­ãâà¥­­¥© ®¡« áâ¨ á ­¥-

ª®â®à®© â®çª®© ¢­¥è­¥© ®¡« áâ¨, ¯¥à¥á¥ª ¥â K:

�àã£®¥ ¤®ª § â¥«ìáâ¢® ®á­®¢ ­® ­  á«¥¤ãîé¥© â¥®à¥¬¥ �.�©«¥à  (1752),

á¯à ¢¥¤«¨¢®© ¤«ï «î¡®£® ª®­¥ç­®£® ¯«®áª®£® á¢ï§ ­­®£® £à ä :

b + r = p + 2; £¤¥ b { ¯®àï¤®ª £à ä , p { ç¨á«® ¥£® à¥¡¥à ¨ r { ç¨á«® ¥£®

£à ­¥©.

� ­ è¥¬ £à ä¥ b = 6; p = 9: �á«¨ ¡ë £à ä ¡ë« ¡ë ¯«®áª¨¬, â®

r = 11�6 = 5: �¡®§­ ç¨¬ ç¥à¥§ 'k { ç¨á«® k-ã£®«ì­ëå £à ­¥© £à ä . �®£¤ 

r = '2+'3+ : : : ¨ 2p = 2'2+3'3+ : : : ; â ª ª ª ª ¦¤®¥ à¥¡à® ¯à¨­ ¤«¥¦¨â

¤¢ã¬ £à ­ï¬. �«¥¤®¢ â¥«ì­®,

5 = '2 + '3 + : : : ;

2p = 18 = 2'2 + 3'3 + : : : :

� ª ª ª '2 = '3 = 0; â®

5 = '4 + '5 + : : : ;

18 = 4'4 + 5'5 + 6'6 + : : : ;
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20 = 4'4 + 4'5 + 4'6 + : : : :

�âªã¤  á«¥¤ã¥â, çâ® 18 > 20: Ǳà®â¨¢®à¥ç¨¥.

� ¤ ç  3. �®ª § âì, çâ® ¯®«­ë© £à ä K5 ­¥ ï¢«ï¥âáï ¯«®áª¨¬.
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@
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�
���
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�

�

�

K5

����H��. �¥©áâ¢¨â¥«ì­®, ¤®¯ãáâ¨¢ ¯à®â¨¢­®¥, ¨¬¥¥¬

b = 5; p = 10; r = p+ 2� b = 7:

�«¥¤®¢ â¥«ì­®,

7 = '2 + '3 + : : : ;

20 = 2'2 + 3'3 + : : : :

� ª ª ª '2 = 0; â® 21 = 3'3 + 3'4 + 3'5 + � � � > 20 = 3'3 + 4'4 + 5'5 + : : : :

Ǳà®â¨¢®à¥ç¨¥.

� ¤ ç  4. � ¦¤ë© ¨§ 4-å á®á¥¤¥© á®¥¤¨­¨« á¢®© ¤®¬ á âà¥¬ï ¤àã£¨¬¨

¤®¬ ¬¨ ¯à¨ ¯®¬®é¨ ­¥¯¥à¥á¥ª îé¨åáï ¤®à®¦¥ª.

@
@
@
@

�

� �

�

�

& %

$

%
Ǳïâë© ç¥«®¢¥ª ¯®áâà®¨« á¢®© ¤®¬ ¯®¡«¨§®áâ¨. �®ª § âì, çâ® ¥£® ­¥«ì§ï

á®¥¤¨­¨âì á ¤àã£¨¬¨ ¤®¬ ¬¨ ­¥¯¥à¥á¥ª îé¨¬¨áï ¤®à®¦ª ¬¨.

�����H�� 1. �®á¯®«ì§®¢ âìáï â¥®à¥¬®© �®à¤ ­ .

�����H�� 2. �®á¯®«ì§®¢ âìáï â¥®à¥¬®© �©«¥à .

�¬¥¥¬ b = 5; p = 10; r = p + 2 � b = 7: � «¥¥ à ááã¦¤ ¥¬  ­ «®£¨ç­®

à¥è¥­¨î § ¤ ç¨ 2.
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�¢ã¤®«ì­ë¥ £à äë

�à ä G = (V;E) ­ §ë¢ ¥âáï ¤¢ã¤®«ì­ë¬, ¥á«¨ V = V1 [ V2; V1 \ V2 =

= ; ¨ ª ¦¤®¥ à¥¡à® á®¥¤¨­ï¥â ª ªãî-­¨¡ã¤ì ¢¥àè¨­ã ¨§ V1 á ª ª®©-«¨¡®

¢¥àè¨­®© ¨§ V2: � ¯à¨¬¥à,

!!
!!
!!
!!
!!

A
A
A
A

�

� �

�

� V1

V2

'
&
$
%

�á«¨ ¤¢ã¤®«ì­ë© £à ä ï¢«ï¥âáï ¯à®áâë¬ ¨ ª ¦¤ ï ¢¥àè¨­  ¨§ V1 á®-

¥¤¨­¥­  á ª ¦¤®© ¢¥àè¨­®© ¨§ V2; â® ®­ ­ §ë¢ ¥âáï ¯®«­ë¬ ¤¢ã¤®«ì­ë¬ ¨

®¡®§­ ç ¥âáï Km;n; £¤¥ m = jV1j; n = jV2j: �á­®, çâ® Km;n = Em +En: �à ä

K1;n ­ §ë¢ ¥âáï §¢¥§¤­ë¬.

Ǳà¨¬¥à 6.

�
�
�
�@

@
@
@�

� �

�
� K1;4

Ǳà¨¬¥à 7. �à ä, ¢®§­¨ª îé¨© ¢ § ¤ ç¥ ® âà¥å ª®«®¤æ å, ¨§®¬®àä¥­

K3;3:

�â¢¥à¦¤¥­¨¥ 3. �à ä ¯« ­ à¥­, â.¥. ¨§®¬®àä¥­ ¯«®áª®¬ã £à äã, â®-

£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®­ ãª« ¤ë¢ ¥âáï ­  ¯®¢¥àå­®áâ¨ áä¥àë.

��������������. Ǳãáâì £à ä ã«®¦¥­ ­  ¯®¢¥àå­®áâ¨ áä¥àë. �ë-

¡¥à¥¬ â®çªã M ­  áä¥à¥, ­¥ á®¢¯ ¤ îé¥© ­¨ á ®¤­®© ¢¥àè¨­®© £à ä  ¨

­¥ «¥¦ é¥© ­¨ ­  ®¤­®¬ ¥£® à¥¡à¥. Ǳ«®áª®¥ ¯à¥¤áâ ¢«¥­¨¥ £à ä  ¯®«ã-

ç ¥âáï ¯à¨¬¥­¥­¨¥¬ áâ¥à¥®£à ä¨ç¥áª®© ¯à®¥ªæ¨¨ ¨§ â. M ­  ¯«®áª®áâì,

¤¨ ¬¥âà «ì­® ¯à®â¨¢®¯®«®¦­ãî â®çª¥ M .
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�¡à â­®¥ ãâ¢¥à¦¤¥­¨¥ ¤®ª §ë¢ ¥âáï  ­ «®£¨ç­®.

�¯à¥¤¥«¥­¨¥. �¢  £à ä  ­ §ë¢ îâáï £®¬¥®¬®àä­ë¬¨, ¥á«¨ ®­¨ ®¡ 

¯®«ãç îâáï ¨§ ®¤­®£® ¨ â®£® ¦¥ £à ä  ¢ª«îç¥­¨¥¬ ¢ ¥£® à¥¡à  ­®¢ëå ¢¥à-

è¨­ áâ¥¯¥­¨ 2.

Ǳà¨¬¥à 8. �à äë
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� �

��� �

� �

�

�

�

�

ï¢«ïîâáï £®¬¥®¬®àä­ë¬¨.

�â¢¥à¦¤¥­¨¥ 4 (â¥®à¥¬  Ǳ®­âàï£¨­ -�ãà â®¢áª®£®).

�à ä ¯« ­ à¥­ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®­ ­¥ á®¤¥à¦¨â ¯®¤£à ä®¢,

£®¬¥®¬®àä­ëå K5 ¨«¨ K3;3:

� ¬¥ç ­¨¥. �.�.Ǳ®­âàï£¨­ ¤®ª § « ¥¥ ¢ 1927 £., ­® ­¥ ®¯ã¡«¨ª®¢ «;

�.�ãà â®¢áª¨© ¤®ª § « ¥¥ ­¥§ ¢¨á¨¬® ¢ 1930 £.

�������������� á¬. ¢ [22]:

� ¤ ç  5. �®ª § âì, çâ® à¥£ã«ïà­ë© £à ä Ǳ¥â¥àá¥­ 
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­¥ ï¢«ï¥âáï ¯« ­ à­ë¬.

�����H��. �á«¨ � = fa; bg 2 E(G); â® ®¯¥à æ¨ï ã¤ «¥­¨ï à¥¡à  � ¢

G ¨ ®â®¦¤¥áâ¢«¥­¨¥ ¢¥àè¨­ a ¨ b ­ §ë¢ ¥âáï áâï£¨¢ ­¨¥¬. �¯à ¢¥¤«¨¢ 

â¥®à¥¬  ® â®¬, çâ® £à ä ï¢«ï¥âáï ¯« ­ à­ë¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
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¢ ­¥¬ ­¥â ¯®¤£à ä®¢, áâï£¨¢ ¥¬ëå ª K5 ¨«¨ K3;3: Ǳà¨¬¥­¨â¥ íâã â¥®à¥¬ã

¤«ï à¥è¥­¨ï ¤ ­­®© § ¤ ç¨.

� âà¨æ¥© á¬¥¦­®áâ¨ £à ä  G = (V;E) ­ §ë¢ ¥âáï ¬ âà¨æ  A = (aij)

à §¬¥à  n � n; ¢ ª®â®à®© aij à ¢­® ç¨á«ã à¥¡¥à, á®¥¤¨­ïîé¨å ¢¥àè¨­ã vi
á vj; £¤¥ V = fv1; : : : ; vng:
� ¤ ç  6.

 ) Ǳ®áâà®¨âì ¬ âà¨æë á¬¥¦­®áâ¨ £à ä®¢: K4; K3;2.

������:

0
BBBB@

0 1 1 1

1 0 1 1

1 1 0 1

1 1 1 0

1
CCCCA ;

0
BBBBBBB@

0 0 0 1 1

0 0 0 1 1

0 0 0 1 1

1 1 1 0 0

1 1 1 0 0

1
CCCCCCCA
;

¡) Ǳãáâì Gn { £à ä á ¬­®¦¥áâ¢®¬ ¢¥àè¨­ fv1; : : : ; vng; ¢ ª®â®à®¬ vi ¨ vj ¨­-
æ¨¤¥­â­ë $ (i; j) = 1: �§®¡à §¨âì G4; G8 ¨ ­ ©â¨ ¨å ¬ âà¨æë á¬¥¦­®áâ¨.

�®ª § âì, çâ® ¥á«¨ m < n; â® Gm { ¯®¤£à ä Gn:

� ¤ ç  7. Ǳãáâì G { ¯à®áâ®© ª®­¥ç­ë© £à ä (â.¥. ¢ ­¥¬ ­¥â ¯¥â¥«ì ¨

ªà â­ëå à¥¡¥à). �®£¤  G á®¤¥à¦¨â ¤¢¥ ¢¥àè¨­ë á ®¤¨­ ª®¢ë¬¨ áâ¥¯¥­ï¬¨

(n = jGj � 2):

�����H��. �®áâ â®ç­® áç¨â âì, çâ® £à ä ï¢«ï¥âáï á¢ï§­ë¬. Ǳãáâì

V = fv1; : : : ; vng: �á«¨ 1 � �(v1) < �(v2) � � � < �(vn); â® ¨§ ­¥à ¢¥­áâ¢

�(vi) � n� 1; i � n� 1 ¨ ¯à¨­æ¨¯  �¨à¨å«¥ á«¥¤ã¥â, çâ® ­ ©¤ãâáï �; � � n

â ª¨¥, çâ®

�(v�) = �(v�); (� 6= �):

� ¤ ç  8. �®ª ¦¨â¥, çâ® áà¥¤¨ 6 ç¥«®¢¥ª ¢á¥£¤  ­ ©¤ãâáï âà®¥ â ª¨å,

ª®â®àë¥ «¨¡® ¯®¯ à­® §­ ª®¬ë, «¨¡® ­¨ ®¤¨­ ¨§ ­¨å ­¥ §­ ¥â ¤¢ãå ¤àã£¨å.

� ¤ ç  9. Ǳà¨¢¥¤¨â¥ ¯à¨¬¥àë (ª®£¤  íâ® ¢®§¬®¦­®):

 ) ¤¢ã¤®«ì­®£® à¥£ã«ïà­®£® £à ä ;

¡) ªã¡¨ç¥áª®£® £à ä  ¯®àï¤ª  9;

¢) ¯« â®­®¢  ¤¢ã¤®«ì­®£® £à ä ;
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£) ¯à®áâ®£® £à ä  ¯®àï¤ª  n; ¨¬¥îé¥£® (n� 1)(n� 1)=2 à¥¡¥à.

����� ­  ¢®¯à®á £): Kn�1 [E1:

� ¬¥ç ­¨¥. Ǳà¨ à¥è¥­¨¨ § ¤ ç ¯®«¥§­® ¨¬¥âì ¢ ¢¨¤ã á«¥¤ãîé¥¥ ¨§®-

¡à ¦¥­¨¥ £à ä  K3;3 :

�
�
�Q

Q
Q

@
@
@
@
@
@

�
�
�
�
�

�
�
�
�Q

Q
Q

�
�

�

�
�

�

X

A

Z

B

Y

C

2.2 �¥®à¥¬  �.�©«¥à  ® ¯«®áª¨å £à ä å

� ¯à¥¤ë¤ãé¥¬ ¯ à £à ä¥ ¬ë áä®à¬ã«¨à®¢ «¨ â¥®à¥¬ã �©«¥à  ¤«ï ¯«®á-

ª¨å á¢ï§­ëå £à ä®¢ ¨ ã¡¥¤¨«¨áì ¢ ¥¥ ¢ ¦­®áâ¨. Ǳà¥¦¤¥ ç¥¬ áâà®£® ä®à-

¬ã«¨à®¢ âì â¥®à¥¬ã, ®¯à¥¤¥«¨¬ ¯®­ïâ¨¥ £à ­¨ £à ä  G = (V;E): Ǳãáâì x

{ â®çª  ¯«®áª®áâ¨, ­¥ ¯à¨­ ¤«¥¦ é ï V ¨ ­¥ «¥¦ é ï ­¨ ­  ®¤­®¬ à¥¡à¥

E: �à ­ì £à ä  G; á®¤¥à¦ é ï x; íâ® ¬­®¦¥áâ¢® â ª¨å â®ç¥ª ¯«®áª®áâ¨,

ª®â®àë¥ ¬®¦­® á®¥¤¨­¨âì á x ¦®à¤ ­®¢ë¬¨ ªà¨¢ë¬¨, æ¥«¨ª®¬ á®áâ®ïé¨-

¬¨ ¨§ â®ç¥ª, ­¥ ¯à¨­ ¤«¥¦ é¨å V ¨ à¥¡à ¬ £à ä . �¤­  £à ­ì ¢ £à ä¥

ï¢«ï¥âáï ­¥®£à ­¨ç¥­­®©.

�¥®à¥¬ . (�©«¥à �., 1752) Ǳãáâì G { ¯«®áª¨© á¢ï§­ë© £à ä; ¯ãáâì

b = jGj; p = v(G); r { ç¨á«® £à ­¥© G: �®£¤  p+ 2 = b+ r:

��������������. �®ª § â¥«ìáâ¢® ¯à®¢¥¤¥¬ ¨­¤ãªæ¨¥© ¯® p: �á«¨

p = 0; â® b = 1 ¨ r = 1: �¥®à¥¬  ¤®ª § ­ . Ǳà¥¤¯®«®¦¨¬, çâ® â¥®à¥¬ 

¢¥à­  ¤«ï £à ä®¢ á ç¨á«®¬ à¥¡¥à � p � 1: � áá¬®âà¨¬ ¯«®áª¨© £à ä G á

v(G) = p: �á«¨ ®­ á®¤¥à¦¨â ¯¥â«î

�

'
&
$
%,

â® ¥¥ ã¤ «¥­¨¥ ã¬¥­ìè ¥â ç¨á«® à¥¡¥à ­  1 ¨ ç¨á«® £à ­¥© â®¦¥ ­  1, â.¥.
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¨áª®¬®¥ à ¢¥­áâ¢® ï¢«ï¥âáï ¢¥à­ë¬. �á«¨ G á®¤¥à¦¨â à¥¡à® ¢¨¤ 

b

a

�

�

£¤¥ �(a) = 1; â® ã¤ «ïï ¨§ G ¢¥àè¨­ã a ¨ íâ® à¥¡à®, ¬ë ¤®ª ¦¥¬ ¨áª®¬®¥

à ¢¥­áâ¢® ¢ á¨«ã ¯à¥¤¯®«®¦¥­¨ï ¨­¤ãªæ¨¨. �â ª, ¬®¦­® áç¨â âì, çâ® G

{ ¯«®áª¨© á¢ï§­ë© £à ä, ¢ ª®â®à®¬ áâ¥¯¥­ì ª ¦¤®© ¢¥àè¨­ë � 2 ¨ áà¥¤¨

à¥¡¥à ­¥â ¯¥â¥«ì (¨ ªà â­ëå à¥¡¥à).

�¥¬¬ . �á«¨ áâ¥¯¥­ì ª ¦¤®© ¢¥àè¨­ë £à ä  G1 ­¥ ¬¥­ìè¥ ¤¢ãå, â®

G1 á®¤¥à¦¨â æ¨ª«.

��������������. �á«¨ ¢ G1 ¥áâì ¯¥â«¨ ¨«¨ ªà â­ë¥ à¥¡à , â® «¥¬-

¬  ¤®ª § ­ . �­ ç¥, G1 { ¯à®áâ®© £à ä. Ǳãáâì v 2 V (G1): Ǳãáâì v1 {

á¬¥¦­ ï ¢¥àè¨­  á v; v2 { á¬¥¦­ ï ¢¥àè¨­  á v1 ¨ ®â«¨ç­ ï ®â v; v3 {

á¬¥¦­ ï ¢¥àè¨­  á v2 ¨ ®â«¨ç­ ï ®â v1 ¨ â.¤. � ª ª ª jG1j <1; â® ¢ ¯®-

á«¥¤®¢ â¥«ì­®áâ¨ v; v1; v2; : : : ¢áâà¥â¨âáï ¢¥àè¨­  vk; ª®â®à ï ¢áâà¥ç « áì

à ­ìè¥. �ë¡¨à ï k ¬¨­¨¬ «ì­ë¬ á íâ¨¬ á¢®©áâ¢®¬, ¬ë ¯®«ãç¨¬ ¨áª®¬ë©

æ¨ª«.

�«¥¤®¢ â¥«ì­® £à ä G á®¤¥à¦¨â æ¨ª«. �¤ «¨¬ ¢ íâ®¬ æ¨ª«¥ ®¤­® à¥¡à®.

Ǳ®«ãç¥­­ë© £à ä ï¢«ï¥âáï á­®¢  á¢ï§­ë¬, ­® ç¨á«® ¥£® à¥¡¥à p1 = p� 1 ¨
ç¨á«® ¥£® £à ­¥© r1 = r�1: �¢¨¤ã ¯à¥¤¯®«®¦¥­¨ï ¨­¤ãªæ¨¨ p1+2 = b1+r1:

�«¥¤®¢ â¥«ì­®, p+ 2 = b+ r ¨ â¥®à¥¬  ¤®ª § ­ .

�á«¨ ¬ë à áá¬®âà¨¬ ¢ë¯ãª«ë© ¬­®£®£à ­­¨ª ¢ R(3) ¨ á¯à®¥ªâ¨àã¥¬ ¥£®

­  ¯®¢¥àå­®áâ¨ áä¥pë, ®¯¨á ­­®© ®ª®«® ­¥£®,   § â¥¬ ¢®á¯®«ì§ã¥¬áï áâ¥-

à¥®£à ä¨ç¥áª®© ¯à®¥ªæ¨¥©, â® ¬ë ¯®«ãç¨¬ ¯«®áª¨© á¢ï§­ë© £à ä ¬­®£®-

£à ­­¨ª , ¤«ï ª®â®à®£® á¯à ¢¥¤«¨¢  ä®à¬ã«  �©«¥à 

p+ 2 = b+ r:

�«¥¤áâ¢¨¥ 1. �á«¨ G = (V;E) { á¢ï§­ë© ¯à®áâ®© ¯« ­ à­ë© £à ä

¯®àï¤ª  n = jV j � 3 ¨ à §¬¥à  m = jEj; â® m � 3n� 6:
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��������������. Ǳ®¤áç¨âë¢ ï à¥¡à  ¢ £à ä¥, ¨¬¥¥¬ 3r � 2m: �«¥-

¤®¢ â¥«ì­®,

m+ 2 = n+ r � n+
2

3
m; m � 3(n� 2):

�«¥¤áâ¢¨¥ 2. � «î¡®¬ ¯à®áâ®¬ ¯« ­ à­®¬ £à ä¥ áãé¥áâ¢ã¥â ¢¥àè¨-

­ , áâ¥¯¥­ì ª®â®à®© ­¥ ¯à¥¢®áå®¤¨â 5.

��������������.�«ï ¤®ª § â¥«ìáâ¢  ¤®áâ â®ç­® áç¨â âì, çâ® £à ä

ï¢«ï¥âáï á¢ï§­ë¬. �á«¨ áâ¥¯¥­ì ª ¦¤®© ¢¥àè¨­ë � 6; â® 6 � n � 2m;

£¤¥ n { ç¨á«® ¢á¥å ¢¥àè¨­ ¨ m { ç¨á«® ¢á¥å à¥¡¥à. �âªã¤  á«¥¤ã¥â, çâ®

3n � m � 3n� 6: Ǳà®â¨¢®à¥ç¨¥.
�«¥¤áâ¢¨¥ 3. Ǳãáâì G { ¯«®áª¨© £à ä ¯®àï¤ª  n; á m à¥¡à ¬¨, r £à -

­ï¬¨ ¨ k ª®¬¯®­¥­â ¬¨ á¢ï§­®áâ¨. �®£¤  n+ r = m+ (k + 1):

�®ª § â¥«ìáâ¢® á«¥¤ã¥â ¨§ â¥®à¥¬ë ¨ â®£®, çâ® ¡¥áª®­¥ç­ ï £à ­ì áç¨-

â ¥âáï â®«ìª® ®¤¨­ à §.

� ¤ ç  10. Ǳãáâì G = (V;E) { ¯« ­ à­ë© £à ä ¯®àï¤ª  n � 3; ¢

ª®â®à®¬ ¢á¥ æ¨ª«ë á®¤¥à¦ â � g � 3 à¥¡¥à. �®ª § âì, çâ® ç¨á«® à¥¡¥à

m = jEj � maxf(n� 1);
g

(g � 2)
(n� 2)g:

�����H��. �®¦­® áç¨â âì, çâ® g � n ¨ G { á¢ï§­ë© £à ä. �á«¨ ¢ G

ª ¦¤®¥ à¥¡à® ¯à¨­ ¤«¥¦¨â ¤¢ã¬ £à ­ï¬, â®

2m =
X
i

fi � i �
X
i�g

fi � i � g(
X
i

fi) = g � r;

£¤¥ r { ç¨á«® ¢á¥å £à ­¥© ¨ fi { ç¨á«® £à ­¥© á i à¥¡à ¬¨ ­  á¢®¨å £à ­¨æ å.

�«¥¤®¢ â¥«ì­®,

m+ 2 = n+ r � n+
2

g
m;

m � g

g � 2
(n� 2):

�á«¨ à¥¡à® fa; bg 2 E ¯à¨­ ¤«¥¦¨â ®¤­®© £à ­¨, â® Gnfa; bg { ®¡ê¥¤¨­¥­¨¥
¤¢ãå ­¥¯¥à¥á¥ª îé¨åáï £à ä®¢ G1 ¨ G2: Ǳ®« £ ï mi = jE(Gi)j;
ni = jGij; i � 2; ¨¬¥¥¬, çâ®
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m = m1 +m2 + 1 � maxf g
g�2(n1 � 2); n1 � 1g+

+maxf g
g�2(n2 � 2); n2 � 1g+ 1 � maxf g

g�2(n� 2); n� 1g:
� ç áâ­®áâ¨, ¥á«¨ ¡ë £à ä K5 ¡ë« ¡ë ¯«®áª¨¬, â®

g = 3; v(K5) = 10 < 3
1
� (5� 2): Ǳà®â¨¢®à¥ç¨¥.

2.3 �æ¥­ª  ç¨á«  £à ä®¢

�¡®§­ ç¨¬ ç¥à¥§ Hm
n { ç¨á«® ¢á¥å á®ç¥â ­¨© á ¯®¢â®à¥­¨ï¬¨ ¨§ n í«¥-

¬¥­â®¢ ¯® m; â.¥. ç¨á«® ¢á¥å â ª¨å á¥¬¥©áâ¢, á®¤¥à¦ é¨å m í«¥¬¥­â®¢ ¨§

¤ ­­ëå n ¨ à §«¨ç­ëå í«¥¬¥­â®¢, çâ® ®¤¨­ ¨ â®â ¦¥ í«¥¬¥­â ¬®¦¥â ¢å®-

¤¨âì ¢ á¥¬¥©áâ¢® ­¥áª®«ìª® à §. �«¥¤ãîé¥¥ ãâ¢¥p¦¤¥­¨¥ ¤®ª § ­® ¢ 1.1.

�¤¥áì ¬ë ¯p¨¢¥¤¥¬ ¢â®p®¥ ¤®ª § â¥«ìáâ¢®.

�â¢¥à¦¤¥­¨¥ 5. Hm
n = Cm

m+n�1:

Ǳà¨¬¥à. H3
2 = 4; â.ª. ­  ¡ §¥ fa; bg áãé¥áâ¢ãîâ â®«ìª® á«¥¤ãîé¨¥

á¥¬¥©áâ¢  ¨§ 3-å í«¥¬¥­â®¢:

fa; a; ag; fa; a; bg; fa; b; bg; fb; b; bg:

��������������. � áá¬®âà¨¬ ®á­®¢­®¥ ¬­®¦¥áâ¢®M = fa1; : : : ; ang:
�á«¨ n = 1; â® Hm

1 = 1 = Cm
m ¨ ¢á¥ ¤®ª § ­®. �¤¥« ¥¬ ¯à¥¤¯®«®¦¥­¨¥ ¨­-

¤ãªæ¨¨ ®¡ ¨áâ¨­­®áâ¨ ­ è¥£® ãâ¢¥à¦¤¥­¨ï ¤«ï n í«¥¬¥­â­®£® ¬­®¦¥áâ¢ 

¨ ¤®ª ¦¥¬ ¥£® ¤«ï ¬­®¦¥áâ¢ , á®¤¥à¦ é¥£® (n+ 1) í«¥¬¥­â®¢:

N = fa1; : : : ; an+1g:

�¨á«® á®ç¥â ­¨© á ¯®¢â®à¥­¨ï¬¨ ¨§ (n+1) í«¥¬¥­â®¢ ¯® m; ­¥ á®¤¥à¦ é¨å

an+1, à ¢­® H
m
n ; ç¨á«® á®ç¥â ­¨© á ¯®¢â®à¥­¨ï¬¨ ¨§ (n + 1) í«¥¬¥­â®¢ ¯®

m; á®¤¥à¦ é¨å an+1 à®¢­® ®¤¨­ à §, à ¢­® H
m�1
n ; ç¨á«® á®ç¥â ­¨© á ¯®¢â®-

à¥­¨ï¬¨ ¨§ (n + 1) í«¥¬¥­â®¢ ¯® m; á®¤¥à¦ é¨å an+1 à®¢­® 2 à § , à ¢­®

Hm�2
n ¨ â.¤. �«¥¤®¢ â¥«ì­®,

Hm
n+1 = Hm

n +Hm�2
n + � � �+H1

n + 1 = Cm
n+m�1 + Cm�1

n+m�2 + � � �+ C1
n + 1:
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�®ª ¦¥¬ ¨­¤ãªæ¨¥© ¯® m; çâ®

Cm
n+m = 1 + C1

n + C2
n+1 + � � �+ Cm

n+m�1:

�á«¨ m = 1; â® C1
n+1 = n+ 1 = 1 + C1

n: Ǳãáâì ¨áª®¬®¥ à ¢¥­áâ¢® ¢¥à­® ¤«ï

m: �®ª ¦¥¬ ¥£® ¤«ï m+ 1: �¬¥¥¬

Cm+1
n+m+1 = Cm+1

n+m + Cm
n+m = Cn+1

n+m + Cm
n+m�1 + � � �+ C1

n + 1:

�â¢¥à¦¤¥­¨¥ ¤®ª § ­®.

�â¢¥à¦¤¥­¨¥ 6. (n
e
)n < n!

��������������. � ª ª ª (1 + 1
n
)n < e; â®

(n+1)n

e
< nn:

Ǳà¥¤¯®«®¦¨¬ ¨áâ¨­­®áâì ­ è¥£® ­¥à ¢¥­áâ¢  ¤«ï n ¨ ¤®ª ¦¥¬ ¥£® ¤«ï

(n+ 1): �¬¥¥¬

(n+ 1)! = n! � (n+ 1) > (
n

e
)n � (n+ 1) >

(n+ 1)n

e � en � (n+ 1) = (
n+ 1

e
)n+1:

�¥®à¥¬  2. � ªá¨¬ «ì­®¥ ç¨á«® 
(m) ¯®¯ à­® ­¥¨§®¬®àä­ëå £à ä®¢

¡¥§ ¨§®«¨à®¢ ­­ëå ¢¥àè¨­ á m à¥¡à ¬¨ ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã


(m) < c1(c2m)
m;

£¤¥ c1; c2 { ­¥ª®â®àë¥ ª®­áâ ­âë.

��������������. � ¦¤ë© £à ä á m à¥¡à ¬¨ ¨¬¥¥â ­¥ ¡®«¥¥ 2m

¢¥àè¨­. �  ¬­®¦¥áâ¢¥ ¨§ 2m ¢¥àè¨­ ç¨á«® ¯ à ¢¥àè¨­, ª®â®àë¥ ¬®£ãâ

á¢ï§ë¢ âìáï à¥¡à ¬¨, ­¥ ¯à¥¢®áå®¤¨â ç¨á«  r = H2
2m = C2

2m+1 = m(2m+1):

�®£¤  ¨áª®¬®¥ ç¨á«® £à ä®¢ á m à¥¡à ¬¨ 
(m) ­¥ ¯à¥¢®áå®¤¨â

Hr
m = Cm

r+m�1 � (r+m�1)m
m!

<
(2m2+2m)m

(m
e
)m

= (1 + 1
m
)m � (2em)m < e � (2em)m:

�¥®à¥¬  ¤®ª § ­ .

� ¤ ç  11. � � á ¨¬¥¥âáï 3 ªã¢è¨­  A;B;C ®¡ê¥¬®¬ á®®â¢¥âáâ¢¥­­®

8, 5 ¨ 3 «¨âà®¢. �ã¢è¨­ A ­ ¯®«­¥­ ¢®¤®©. � ¬ ­¥®¡å®¤¨¬® à §¤¥«¨âì

¢®¤ã ­  2 à ¢­ë¥ ç áâ¨, ¨á¯®«ì§ãï ¯ãáâë¥ ªã¢è¨­ë B;C: �®¦­® «¨ íâ®

á¤¥« âì?

����H��. Ǳà¥¤« £ ¥âáï á«¥¤ãîé¥¥ à¥è¥­¨¥, ¨á¯®«ì§ãîé¥¥ ï§ëª â¥®-

à¨¨ £à ä®¢. � áá¬®âà¨¬ æ¥«®ç¨á«¥­­ãî à¥è¥âªã ¯«®áª®áâ¨
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� ¦¤®¬ã à á¯à¥¤¥«¥­¨î ¢®¤ë ¯® ªã¢è¨­ ¬ B ¨ C á®¯®áâ ¢¨¬ â®çªã

(a; b) ­ è¥© à¥è¥âª¨, £¤¥ b { ª®«¨ç¥áâ¢® ¢®¤ë ¢ B ¨ c { ª®«¨ç¥áâ¢® ¢®¤ë

¢ C: � ª ª ª b 2 f0; 1; 2; 3; 4; 5g; c 2 f0; 1; 2; 3g; â® ¬­®¦¥áâ¢® ¢®§¬®¦­ëå

ã§«®¢ëå â®ç¥ª à¥è¥âª¨ á®áâ®¨â ¨§ 6 å 4=24 â®ç¥ª. �ã¤¥¬ áç¨â âì â®çª¨

¢¥àè¨­ ¬¨ £à ä . �¢¥ ¢¥àè¨­ë (b1; c1) ¨ (b2; c2) á®¥¤¨­¥­ë (®à¨¥­â¨à®-

¢ ­­ë¬ ) à¥¡à®¬, ¥á«¨ §  ®¤­® ¯¥à¥«¨¢ ­¨¥ ¨§ á®áâ®ï­¨ï (b1; c1) ¬®¦­®

¯¥à¥©â¨ ª á®áâ®ï­¨î (b2; c2): � è  § ¤ ç  § ª«îç ¥âáï ¢ áãé¥áâ¢®¢ ­¨¨

¯ãâ¨ (¬ àèàãâ ) ®â ¢¥àè¨­ë (0,0) ª ¢¥àè¨­¥ (4,0). �ª ¦¥¬ â ª®© ¯ãâì:

(0; 0)! (5; 0)! (2; 3)! (2; 0)! (0; 2)! (5; 2)! (4; 3)! (4; 0): Ǳà®¨««î-

áâà¨àã¥¬ íâ®â ¯ãâì £à ä¨ç¥áª¨:
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� ¤ ç  12. �¥è¨âì  ­ «®£¨ç­ãî § ¤ çã ¤«ï ªã¢è¨­®¢ A;B;C; ®¡ê¥¬ë

ª®â®àëå á®®â¢¥âáâ¢¥­­® à ¢­ë 12, 7, 4.

�����: (7, 0), (3, 4), (3, 0),(0, 3), (7, 3), (6, 4), (6, 0).

2.4 �©«¥à®¢ë ¨ £ ¬¨«ìâ®­®¢ë £à äë

� ª ã¦¥ ®â¬¥ç «®áì, â¥®à¨ï £à ä®¢ á¢®¨¬ à®¦¤¥­¨¥¬ ®¡ï§ ­  á«¥¤ã-

îé¥© § ¤ ç¥, ¢®§­¨ªè¥© ¢ ¯¥à¢®© ¯®«®¢¨­¥ XVIII áâ®«¥â¨ï ¨ à¥è¥­­®©

¯¥â¥à¡ãà£áª¨¬ ¬ â¥¬ â¨ª®¬ �.�©«¥à®¬ (á¬. à¨á.).

�®à®¤ �¥­¨£á¡¥à£ (� «¨­¨­£à ¤) à á¯®«®¦¥­ ­  ¡¥à¥£ å à¥ª¨ Ǳà¥£¥«ì ¨

¤¢ãå ®áâà®¢ å. � §«¨ç­ë¥ ç áâ¨ £®à®¤  ¡ë«¨ á®¥¤¨­¥­ë 7 ¬®áâ ¬¨. �®¦­®
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«¨ á®¢¥àè¨âì ¯à®£ã«ªã ¯® £®à®¤ã â ª¨¬ ®¡à §®¬, çâ®¡ë, ¢ë©¤ï ¨§ ¤®¬ ,

¢¥à­ãâìáï ®¡à â­®, ¯à®©¤ï ¯® ª ¦¤®¬ã ¬®áâã â®«ìª® ®¤¨­ à §?

'
&

�
�
�



A D

B

C

�§®¡à §¨¬ ª àâã à¨áã­ª  ¢ ¢¨¤¥ £à ä 
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�.�©«¥à ¤®ª § «, çâ® ­¥ áãé¥áâ¢ã¥â ¬ àèàãâ , ¢ª«îç îé¥£® ¢ á¥¡ï ª -

¦¤®¥ à¥¡à® â®«ìª® ®¤¨­ à §. �.�©«¥à ¯®áâ ¢¨« ¡®«¥¥ ®¡é¨© ¢®¯à®á: ¤«ï

ª ª¨å £à ä®¢ áãé¥áâ¢ã¥â æ¨ª« (â.¥. § ¬ª­ãâ ï æ¥¯ì), á®¤¥à¦ é¨© ¢á¥ à¥-

¡à  £à ä , ¯à¨ç¥¬ ª ¦¤®¥ à¥¡à® ¢ â®ç­®áâ¨ ¯® ®¤­®¬ã à §ã?

�à äë, ®¡« ¤ îé¨¥ â ª¨¬ æ¨ª«®¬ (í©«¥à®¢®© «¨­¨¥©), ­ §ë¢ îâáï í©-

«¥à®¢ë¬¨. � ª®© £à ä, ®ç¥¢¨¤­®, á¢ï§­ë© ¨ áâ¥¯¥­ì ª ¦¤®© ¥£® ¢¥àè¨­ë

ï¢«ï¥âáï ç¥â­®©.

�¥®à¥¬  3. �®­¥ç­ë© £à ä G = (V;E) ï¢«ï¥âáï í©«¥à®¢ë¬ â®£¤  ¨

â®«ìª® â®£¤ , ª®£¤  ®­ á¢ï§­ë© ¨ áâ¥¯¥­ì ª ¦¤®© ¥£® ¢¥àè¨­ë ï¢«ï¥âáï

ç¥â­®©.

��������������. �á«¨ G { í©«¥à®¢ £à ä, â®, ª ª ¡ë«® ®â¬¥ç¥­®, ®­

á¢ï§­ë© ¨ áâ¥¯¥­ì ª ¦¤®© ¥£® ¢¥àè¨­ë ç¥â­ ï. �¡à â­®, ¯ãáâì G { á¢ï§-

­ë© £à ä ¨ áâ¥¯¥­¨ ¢á¥å ¥£® ¢¥àè¨­ ï¢«ïîâáï ç¥â­ë¬¨ ç¨á« ¬¨. �®§ì¬¥¬

­¥ª®â®àãî ¢¥àè¨­ã a 2 V ¨ à áá¬®âà¨¬ ¬ ªá¨¬ «ì­ãî æ¥¯ì T; ¨áå®¤ï-

éãî ¨§ a: � ª ª ª £à ä G á¢ï§­ë© ¨ áâ¥¯¥­ì ª ¦¤®© ¢¥àè¨­ë ç¥â­ ï, â®

T ¯à®å®¤¨â ç¥à¥§ ª ¦¤ãî ¢¥àè¨­ã G ¨ § ª ­ç¨¢ ¥âáï ¢ a: � ç áâ­®áâ¨, T
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ï¢«ï¥âáï æ¨ª«®¬. �á«¨ íâ®â æ¨ª« ­¥ ï¢«ï¥âáï í©«¥à®¢ë¬, â® T á®¤¥à¦¨â

¢¥àè¨­ã b; ¨­æ¨¤¥­â­ãî à¥¡àã, ­¥ ¢å®¤ïé¥¬ã ¢ T: �áå®¤ï ¨§ ¢¥àè¨­ë b;

¯®áâà®¨¬ ­®¢ãî æ¥¯ì, ¨á¯®«ì§ãï à¥¡à , ­¥ ¯à¨­ ¤«¥¦ é¨¥ T: �â® ¢®§¬®¦-

­®, â.ª. áâ¥¯¥­ì ª ¦¤®© ¢¥àè¨­ë ï¢«ï¥âáï ç¥â­®©. �®¢ ï æ¥¯ì L ¤®«¦­ 

®ª ­ç¨¢ âìáï ¢ ¢¥àè¨­¥ b: �® â®£¤  ¬ë ¬®¦¥¬ ¯®áâà®¨âì ¡®«ìè¨© ç¥¬ T

æ¨ª«, ¨áå®¤ïé¨© ¨§ ¢¥àè¨­ë a: �¥©áâ¢¨â¥«ì­®, á­ ç «  á«¥¤ã¥¬ ¯® T ®â a

ª b; § â¥¬ ¯® L ¤¥« ¥¬ æ¨ª« ¨ ¢®§¢à é ¥¬áï ¢ b;   § â¥¬ ¯à®¤®«¦ ¥¬ ¯ãâì

¯® T: �â® ¯à®â¨¢®à¥ç¨â ¬ ªá¨¬ «ì­®áâ¨ ¯ãâ¨ T:

�â ª, T { í©«¥à®¢ æ¨ª«. �¥®à¥¬  ¤®ª § ­ .

�á«¨ ¦¥ ­  á¢ï§­®¬ ª®­¥ç­®¬ £à ä¥ G = (V;E) ¨¬¥¥âáï æ¥¯ì, ­ ç¨­ -

îé ïáï ¢ ¢¥àè¨­¥ a ¨ ®ª ­ç¨¢ îé ïáï ¢ ¢¥àè¨­¥ b 6= a; â® ¯à¥¤¯®« £ ï,

çâ® ®­  ¯à®å®¤¨â ¯® ¢á¥¬ à¥¡à ¬ ¢ â®ç­®áâ¨ ¯® ®¤­®¬ã à §ã, ¬ë ¢¨¤¨¬, çâ®

a; b { ¥¤¨­áâ¢¥­­ë¥ ¢¥àè¨­ë ­¥ç¥â­®© áâ¥¯¥­¨. �¡à â­®, ¥á«¨ ¢ á¢ï§­®¬

ª®­¥ç­®¬ £à ä¥ G = (V;E) ¢¥àè¨­ë a ¨ b (a 6= b) ï¢«ïîâáï ¥¤¨­áâ¢¥­­ë-

¬¨ ­¥ç¥â­ë¬¨, â®, ¤®¡ ¢«ïï ª E ­®¢®¥ à¥¡à® fa; bg; ¬ë ¯®«ãç¨¬ (á®£« á­®

â¥®à¥¬¥ 3) í©«¥à®¢ £à ä, ®¡« ¤ îé¨© í©«¥à®¢ë¬ æ¨ª«®¬ T: �¤ «¨¢ ¨§ T

à¥¡à® fa; bg; ¬ë ¯®«ãç¨¬ æ¥¯ì, ­ ç¨­ îéãîáï ¢ a; § ª ­ç¨¢ îéãîáï ¢ b

¨ ¯à®å®¤ïéãî ª ¦¤®¥ à¥¡à® à®¢­® ®¤¨­ à §. �â ª, ¤®ª § ­ 

�¥®à¥¬  4. �®­¥ç­ë© á¢ï§­ë© £à ä G = (V;E) á®¤¥à¦¨â æ¥¯ì, ­ ç¨-

­ îéãîáï ¢ ¢¥àè¨­¥ a ¨ ®ª ­ç¨¢ îéãîáï ¢ ¢¥àè¨­¥ b;   â ª¦¥ á®¤¥à-

¦ éãî ¢á¥ à¥¡à  à®¢­® ¯® ®¤¨­®¬ã à §ã â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  a; b

{ ¥¤¨­áâ¢¥­­ë¥ ­¥ç¥â­ë¥ ¢¥àè¨­ë íâ®£® £à ä .

� ¤ ç  13. Ǳãáâì G = (V;E) { ª®­¥ç­ë© á¢ï§­ë© £à ä á 2k ­¥ç¥â­ë-

¬¨ ¢¥àè¨­ ¬¨. �®ª § âì, çâ® G ¨¬¥¥â á¥¬¥©áâ¢® ¨§ k æ¥¯¥©, ª®â®àë¥ ¢

á®¢®ªã¯­®áâ¨ á®¤¥à¦ â ¢á¥ à¥¡à  £à ä  à®¢­® ¯® ®¤­®¬ã à §ã.

�����H��. Ǳãáâì fa1; : : : ; ak; b1; : : : ; bkg { ­¥ç¥â­ë¥ ¢¥àè¨­ë. �®¡ ¢¨¬
ª E ­®¢ë¥ à¥¡à  fa1; b1g; : : : ; fak; bkg: �ë ¯®«ãç¨¬ í©«¥à®¢ £à ä, á®¤¥à¦ -

é¨© í©«¥à®¢ æ¨ª« T:�¤ «¨¬ ¨§ T ­®¢ë¥ à¥¡à . Ǳ®«ãç¨¬ ¨áª®¬®¥ á¥¬¥©áâ¢®

¨§ k æ¥¯¥©.
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� ¤ ç  14. �®­¥ç­ë© á¢ï§­ë© £à ä ï¢«ï¥âáï í©«¥à®¢ë¬ â®£¤  ¨ â®«ì-

ª® â®£¤ , ª®£¤  á¥¬¥©áâ¢® ¥£® à¥¡¥à ¬®¦­® à §¡¨âì ­  ­¥¯¥à¥á¥ª îé¨¥áï

æ¨ª«ë.

�«£®à¨â¬ �«¥à¨ ¯®áâà®¥­¨ï í©«¥à®¢®© æ¥¯¨

¢ í©«¥à®¢®¬ £à ä¥ G

�ëå®¤ï ¨§ ¯à®¨§¢®«ì­®© ¢¥àè¨­ë a; ¨¤¥¬ ¯® à¥¡à ¬ £à ä , á®¡«î¤ ï ¯à -

¢¨« :

1) áâ¨à ¥¬ à¥¡à  ¯® ¬¥à¥ ¨å ¯à®å®¦¤¥­¨ï ¨ áâ¨à ¥¬ ¨§®«¨à®¢ ­­ë¥ ¢¥à-

è¨­ë, ª®â®àë¥ ¯à¨ íâ®¬ ®¡à §ãîâáï;

2) ­  ª ¦¤®¬ íâ ¯¥ ¨¤¥¬ ¯® ¬®áâã (à¥¡à® ­ §ë¢ ¥âáï ¬®áâ®¬, ¥á«¨ ¥£®

ã¤ «¥­¨¥ ­ àãè ¥â á¢ï§­®áâì £à ä ) â®«ìª® â®£¤ , ª®£¤  ­¥â ¤àã£¨å ¢®§-

¬®¦­®áâ¥©.

�ª § ­­ë©  «£®à¨â¬ ¤¥©áâ¢¨â¥«ì­® à ¡®â ¥â ¯à¨ ¯à®å®¦¤¥­¨¨ ª ¦¤®©

¢¥àè¨­ë b: �á«¨ b 6= a; â® ®áâ ¢è¨©áï ¯®¤£à ä H á¢ï§¥­ ¨ á®¤¥à¦¨â à®¢­®

2 ¢¥àè¨­ë ­¥ç¥â­®© áâ¥¯¥­¨ fa; bg: Ǳ® â¥®à¥¬¥ 4 áãé¥áâ¢ã¥â í©«¥à®¢  æ¥¯ì
T ¨§ b ¢ a: �¤ «¨¬ ¯¥à¢®¥ à¥¡à® íâ®© æ¥¯¨ T: �à ä H ®áâ ­¥âáï á¢ï§­ë¬

¨ ¤ ­­®¥ à ááã¦¤¥­¨¥ ¬®¦­® ¯à®¤®«¦¨âì. �á«¨ ¦¥ b = a; â® à ááã¦¤ ¥¬

 ­ «®£¨ç­®.

� ¤ ç  15:

 ) ­ ©â¨ ¢á¥ ¯« â®­®¢ë í©«¥à®¢ë £à äë;

¡) ¤«ï ª ª¨å ç¨á¥«m;n á«¥¤ãîé¨¥ £à äë ¡ã¤ãâ í©«¥à®¢ë¬¨: Kn; Km;n?

������:  ) ®ªâ í¤à; ¡) n { ­¥ç¥â­®¥ ç¨á«®; m � n � 0(mod 2):

� ¤ ç  16. Ǳãáâì Cn�1 { æ¨ª«¨ç¥áª¨© £à ä ¯®àï¤ª  n� 1: �®£¤ 

Wn = E1 + Cn�1 (ª®«¥á® á n ¢¥àè¨­ ¬¨):

��

an�1 a4
� �
@@

@@��
�b
'
&
$
%
a3a1

a2
�� �

Wn
: : :

Ǳà¨ ª ª¨å n £p ä Wn ï¢«ï¥âáï í©«¥à®¢ë¬?
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� ¤ ç  17. �®¦­® «¨ å®¤®¬ è å¬ â­®£® ª®­ï ®¡®©â¨ ¢áî è å¬ â­ãî

¤®áªã (8 å 8) â ª, çâ®¡ë ª ¦¤ë© å®¤ ¢áâà¥ç «áï à®¢­® ®¤¨­ à §? Ǳà¨ íâ®¬

å®¤ë
-

6

¬ë ®â®¦¤¥áâ¢«ï¥¬.

�����H��. � áá¬®âà¨¬ £à ä ¯®àï¤ª  64; ¤¢¥ ¢¥àè¨­ë ¥£® ¨­æ¨¤¥­â-

­ë, ¥á«¨ ¢®§¬®¦¥­ å®¤ ª®­¥¬ ¨§ ®¤­®© ¢ ¤àã£ãî; § ¬¥â¨âì, çâ® ®­ á¢ï§­ë©

¨ ¯à¨¬¥­¨âì â¥®à¥¬ã �©«¥à .

� ¤ ç  18. �®¦­® «¨ å®¤®¬ è å¬ â­®£® ª®­ï ¯®¯ áâì ¨§ «¥¢®£® ­¨¦-

­¥£® ã£«  ¤®áª¨ ¢ ¯à ¢ë© ¢¥àå­¨© ã£®«, ¯®¡ë¢ ¢ ¢ ª ¦¤®¬ ¯®«¥ à®¢­® ®¤¨­

à §?

�����H��. Ǳà¥¤¯®«®¦¨¬ ¯à®â¨¢­®¥. �®£¤  ­¥®¡å®¤¨¬® á¤¥« âì 63

å®¤ . Ǳà¨ ª ¦¤®¬ å®¤¥ ¬¥­ï¥âáï æ¢¥â ª«¥âª¨ ­  ¯à®â¨¢®¯®«®¦­ë©. � ª

ª ª ¤¨ £®­ «ì ®¤­®æ¢¥â­ , â® ¯®«ãç ¥¬ ¯à®â¨¢®à¥ç¨¥.

� ¤ ç  19:

 ) ¤®ª § âì, çâ® K5 ¨¬¥¥â 264 í©«¥à®¢ë æ¥¯¨;

¡) ­ ©â¨ í©«¥à®¢ë æ¥¯¨ £à ä®¢
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�¯à¥¤¥«¥­¨¥. Ǳãáâì G { ª®­¥ç­ë© á¢ï§­ë© £à ä. G ­ §ë¢ ¥âáï £ -

¬¨«ìâ®­®¢ë¬ £à ä®¬, ¥á«¨ áãé¥áâ¢ã¥â æ¨ª« (£ ¬¨«ìâ®­®¢ë©), ¯à®å®¤ïé¨©

ç¥à¥§ ª ¦¤ãî ¢¥àè¨­ã à®¢­® ®¤¨­ à §. �¥¯ì £à ä  ­ §ë¢ ¥âáï £ ¬¨«ìâ®-

­®¢®©, ¥á«¨ íâ® ¯à®áâ ï æ¥¯ì (â.¥. ¡¥§ ¯¥â¥«ì ¨ ªà â­ëå à¥¡¥à), ¯à®å®¤ïé ï

ç¥à¥§ ¢á¥ ¢¥àè¨­ë ¯® ®¤­®¬ã à §ã.

������������ �Ǳ�����. �íà �.�.� ¬¨«ìâ®­ (W:R:Hamilton) {

¨à« ­áª¨© ¬ â¥¬ â¨ª (1805-1865), ¯à®ä¥áá®à �ã¡«¨­áª®£® ã­¨¢¥àá¨â¥â .

�®ª § « â.­. â¥®à¥¬ã � ¬¨«ìâ®­ -�í«¨ ¤«ï ¬ âà¨æ, ¢¢¥« ¢ à áá¬®âà¥­¨¥

â¥«® ª¢ â¥à­¨®­®¢ (¯¥à¢ë© ¯à¨¬¥à ­¥ª®¬¬ãâ â¨¢­®©  «£¥¡àë á ¤¥«¥­¨¥¬).
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Ǳà¨¬¥à®¬ £ ¬¨«ìâ®­®¢  £à ä  ï¢«ï¥âáï £à ä ¯®pï¤ª  64 ¨§ § ¤ ç¨ 17.

�ª ¦¥¬ ®¤¨­ ¨§ £ ¬¨«ìâ®­®¢ëå æ¨ª«®¢ ¢ ­¥¬ (§ ¤ ç  �.�©«¥à  ® àëæ àïå,

1759):

56 41 58 35 50 39 60 33

47 44 55 40 59 34 51 38

42 57 46 49 36 53 32 61

45 48 43 54 31 62 37 52

20 5 30 63 22 11 16 13

29 64 21 4 17 14 25 10

6 19 2 27 8 23 12 15

1 28 7 18 3 26 9 24

�àã£¨¬¨ ¯à¨¬¥à ¬¨ ï¢«ïîâáï á«¥¤ãîé¨¥ £à äë:
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¤®¤¥ª í¤p, ¯p¨¬¥p �. � ¬¨«ìâ®­ , 1857

�à ä ­ §ë¢ ¥âáï ¯®«ã£ ¬¨«ìâ®­®¢ë¬, ¥á«¨ ¢ ­¥¬ áãé¥áâ¢ã¥â £ ¬¨«ìâ®-

­®¢  æ¥¯ì. Ǳà¨¬¥à ¬¨ ­¥£ ¬¨«ìâ®­®¢  £à ä  ¨ ¯®«ã£ ¬¨«ìâ®­®¢  £à ä 
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ï¢«ïîâáï £à äë:
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� £ ¬¨«ìâ®­®¢ë¬¨ £à ä ¬¨ á¢ï§ ­  ¨ á«¥¤ãîé ï § ¤ ç  ® ª®¬¬¨¢®ï-

¦¥à¥ ("® ¡à®¤ïç¥¬ â®à£®¢æ¥"). �®à£®¢ë©  £¥­â ¤®«¦¥­ ¯®á¥â¨âì ª ª®¥-â®

ª®«¨ç¥áâ¢® £®à®¤®¢, ¯®¡ë¢ ¢ ¢ ª ¦¤®¬ £®à®¤¥ à®¢­® ®¤¨­ à §. � ááâ®ï-

­¨ï (áâ®¨¬®áâì ¡¨«¥â ) ¬¥¦¤ã £®à®¤ ¬¨ ¨§¢¥áâ­ë. �¥®¡å®¤¨¬® ¢ë¡à âì

ªà âç ©è¨© (á ¬ë© ¤¥è¥¢ë©) ¯ãâì (á ¢®§¢à â®¬ ¢ ¨áå®¤­ë© £®à®¤).

� ¤ ç  20:

 ) ª ª¨¥ ¨§ ¯« â®­®¢ëå £à ä®¢ ¨¬¥îâ £ ¬¨«ìâ®­®¢ë æ¥¯¨ (æ¨ª«ë)?

¡) ¨¬¥îâ «¨ à¥è¥­¨ï § ¤ ç¨ ® àëæ àïå ­  è å¬ â­®© ¤®áª¥ n � n ¯à¨

n = 3; 4; 5; 6; 7?

¢) ¤«ï ª ª¨å ç¨á¥« m;n £à äë Km;n;Wn; K
n ï¢«ïîâáï £ ¬¨«ìâ®­®¢ë¬¨?

� á®¦ «¥­¨î, ¢ ®â«¨ç¨¥ ®â í©«¥à®¢ëå £à ä®¢, ¤«ï £ ¬¨«ìâ®­®¢ëå £à -

ä®¢ ­¥â â¥®à¥¬ë, ¯à¥â¥­¤ãîé¥© ­  ¯®«­®¥ ®¯¨á ­¨¥ â ª¨å £à ä®¢. Ǳà¨-

¢¥¤¥¬, ®¤­ ª®, á«¥¤ãîé¨© à¥§ã«ìâ â.

�¥®à¥¬  5. (�.�¨à ª, 1952). Ǳãáâì G = (V;E) { ¯à®áâ®© ª®­¥ç­ë©

£à ä ¯®àï¤ª  n � 3 â ª®©, çâ® áâ¥¯¥­ì ª ¦¤®© ¢¥àè¨­ë � n=2: �®£¤  G

{ £ ¬¨«ìâ®­®¢ £à ä.

��������������. �á«¨ £à ä G ­¥ ï¢«ï¥âáï £ ¬¨«ìâ®­®¢ë¬, â® ¥£®

¬®¦­® ¤®áâà®¨âì ¤® £ ¬¨«ìâ®­®¢  £à ä  G1; ¤®¡ ¢¨¢ ­¥ª®â®à®¥ ª®­¥ç­®¥

ç¨á«® ¢¥àè¨­ b1; b2; : : : ; bk ¨ á®¥¤¨­¨¢ ¨å á® ¢á¥¬¨ ¢¥àè¨­ ¬¨ fa1; : : : ; ang
£à ä  G: Ǳà¨ íâ®¬ ¬®¦­® áç¨â âì, çâ® k > 0 ¨ k ï¢«ï¥âáï ¬¨­¨¬ «ì-

­ë¬ á íâ¨¬ á¢®©áâ¢®¬. Ǳãáâì a1 ! b1 ! ai ! � � � ! a1 { £ ¬¨«ìâ®­®¢

æ¨ª« ¢ G1: �¥àè¨­  ai ­¥ ï¢«ï¥âáï á¬¥¦­®© á a1 ¢ £à ä¥ G1; ¨­ ç¥ ¡ë ¬ë

­¥ ¨á¯®«ì§®¢ «¨ ¢¥àè¨­ã b1 (  íâ® ¯à®â¨¢®à¥ç¨«® ¡ë ¬¨­¨¬ «ì­®áâ¨ k).

Ǳà¥¤¯®«®¦¨¬, çâ® áãé¥áâ¢ã¥â ¢¥àè¨­  c á¬¥¦­ ï á ai; ª®â®à ï á«¥¤ã¥â (¢

­ è¥¬ æ¨ª«¥) §  ¢¥àè¨­®© x; á¬¥¦­®© á a1 :
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x c

ai

a1 ! b1 ! ai ! � � � ! x! c! � � � ! a1:

�®£¤  § ¬¥­¨¬ ¯®á«¥¤­¨© æ¨ª« ­  æ¨ª«

a1 ! x! � � � ! ai ! c! � � � ! a1;

ª®â®àë© ®â«¨ç ¥âáï ®â ¯à¥¤ë¤ãé¥£® ®¡à â­®© ®à¨¥­â æ¨¥© ¯à®å®¤  ¢ ¢ë-

¤¥«¥­­®© ç áâ¨. Ǳà®â¨¢®à¥ç¨¥ á ¬¨­¨¬ «ì­®áâìî k (¬ë ­¥ ¨á¯®«ì§®¢ «¨

b1!). �¨á«® ¢¥àè¨­ £à ä  G1; ­¥ ï¢«ïîé¨åáï á¬¥¦­ë¬¨ á ai; ­¥ ¬¥­ìè¥

ç¨á«  ¢¥àè¨­, á¬¥¦­ëå á a1 (â.¥. � n=2+k), â.ª. ¢ ­ è¥¬ æ¨ª«¥ §  ª ¦¤®©

á¬¥¦­®© á a1 á«¥¤ã¥â ­¥ª®â®à ï ¢¥àè¨­ , ­¥ ï¢«ïîé ïáï á¬¥¦­®© á ai: �

¤àã£®© áâ®à®­ë, ç¨á«® ¢¥àè¨­ á¬¥¦­ëå á ai � n
2
+ k: Ǳ®íâ®¬ã ¯®àï¤®ª

£à ä  G1 ­¥ ¬¥­ìè¥ ç¨á«  n+ 2k: Ǳà®â¨¢®à¥ç¨¥ ¤®ª §ë¢ ¥â â¥®à¥¬ã.

� ¤ ç  21. � ¯®«­®¬ £à ä¥ K2n+1 ­ ©â¨ n £ ¬¨«ìâ®­®¢ëå æ¨ª«®¢, ª -

¦¤ë¥ ¤¢  ¨§ ª®â®àëå ­¥ ¨¬¥îâ ®¡é¨å à¥¡¥à.

2.5 �¥à¥¢ìï

�¤¥« ¥¬ á­ ç «  ­¥áª®«ìª® § ¬¥ç ­¨©.

1. Ǳãáâì x { ­¥ª®â®à ï ¢¥àè¨­  £à ä  G = (V;E) ¨W { ¬­®¦¥áâ¢® ¢á¥å

¢¥àè¨­ á¢ï§­®© ª®¬¯®­¥­âë G; á®¤¥à¦ é¥© x: �®£¤ 

W = fy 2 V ;G á®¤¥à¦¨â ¬ àèàãâ Axyg:
2. �à ä G = (V;E) ï¢«ï¥âáï ¤¢ã¤®«ì­ë¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

®­ ­¥ á®¤¥à¦¨â ­¥ç¥â­ëå æ¨ª«®¢. �¥©áâ¢¨â¥«ì­®, ¥á«¨ G { ¤¢ã¤®«ì­ë©

£à ä ¨ V = V1 [ V2; £¤¥ V1 \ V2 = ;; â® ¤«ï «î¡®£® æ¨ª«  x1x2 : : : xe ¨¬¥¥¬
x1 2 V1 (­ ¯à¨¬¥à), x2 2 V2; x3 2 V1 ¨ â.¤.. � ª ª ª x2 2 V2; â® e { ç¥â­®¥
ç¨á«®. �¡à â­®, ¯ãáâì G ­¥ á®¤¥à¦¨â ­¥ç¥â­ëå æ¨ª«®¢. � ¬¥â¨¬, çâ® G {

¤¢ã¤®«ì­ë© £à ä â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢á¥ ¥£® á¢ï§­ë¥ ª®¬¯®­¥­âë
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ï¢«ïîâáï ¤¢ã¤®«ì­ë¬¨, â.¥. ¬ë ¬®¦¥¬ áç¨â âì, çâ® G { á¢ï§­ë© £à ä.

Ǳãáâì x 2 V: Ǳãáâì V1 = fy 2 V ; ¬¨­¨¬ «ì­ ï ¤«¨­  d(x; y) ¯ãâ¨ Ax;y

ï¢«ï¥âáï ­¥ç¥â­®© g ¨ V2 = V n V1: �á«¨ ª ª¨¥-­¨¡ã¤ì ¢¥àè¨­ë ¨§ Vi; i =

1; 2; á®¥¤¨­¥­ë à¥¡à®¬, â® G á®¤¥à¦¨â ­¥ç¥â­ë© æ¨ª«.

�¯à¥¤¥«¥­¨¥. �à ä, ­¥ á®¤¥à¦ é¨© æ¨ª«®¢, ­ §ë¢ ¥âáï «¥á®¬ ¨«¨

 æ¨ª«¨ç¥áª¨¬ £à ä®¬. �¢ï§­ë© «¥á ­ §ë¢ ¥âáï ¤¥à¥¢®¬.

Ǳà¨¬¥àë ¤¥à¥¢ì¥¢:
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@
@
@
@
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�

�á­®, çâ® «¥á ï¢«ï¥âáï ®¡ê¥¤¨­¥­¨¥¬ ­¥¯¥à¥á¥ª îé¨åáï ¤¥à¥¢ì¥¢.

�â¢¥à¦¤¥­¨¥ 6. �à ä G ï¢«ï¥âáï ¤¥à¥¢®¬ â®£¤  ¨ â®«ìª® â®£¤ ,

ª®£¤  ¤«ï «î¡ëå ¤¢ãå à §«¨ç­ëå ¢¥àè¨­ x; y áãé¥áâ¢ã¥â ­¥ ¡®«¥¥ ®¤­®£®

¯ãâ¨ Ax;y:

��������������. �¥©áâ¢¨â¥«ì­®, ¥á«¨ G ­¥ ï¢«ï¥âáï ¤¥à¥¢®¬ ¨

x1 : : : xe { æ¨ª«, â® x1x2 : : : xe ¨ fx1; xeg { ¤¢  ¯ãâ¨ Ax1;xe : �¡à â­®, ¯ãáâì

G { ¤¥à¥¢® ¨

P1 = x0x1 : : : xe ; P2 = x0y1 : : : ykxe

¤¢  ¯ãâ¨ Ax1;xe : Ǳãáâì i+ 1 { ¬¨­¨¬ «ì­ë© ¨­¤¥ªá â ª®©, çâ®

xi+1 6= yi+1 (â.¥. x1 = y1; : : : ; xi = yi) ¨ j { ¬¨­¨¬ «ì­®¥ ç¨á«® â ª®¥, çâ®

j � i ¨ yj+1 { ¢¥àè¨­  P1; áª ¦¥¬ yj+1 = xm: �®£¤ 

� � �

�

�

�

�

� � �x0 x1 xi

yi+1

xi+1

yj

xm�1

xm xm+1 xl

P2

P1

� � �

� � �

� � �

� � ��
�
�

@
@
@ �

�
�

@
@
@

¨ xixi+1 : : : xmyj : : : yi+1 { æ¨ª« G: Ǳà®â¨¢®à¥ç¨¥.
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�â¢¥à¦¤¥­¨¥ 7. �«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï íª¢¨¢ «¥­â­ë ¤«ï £à ä 

G:

 ) G { ¤¥à¥¢®;

¡) G { ¬¨­¨¬ «ì­ë© á¢ï§­ë© £à ä, â.¥. G { á¢ï§­ë© £à ä ¨ ¤«ï «î¡®£®

à¥¡à  fa; bg 2 E(G) £à ä G n fa; bg ï¢«ï¥âáï ­¥á¢ï§­ë¬ (¤àã£¨¬¨ á«®¢ ¬¨,

ª ¦¤®¥ à¥¡à® ï¢«ï¥âáï ¬®áâ®¬);

¢) G { ¬ ªá¨¬ «ì­ë©  æ¨ª«¨ç¥áª¨© £à ä, â.¥. G {  æ¨ª«¨ç¥áª¨© £à ä

¨ ¥á«¨ x; y { ­¥á¬¥¦­ë¥ ¢¥àè¨­ë G; â® G+ fx; yg á®¤¥à¦¨â æ¨ª«.

��������������.  )) ¡). Ǳãáâì G { ¤¥à¥¢® ¨ fx; yg 2 E(G): �à ä
G n fx; yg ­¥ á®¤¥à¦¨â Ax;y ¯ãâ¨ xz1 : : : zky; â.ª. ¨­ ç¥ G á®¤¥à¦¨â æ¨ª«.

� ª¨¬ ®¡à §®¬, G n fx; yg { ­¥á¢ï§­ë© £à ä. �®ª ¦¥¬, çâ® ¡)) ¢). Ǳãáâì

G { ¬¨­¨¬ «ì­ë© á¢ï§­ë© £à ä ¨ xz1 : : : zky { æ¨ª« ¢ ­¥¬. �®£¤  Gnfx; yg
{ á¢ï§­ë© £à ä, â.ª. ¢ «î¡®¬ ¯ãâ¨ Au;v à¥¡à® fx; yg § ¬¥­ï¥âáï ­  ¯ãâì

xz1 : : : zky: Ǳà®â¨¢®à¥ç¨¥. �.¥. G { ¤¥à¥¢®. �á«¨ a; b { ¤¢¥ ­¥á¬¥¦­ë¥ ¢¥à-

è¨­ë ¥£®, â® áãé¥áâ¢ã¥â ¯ãâì az1 : : : zkb ¢ G: �«¥¤®¢ â¥«ì­®, £à ä G+fa; bg
á®¤¥à¦¨â æ¨ª« az1 : : : zkb: �â® ¤®ª §ë¢ ¥â, çâ® G { ¬ ªá¨¬ «ì­ë©  æ¨ª«¨-

ç¥áª¨© £à ä. �®ª ¦¥¬, çâ® ¢) )  ). Ǳà¥¤¯®«®¦¨¬, çâ® G { ­¥á¢ï§­ë©

£à ä ¨ a; b { ¢¥àè¨­ë ¥£®, ¯à¨­ ¤«¥¦ é¨¥ à §­ë¬ ª®¬¯®­¥­â ¬ á¢ï§­®-

áâ¨. � áá¬®âà¨¬ £à ä G+fa; bg: �­ ¤®«¦¥­ á®¤¥à¦ âì æ¨ª« az1 : : : zkb: �®
íâ® ®§­ ç ¥â, çâ® G á®¤¥à¦¨â Aa;b ¯ãâì. Ǳà®â¨¢®à¥ç¨¥.

�â¢¥à¦¤¥­¨¥ 8. � ¦¤ë© ª®­¥ç­ë© á¢ï§­ë© £à ä G á®¤¥à¦¨â ¤¥à¥¢®,

á®¤¥à¦ é¥¥ ¢á¥ ¢¥àè¨­ë £à ä .

��������������. Ǳãáâì n = jGj { ¯®àï¤®ª £à ä  G ¨ x 2 V (G):

Ǳ®«®¦¨¬ T1 { ¯®¤£à ä, á®áâ®ïé¨© ¨§ ®¤­®© ¢¥àè¨­ë x: Ǳà¥¤¯®«®¦¨¬,

çâ® ¬ë ¯®áâà®¨«¨ æ¥¯ì ¤¥à¥¢ì¥¢

T1 � T2 � � � � � Tk � G

â ªãî, çâ® jTij = i: �á«¨ k < n; â®, ¢¢¨¤ã á¢ï§­®áâ¨, áãé¥áâ¢ã¥â ¢¥àè¨­ 

y 2 V (G) n V (Tk), ¨­æ¨¤¥­â­ ï ­¥ª®â®à®© ¢¥àè¨­¥ z 2 V (Tk): Ǳãáâì Tk+1 {
¯®¤£à ä, ¯®«ãç¥­­ë© ¨§ Tk ¯à¨á®¥¤¨­¥­¨¥¬ íâ®© ¢¥àè¨­ë z ¨ à¥¡à  fy; zg:
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�®£¤  Tk+1 ï¢«ï¥âáï á­®¢  á¢ï§­ë¬ £à ä®¬, ¢ ª®â®à®¬ à¥¡à® fy; zg ­¥ ï¢«ï-
¥âáï à¥¡à®¬ ­¨ª ª®£® æ¨ª« , â.¥. Tk+1 {  æ¨ª«¨ç¥áª¨© £à ä. Ǳà®¤®«¦ ï

íâ®â ¯à®æ¥áá, ¬ë ¯®áâà®¨¬ ¨áª®¬®¥ ¤¥à¥¢® Tn:

�«¥¤áâ¢¨¥ 1. Ǳãáâì G { ¤¥à¥¢® ¯®àï¤ª  n: �®£¤  jE(G)j = n� 1:

��������������. �¥©áâ¢¨â¥«ì­®, ¨§ ãâ¢¥à¦¤¥­¨ï 8 á«¥¤ã¥â, çâ®

G á®¤¥à¦¨â ¯®¤£à ä, ï¢«ïîé¨©áï ¤¥à¥¢®¬, ¨ ¢ ª®â®à®¬ jE(Tn)j = n �
1: �á«¨ G 6= Tn; â® ¯®«ãç ¥¬ ¯à®â¨¢®à¥ç¨¥ á ãâ¢¥à¦¤¥­¨¥¬ 7 (â®ç­¥¥, á

¬¨­¨¬ «ì­®áâìî á¢ï§­®£® £à ä  G:).

�«¥¤áâ¢¨¥ 2. Ǳãáâì G { «¥á ¯®àï¤ª  n; ¨¬¥îé¨© k á¢ï§­ëå ª®¬¯®-

­¥­â. �®£¤  jE(G)j = (n� k):
�®ª § â¥«ìáâ¢® á«¥¤ã¥â ¨§ á«¥¤áâ¢¨ï 1.

�«¥¤áâ¢¨¥ 3. Ǳãáâì G { ¤¥à¥¢® ¯®àï¤ª  n � 2: �®£¤  G á®¤¥à¦¨â (¯®

¬¥­ìè¥© ¬¥à¥) ¤¢¥ ¢¥àè¨­ë áâ¥¯¥­¨ 1.

��������������. �¥©áâ¢¨â¥«ì­®, ¯ãáâì d1 � d2 � � � � � dn { ­¥ã¡ë-

¢ îé ï ¯®á«¥¤®¢ â¥«ì­®áâì áâ¥¯¥­¥© ¢¥àè¨­ ¤¥à¥¢  G: �®¯ãáâ¨¬ ¯à®â¨¢-

­®¥. �®£¤  d2 � 2 ¨ 2jE(G)j = 2(n� 1) = d1 + d2 + � � � + dn � 1 + 2(n � 1):

Ǳà®â¨¢®à¥ç¨¥.

�¥à­¥¬áï ª ¯à¥¤«®¦¥­¨î 8. �§ ­¥£® á«¥¤ã¥â, çâ® ¢ «î¡®¬ á¢ï§­®¬ £à ä¥

(¯®àï¤ª  n) ¥áâì ¤¥à¥¢®, á®¤¥à¦ é¥¥ ¢á¥ ¢¥àè¨­ë £à ä . �­® ­ §ë¢ ¥âáï

®á­®¢­ë¬ (ª àª á­ë¬) ¤¥à¥¢®¬ £à ä . �¥à­¥¬áï ¥é¥ à § ª ¯®áâà®¥­¨î

íâ®£® ®áâ®¢ . �á«¨ ¨áå®¤­ë© £à ä G ­¥ á®¤¥à¦¨â æ¨ª«®¢, â® ®­ á ¬ ¨

ï¢«ï¥âáï ¤¥à¥¢®¬. �­ ç¥, ¢®§ì¬¥¬ «î¡®© æ¨ª« ¨ ã¤ «¨¬ «î¡®¥ à¥¡à® ¨§

­¥£®. �ë ­¥ ­ àãè¨¬ á¢ï§­®áâì íâ®£® ­®¢®£® £à ä , ­® ã¬¥­ìè¨¬ ¢ ­¥¬

ç¨á«® æ¨ª«®¢. Ǳà®¤®«¦ ï íâ®â  «£®à¨â¬, ¬ë ¯®«ãç¨¬ ®áâ®¢­®¥ ¤¥à¥¢® £à -

ä . �¨á«® ã¤ «¥­­ëå à¥¡¥à ¯à¨ ¯à¨¬¥­¥­¨¨ íâ®£®  «£®à¨â¬  ­ §ë¢ ¥âáï

æ¨ª«¨ç¥áª¨¬ à ­£®¬ (¨«¨ æ¨ª«®¬ â¨ç¥áª¨¬ ç¨á«®¬) £à ä  G ¨ ®¡®§­ ç -

¥âáï ç¥à¥§ 
(G): �á­®, çâ® 
(G) = m � n + 1; £¤¥ m = jE(G)j; n = jGj:
Ǳà¨¬¥­ïï íâ®â  «£®à¨â¬ ª ¯à®¨§¢®«ì­®¬ã (­¥ ®¡ï§ â¥«ì­® á¢ï§­®¬ã £à -

äã G); ¬ë ¯®«ãç¨¬ ®áâ®¢­®¥ ¤¥à¥¢®, æ¨ª«¨ç¥áª¨© à ­£ 
(G) ª®â®à®£® à -

62



¢¥­ 
(G) = jE(G)j � jGj + k; £¤¥ k { ç¨á«® á¢ï§­ëå ª®¬¯®­¥­â. �¨á«®

x(G) = jGj � k (ç¨á«® à¥¡¥à ¢ ®áâ®¢­®¬ «¥á¥) ­ §ë¢ ¥âáï ª®æ¨ª«¨ç¥áª¨¬

à ­£®¬.

� ¤ ç  22. � ©â¨ ç¨á«® ¢á¥å ­¥¨§®¬®àä­ëå ¤¥à¥¢ì¥¢ T ¯®àï¤ª  n; £¤¥

n � 7:

�����:  ) ¯à¨ n = 6 ¨å ç¨á«® à ¢­® 6; ¡) ¯à¨ n = 7 ¨å ç¨á«® à ¢­® 11.

� ¤ ç  23. �®ª § âì, çâ® ª ¦¤®¥ ¤¥à¥¢® ï¢«ï¥âáï ¤¢ã¤®«ì­ë¬ £à ä®¬.

� ª¨¥ ¤¥à¥¢ìï ï¢«ïîâáï ¯®«­ë¬¨ ¤¢ã¤®«ì­ë¬¨ £à ä ¬¨?

�����H��. �®á¯®«ì§®¢ âìáï § ¬¥ç ­¨¥¬ 2 ¢ ­ ç «¥ 2:5:

� ¤ ç  24. � ©â¨ æ¨ª«¨ç¥áª¨¥ ¨ ª®æ¨ª«¨ç¥áª¨¥ à ­£¨ £à ä®¢Kn; Km;n;

En;Wn; ¯« â®­®¢ëå £à ä®¢, £à ä  Ǳ¥â¥àá¥­ .

� ¤ ç  25. Ǳãáâì G { £à ä ¯®àï¤ª  n: �®ª § âì íª¢¨¢ «¥­â­®áâì á«¥-

¤ãîé¨å ãâ¢¥à¦¤¥­¨©:

1) G { ¤¥à¥¢®;

2) G { á¢ï§­ë© ¨ jE(G)j = n� 1;
3) G {  æ¨ª«¨ç¥áª¨© ¨ jE(G)j = n� 1;

4) ¥á«¨ n = 1 ¨«¨ 2, â® G = Kn; ¥á«¨ n � 3; â® G 6= Kn ¨ ¤®¡ ¢«¥­¨¥

®¤­®£® à¥¡à  ª G ¯à¨¢®¤¨â ª ¯®ï¢«¥­¨î à®¢­® ®¤­®£® æ¨ª« .

�����H��. �¬¯«¨ª æ¨ï 1) ) 2) á«¥¤ã¥â ¨§ ®¯à¥¤¥«¥­¨ï ¨ á«¥¤áâ¢¨ï

1. �¬¯«¨ª æ¨ï 2) ) 3) á«¥¤ã¥â ¨§ ãâ¢¥à¦¤¥­¨ï 8. �¬¯«¨ª æ¨ï 3) ) 4)

¯à¨ n � 2 ®ç¥¢¨¤­ . �á«¨ ¦¥ n � 3; â® ïá­®, çâ® G 6= Kn: �®ª ¦¥¬, çâ®

G { á¢ï§­ë© £à ä. �­ ç¥, ª ¦¤ ï ¨§ ¥£® k á¢ï§­ëå ª®¬¯®­¥­â ï¢«ï¥âáï

¤¥à¥¢®¬ ¨ jE(G)j = n � k = n � 1: �.ª. k = 1: �áâ «ì­®¥ á«¥¤ã¥â ¨§

ãâ¢¥à¦¤¥­¨ï 7.

�®­¥ç­ë© £à ä G = (V;E) ¯®àï¤ª  n ­ §®¢¥¬ ¯®¬¥ç¥­­ë¬, ¥á«¨ ¢á¥ ¥£®

¢¥àè¨­ë "¯®¬¥ç¥­ë" æ¥«ë¬¨ ç¨á« ¬¨ ®â 1 ¤® n; â.¥. áãé¥áâ¢ã¥â ¡¨¥ªæ¨ï

' : fv1; : : : ; vng �! f1; 2; : : : ; ng: �¨á«  '(v1); : : : ; '(vn) ­ §ë¢ îâáï ¬¥âª -
¬¨ ¢¥àè¨­ v1; : : : ; vn: �¢  ¯®¬¥ç¥­­ëå £à ä  (G1; '1) ¨ (G2; '2) ­ §ë¢ îâáï

¨§®¬®à­ë¬¨, ¥á«¨ áãé¥áâ¢ã¥â ¨§®¬®àä¨§¬ ¬¥¦¤ã ­ è¨¬¨ £à ä ¬¨, ª®â®-
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àë© á®åà ­ï¥â à á¯à¥¤¥«¥­¨¥ ¬¥â®ª.

Ǳà¨¢¥¤¥¬ ¯à¨¬¥àë ¢á¥å ¯®¬¥ç¥­­ëå ­¥¨§®¬®àä­ëå ¤¥à¥¢ì¥¢ ¯®àï¤ª  2,

3, 4:

 ) n = 2

� � �å ç¨á«® p ¢­® 1.
1 2

¡) n = 3

� � � � � � � � �
1 2 3 1 3 2 2 1 3

�å ç¨á«® p ¢­® 3.
¢) n = 4

� � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � �

2 4 1 3

2 1 3 4

1 2 3 4

2 4 3 1

2 1 4 3

1 2 4 3

3 1 2 4

2 3 1 4

1 3 2 4

3 2 1 4

2 3 4 1

1 3 4 2
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� � � �� � � �

� � � �

� � � �1 2 3 4

k k k k

i i i ij j j j

�å ç¨á«® p ¢­® 16.

�¥®à¥¬  6.(�.�í«¨, 1889)

�¨á«® à §«¨ç­ëå ¯®¬¥ç¥­­ëå ¤¥à¥¢ì¥¢ ¯®àï¤ª  n à ¢­® nn�2:

������������ �Ǳ�����. �àâãà �í«¨ (1821-1895) {  ­£«¨©áª¨©

¬ â¥¬ â¨ª; ¨§¢¥áâ¥­ ¨áá«¥¤®¢ ­¨ï¬¨ ¢ â¥®à¨¨ £àã¯¯ ¨ ¢ â¥®à¨¨ ª®«¥æ (ç¨-

á«  �í«¨);  ¢â®à à ¡®â ¯® â¥®à¨¨ ®¯à¥¤¥«¨â¥«¥© (¢ ç áâ­®áâ¨, ¢¢¥« ¢ à á-

á¬®âà¥­¨¥ ­ë­¥ ¤¥©áâ¢ãîé¥¥ ®¡®§­ ç¥­¨¥ ¤«ï ®¯à¥¤¥«¨â¥«ï), ¯® £¥®¬¥âà¨¨

�®¡ ç¥¢áª®£® (¬®¤¥«ì �í«¨-�«¥©­ ), ¯® â¥®à¨¨ ¨­¢ à¨ ­â®¢ ¨ ¤¨ää¥à¥­-

æ¨ «ì­ë¬ ãà ¢­¥­¨ï¬.

��������������. Ǳãáâì T (n; k) { ç¨á«® ¯®¬¥ç¥­­ëå ¤¥à¥¢ì¥¢ ¯®-

àï¤ª  n; ¢ ª®â®àëå ä¨ªá¨à®¢ ­­ ï ¢¥àè¨­  v ¨¬¥¥â áâ¥¯¥­ì k: �®ª ¦¥¬
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à ¢¥­áâ¢® (�):

(n� 1)(k � 1)T (n; k) = (n� k)T (n; k � 1):

�®§ì¬¥¬, á­ ç « , «î¡®¥ ¯®¬¥ç¥­­®¥ ¤¥à¥¢® A ¯®àï¤ª  n; ¢ ª®â®à®¬

�(v) = k�1: �®§ì¬¥¬ ¢ ­¥¬ «î¡®¥ à¥¡à® fw; zg; ­¥ ¨­æ¨¤¥­â­®¥ v; ¨ ã¤ «¨¬
¥£®.
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�§ ¯à¥¤ë¤ãé¥£® á«¥¤ã¥â, çâ® ã¤ «¥­­®¥ à¥¡à® ï¢«ï«®áì ¬®áâ®¬. �®¥¤¨-

­¨¬ ¢¥àè¨­ã v ­®¢ë¬ à¥¡à®¬ á ¢¥àè¨­®© z ¨§ ¤àã£®© á¢ï§­®© ª®¬¯®­¥­âë.

�®£¤  ¯®«ãç¨¬ á­®¢  ¤¥à¥¢® B; ¢ ª®â®à®¬ �(v) = k: � ªãî ¯ àã (A;B) ¬ë

¡ã¤¥¬ ­ §ë¢ âì á¢ï§ª®©. �ª®«ìª® â ª¨å á¢ï§®ª? �¥à¥¢® A ¬®¦­® ¢ë¡à âì

T (n; k � 1) á¯®á®¡ ¬¨. �«ï ª ¦¤®£® ¤¥à¥¢  A ã¤ «ï¥¬®¥ ¨§ ­¥£® à¥¡à®

fw; zg ¬®¦­® ¢ë¡à âì (n� 1)� (k� 1) = n� k á¯®á®¡ ¬¨. �«¥¤®¢ â¥«ì­®,
ç¨á«® ¢á¥å â ª¨å á¢ï§®ª à ¢­® (n � k)T (n; k � 1): �®§ì¬¥¬ â¥¯¥àì «î¡®¥

¯®¬¥ç¥­­®¥ ¤¥à¥¢® B ¯®àï¤ª  n; ¢ ª®â®à®¬ �(v) = k: Ǳãáâì T1; T2; : : : ; Tk

{ ¯®¤¤¥à¥¢ìï, ¯®«ãç¥­­ë¥ ¨§ B ã¤ «¥­¨¥¬ ¢¥àè¨­ë v á ª ¦¤ë¬ ¨§ ¨­æ¨-

¤¥­â­ëå ¥© à¥¡¥à.
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T2 Tk

T1

v

�¤ «ïï, ­ ¯à¨¬¥à, à¥¡à® fv; w1g ¨ á®¥¤¨­ïï w1 à¥¡à®¬ á «î¡®© ¢¥à-

è¨­®© «î¡®£® ¨§ ®áâ ¢è¨åáï ¤¥à¥¢ì¥¢, ¬ë ¯®«ãç¨¬ ¤¥à¥¢® A; ¢ ª®â®à®¬
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�(v) = k � 1: �.¥. ¯®«ãç ¥âáï á¢ï§ª  (A;B) (¨ ¢á¥ á¢ï§ª¨ ¯®«ãç îâáï â -

ª¨¬ ®¡à §®¬!). Ǳ®¤áç¨â ¥¬ ¤àã£¨¬ á¯®á®¡®¬ ç¨á«® íâ¨å á¢ï§®ª. �¥à¥¢®

B ¬®¦­® ¢ë¡à âì T (n; k) á¯®á®¡ ¬¨. �«ï ª ¦¤®£® â ª®£® ¢ë¡®à  à¥¡à®

fw1; ug ¬®¦­® ¯®«ãç¨âì (n2+n3+ � � �+nk) = (n�n1� 1) á¯®á®¡ ¬¨; à¥¡à®
fw2; ug ¬®¦­® ¯®«ãç¨âì (n � n2 � 1) á¯®á®¡ ¬¨ ¨ â.¤. �.¥. à¥¡à  fwi; ug
¬®¦­® ¯®«ãç¨âì (n� n1 � 1 + n� n2 � 1 + � � �+ n� nk � 1) =

= nk � k � (n� 1) = (n� 1)(k � 1) á¯®á®¡ ¬¨ (¬ë ¨á¯®«ì§®¢ «¨ à ¢¥­áâ¢®

n1+n2+ � � �+nk = n� 1; £¤¥ ni { ¯®àï¤®ª ¤¥à¥¢  Ti; i � k): �«¥¤®¢ â¥«ì­®,

ç¨á«® ¢á¥å á¢ï§®ª à ¢­® (n� 1)(k� 1)T (n; k), ¨ ä®à¬ã«  (�) ¤®ª § ­ . � ª
ª ª T (n; n� 1) = 1; â® ¨§ (�) á«¥¤ã¥â à ¢¥­áâ¢®

T (n; k) = Ck�1
n�2 � (n� 1)n�k�1:

�¨á«® T (n) ¢á¥å ¯®¬¥ç¥­­ëå ¤¥à¥¢ì¥¢ ¯®àï¤ª  n à ¢­®

T (n) = T (n; 1) + T (n; 2) + � � �+ T (n; n� 1) =
n�1P
k=1

Ck�1
n�2 � (n� 1)n�1�k =

= ((n� 1) + 1)n�2 = nn�2: �¥®à¥¬  ¤®ª § ­ .

� ¤ ç  26. � ©â¨ æ¨ª«®¬ â¨ç¥áª®¥ ç¨á«® ¯®«­®£® £à ä .

� ¤ ç  27. Ǳãáâì n � 3: �®ª § âì, çâ® ¥á«¨ ¯®«­ë© £à ä Kn à §«®¦¨¬

¢ ®¡ê¥¤¨­¥­¨¥ £ ¬¨«ìâ®­®¢ëå æ¨ª«®¢ (­¥ ¨¬¥îé¨å ®¡é¨å à¥¡¥à), â® n {

­¥ç¥â­®¥ ç¨á«®.

�����H��. �à ä Kn ï¢«ï¥âáï ®¤­®à®¤­ë¬ áâ¥¯¥­¨ (n � 1): � ¦¤ë©

£ ¬¨«ìâ®­®¢ë© æ¨ª« ï¢«ï¥âáï 2-®¤­®à®¤­ë¬. �«¥¤®¢ â¥«ì­®, 2j(n � 1) ¨

n { ­¥ç¥â­®¥ ç¨á«®. � ª ª ª ç¨á«® ¢á¥å à¥¡¥à jE(Kn)j = n(n�1)
2

; â® ¢ íâ®¬

®¡ê¥¤¨­¥­¨¨ ¡ã¤¥â (n� 1)=2 æ¨ª«®¢.
� ¤ ç  28. Ǳãáâì n { ­¥ç¥â­®¥ æ¥«®¥ ç¨á«® � 3: �®ª § âì, çâ® Kn

ï¢«ï¥âáï ®¡ê¥¤¨­¥­¨¥¬ (n � 1)=2 £ ¬¨«ìâ®­®¢ëå æ¨ª«®¢ («î¡ë¥ ¤¢  ¨§

ª®â®àëå ­¥ ¨¬¥îâ ®¡é¨å à¥¡¥à).

� ¤ ç  29. Ǳ®«­ë© £à ä Kn(n � 2) à §«®¦¨¬ ¢ ®¡ê¥¤¨­¥­¨¥ £ ¬¨«ìâ®-

­®¢ëå ¯ãâ¥© («î¡ë¥ ¤¢  ¨§ ª®â®àëå ­¥ ¨¬¥îâ ®¡é¨å à¥¡¥à) â®£¤  ¨ â®«ìª®

â®£¤ , ª®£¤  n { ç¥â­®¥ ç¨á«®.
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Ǳà¨¬¥àë:

 ) K6 ï¢«ï¥âáï ®¡ê¥¤¨­¥­¨¥¬ á«¥¤ãîé¨å £ ¬¨«ìâ®­®¢ëå ¯ãâ¥©:
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¡) K4 ï¢«ï¥âáï ®¡ê¥¤¨­¥­¨¥¬ â ª¨å £ ¬¨«ìâ®­®¢ëå ¯ãâ¥©
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� � �

�

�����H��. �á«¨ n { ­¥ç¥â­®¥ ç¨á«®, â® á ª ¦¤ë¬ £ ¬¨«ìâ®­®¢ë¬ ¯ã-

â¥¬ £à ä  Kn�1 ¬®¦­® á¢ï§ âì £ ¬¨«ìâ®­®¢ æ¨ª« Kn (¯à¨á®¥¤¨­ïï ®áâ ¢-

èãîáï ¢¥àè¨­ã) ¨ ­ ®¡®à®â.

� ¤ ç  30. �®ª § âì, çâ® ¢ á¢ï§­®¬ ª®­¥ç­®¬ £à ä¥ G = (V;E); ­¥

ï¢«ïîé¨¬áï ¤¥à¥¢®¬, ª ¦¤®© ¢¥àè¨­¥ ¬®¦­® ¯®áâ ¢¨âì ¢ á®®â¢¥âáâ¢¨¥

á¬¥¦­®¥ á ­¥© à¥¡à®, â.¥. áãé¥áâ¢ã¥â ¨­ê¥ªâ¨¢­®¥ ®â®¡à ¦¥­¨¥ ' : V ! E

â ª®¥, çâ® ¤«ï «î¡®© ¢¥àè¨­ë v 2 V áãé¥áâ¢ã¥â ¢¥àè¨­  u 2 V â ª ï, çâ®

'(v) = fv; ug:
�««îáâà æ¨¥© ª íâ®© § ¤ ç¥ ¬®¦¥â á«ã¦¨âì ¯à¨¬¥à £®à®¤ , ¢ ª®â®à®¬

ª ¦¤ ï ã«¨æ  ¨¬¥¥â ¤«¨­ã ¢ ®¤¨­ ª¢ àâ «, ª ¦¤ë© ¯¥à¥ªà¥áâ®ª (­ §ë¢ -

¥âáï ¯«®é ¤ìî) ¨¬¥¥â ­ §¢ ­¨¥ ¨ ¨§ ª ¦¤®© ¯«®é ¤¨ ¨áå®¤¨â ã«¨æ  á â¥¬

¦¥ ­ §¢ ­¨¥¬. � ¯à¨¬¥à, ¨§ ¯«®é ¤¨ �®¢¥â®¢ ¨áå®¤¨â ã«¨æ  �®¢¥âáª ï ¨

â.¤.

�����H��. �á«¨ n = jGj = jV j; â® jEj � n (¨­ ç¥, G { ¤¥à¥¢®).

� áá¬®âà¨¬ áå¥¬ã ¯à¥¢à é¥­¨ï G ¢ ¤¥à¥¢®. �å¥¬  á®áâ®¨â ¨§ ¯®á«¥¤®¢ -

â¥«ì­®£® ã¤ «¥­¨ï à¥¡¥à. Ǳãáâì e = (a; b) { ®¤­® ¨§ â ª¨å ã¤ «ï¥¬ëå à¥¡¥à

¨ T { ¯®«ãç¥­­®¥ ¢ à¥§ã«ìâ â¥ ã¤ «¥­¨ï ¤¥à¥¢®. � ¦¤®© ¢¥àè¨­¥ ¤¥à¥¢  T

(ªà®¬¥ a!) ¯®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ á¬¥¦­®¥ á ­¥© à¥¡à® (íâ® «¥£ª® ¢¨¤¥âì,
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¥á«¨ ¯à¨­ïâì a §  ª®à¥­ì ¤¥à¥¢ ),   ¢¥àè¨­¥ a ¯®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥

ã¤ «¥­­®¥ à¥¡à® e = (a; b):

� ¤ ç  31. Ǳãáâì G = (V;E) { á¢ï§­ë© ª®­¥ç­ë© £à ä. �ãé¥áâ¢ã¥â

¨­ê¥ªâ¨¢­®¥ ®â®¡à ¦¥­¨¥ ' : E ! V â ª®¥, çâ® ¤«ï «î¡®£® à¥¡à  e 2 E
¢¥àè¨­  '(e) ¨­æ¨¤¥­â­  e â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  G { ¤¥à¥¢® ¨«¨ G

{ æ¨ª« á ¤¥à¥¢ìï¬¨, ¢ëà áâ îé¨¬¨ ¨§ ¥£® ¢¥àè¨­ (á¬. à¨áã­®ª).
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�HH
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@
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�
�
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C
C
C
C
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�

@�

�����H��. �á«¨ G { ¤¥à¥¢® ¨ a0 { ¥£® ª®à¥­ì, â® à áá¬®âà¥âì ®â®-

¡à ¦¥­¨¥ fa0; a1g ! a1; fa0; a2g ! a2; fa1; a3g ! a3 ¨ â.¤. �á«¨ G { æ¨ª«

a1a2 : : : an�1; â® ¯®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ à¥¡à ¬ fai�1; aig ! ai; i � n � 1

¨ fan�1; a1g ! a1: �â ª, ïá­®, çâ® ¥á«¨ £à ä ¨¬¥¥â ãª § ­­ë© ¢ ãá«®-

¢¨¨ § ¤ ç¨ ¢¨¤, â® ¨áª®¬®¥ ®â®¡à ¦¥­¨¥ áãé¥áâ¢ã¥â. �¡à â­®, ¥á«¨ â -

ª®¥ ®â®¡à ¦¥­¨¥ áãé¥áâ¢ã¥â ¨ C = a1a2 : : : an�1 { æ¨ª« G; â®, ­ ¯à¨¬¥à,

'(fa1; a2g) = a2; ¨ â®£¤  '(fa2; a3g) = a3 ¨ â.¤. . � ª¨¬ ®¡à §®¬, '(C) =

= fa1; a2; a3; : : : ; an�1g: Ǳãáâì b1 2 V ¨­æ¨¤¥­â­  a1: �®£¤  '(fa1; b1g) = b1

¨ a1 { ª®à¥­ì ­¥ª®â®à®£® ¤¥à¥¢ , ¢ëà áâ îé¥£® ¨§ a1: �­ «®£¨ç­ë¥ à ááã-

¦¤¥­¨ï ®â­®á¨â¥«ì­® ¢¥àè¨­ a2; : : : ; an�1 ¯à¨¢¥¤ãâ ª à¥è¥­¨î § ¤ ç¨.

2.6 �ªáâà¥¬ «ì­ë¥ § ¤ ç¨,  «£®à¨â¬ �à áª «ï. � ¤ ç  ®

ç¥âëà¥å ªà áª å

Ǳãáâì ã ­ á ¥áâì ­¥áª®«ìª® ¤¥à¥¢¥­ì a; b; c; : : : ; ª®â®àë¥ ­ã¦­® á®¥¤¨­¨âì

á¥âìî  áä «ìâ¨à®¢ ­­ëå ¤®à®£; ¯à¨ íâ®¬ áâ®¨¬®áâì f(a; b) ¤®à®£¨ ¤«ï ª -

¦¤®© ¯ àë ¤¥à¥¢¥­ì fa; bg ¨§¢¥áâ­ . � ª ¯®áâà®¨âì á ¬ãî ¤¥è¥¢ãî á¥âì
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¤®à®£, ¢ë¯®«­¨¢ ãá«®¢¨¥, çâ® ¨§ «î¡®© ¤¥à¥¢­¨ ¬®¦­® ¯à®¥å âì ¢ «î¡ãî

¤àã£ãî ¯® â ª®© ¤®à®£¥?

�á«¨ ã ­ á âà¨ ¤¥à¥¢­¨

�
�
�
�

�

� �

a1

a2 a3

¨ f(a1; a2) � f(a2; a3) � f(a1; a3); â® ïá­®, çâ® f(a1; a2)+f(a2; a3) ï¢«ï¥âáï

¬¨­¨¬ «ì­ë¬.

� á«ãç ¥ 6 ¤¥à¥¢¥­ì, á ãª § ­­ë¬ ­  à¨áã­ª¥ à á¯à¥¤¥«¥­¨¥¬ áâ®¨¬®áâ¨,
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Z
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à¥è¥­¨¥ ã¦¥ ­¥ ï¢«ï¥âáï ®ç¥¢¨¤­ë¬.

Ǳãáâì G = (V;E) { ª®­¥ç­ë© á¢ï§­ë© £à ä ¨ f : E ! R+: �ª ¦¥¬  «-

£®à¨â¬ ­ å®¦¤¥­¨ï á¢ï§­®£® ¯®¤£à ä  T = (V;E 0) £à ä  G; ¤«ï ª®â®à®£®

§­ ç¥­¨¥

f(T ) =
X

fx;yg2E0

f(fx; yg)

ï¢«ï¥âáï ¬¨­¨¬ «ì­ë¬ ¨§ ¢®§¬®¦­ëå.

�á«¨ â ª®© ¯®¤£à ä áãé¥áâ¢ã¥â, â® ®­ ï¢«ï¥âáï ¤¥à¥¢®¬, â.ª. ¥á«¨ a1a2 : : : ak�1

{ ­¥ª®â®àë© æ¨ª« ¢ ­¥¬, â® ã¤ «¥­¨¥ à¥¡à  fak�1; a1g ­¥ ­ àãè ¥â ¥£® á¢ï§-
­®áâ¨, ­® ã¬¥­ìè ¥â §­ ç¥­¨¥ f(T ): �â ª, ¥á«¨ T áãé¥áâ¢ã¥â, â® T { ¤¥-

à¥¢®. �«£®à¨â¬ ­ å®¦¤¥­¨ï â ª®£® ¤¥à¥¢  (¥£® ¯à¥¤«®¦¨« �.�à áª «ì

(J.B.Kruskal, 1956)) ­ §®¢¥¬ ¯à ¢¨«®¬ íª®­®¬¨ç­®áâ¨,   á ¬® ¤¥à¥¢® ­ §®-

¢¥¬ íª®­®¬¨ç­ë¬ ¤¥à¥¢®¬. �«£®à¨â¬ �à áª «ï:

� £ 1. �ë¡¥à¥¬ ¢¥àè¨­ë a1; a2 2 V â ª¨¥, çâ® f(fa1; a2g) { ¬¨­¨¬ «ì­®¥
¨§ ¢®§¬®¦­ëå §­ ç¥­¨©.

� £ 2. Ǳà¨á®¥¤¨­¨¬ ª ¢¥àè¨­ ¬ a1; a2 ¨ à¥¡àã e1 = fa1; a2g à¥¡à® e2
(¨ á®®â¢¥âáâ¢ãîéãî ¢¥àè¨­ã) á ¬¨­¨¬ «ì­ë¬ §­ ç¥­¨¥¬ f(e2) â ª¨¬, çâ®
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¯®«ãç¥­­ë¥ à¥¡à  ­¥ ®¡à §ãîâ æ¨ª« .

Ǳà¥¤¯®«®¦¨¬, çâ® ¬ë ¯®áâà®¨«¨ ¢¥àè¨­ë fa1; : : : ; ak+1g ¨ á®®â¢¥âáâ¢ã-
îé¨¥ §¢¥­ìï (à¥¡à ) e1; e2; : : : ; ek: �ë¡¥à¥¬ á ¬®¥ ¤¥è¥¢®¥ à¥¡à® ¨§ E n
fe1; : : : ; ekg â ª®¥, çâ® ¥£® ¯à¨á®¥¤¨­¥­¨¥ ­¥ ¯à¨¢®¤¨â ª ¯®ï¢«¥­¨î æ¨ª« .

�®ª ¦¥¬, çâ® â ª ¯®áâà®¥­­®¥ íª®­®¬¨ç­®¥ ¤¥à¥¢® T ¤¥©áâ¢¨â¥«ì­® ï¢«ï-

¥âáï ¬¨­¨¬ «ì­ë¬ ¨§ ¢®§¬®¦­ëå. � ª ª ª áà¥¤¨ ¯®¤£à ä®¢ G áãé¥áâ¢ãîâ

¤¥à¥¢ìï á ç¨á«®¬ ¢¥àè¨­, à ¢­ë¬ ¯®àï¤ªã G, ¨ ¨å ®¡é¥¥ ç¨á«® ï¢«ï¥âáï

ª®­¥ç­ë¬, â®, ®ç¥¢¨¤­®, áãé¥áâ¢ã¥â ¨ ¬¨­¨¬ «ì­®¥ ¤¥à¥¢® T0; â.¥. f(T0)

ï¢«ï¥âáï ¬¨­¨¬ «ì­ë¬ ¨§ ¢®§¬®¦­ëå. � ­ã¬¥àã¥¬ à¥¡à  fe1; e2; : : : ; en�1g
íª®­®¬¨ç­®£® ¤¥à¥¢  T ¢ ¯®àï¤ª¥ ¨å ¯à¨á®¥¤¨­¥­¨ï. �á«¨ T0 6= T; â® ¯ãáâì

ei = fa; bg { ¯¥à¢®¥ à¥¡à®, ­¥ ¯à¨­ ¤«¥¦ é¥¥ E(T0): Ǳãáâì P { æ¥¯ì ¤¥à¥¢ 

T0; á®¥¤¨­ïîé ï (¢ T0!) ¢¥àè¨­ë a ¨ b :

HH

HH

a b
ei

P

�

�

�

� �

. . .

...

� � �

...

� ª ª ª T ­¥ á®¤¥à¦¨â æ¨ª«®¢, â® ­ ©¤¥âáï à¥¡à® e0i ¢ ¯ãâ¨ P â ª®¥, çâ®

e0i 62 E(T ): � áá¬®âà¨¬ ¤¥à¥¢® T 00 = (T0+feig)nfe0ig (íâ® á¢ï§­ë© £à ä á n =

jGj ¢¥àè¨­ ¬¨ ¨ (n� 1) à¥¡à ¬¨!). � ª ª ª f(T 00) = f(T0) + f(ei)� f(e0i) �
f(T0); â® f(ei) � f(e0i): � ª ª ª f(ei) ¡ë«® ¬¨­¨¬ «ì­ë¬, â® f(e

0
i) = f(ei)

¨ f(T 00) = f(T0): �® ¤¥à¥¢® T
0
0 ¨¬¥¥â á T ®¤­¨¬ ®¡é¨¬ à¥¡à®¬ ¡®«ìè¥, ç¥¬

T0: � ááã¦¤ ï  ­ «®£¨ç­®, ¬ë ¤®ª ¦¥¬, çâ® f(T0) = f(T 00) = f(T ):

�® ¢â®à®© ¯®«®¢¨­¥ XIX ¢¥ª  ¢ �­£«¨¨ ¬ â¥¬ â¨ª ¬¨ �.�ãâà¨, �.�¥

�®à£ ­®¬ ¨ �.�í«¨ ¡ë«  ¯®áâ ¢«¥­  § ¤ ç  ® ¢®§¬®¦­®áâ¨ à áªà áª¨ ¯à®-

¨§¢®«ì­®£® ¬­®£®ã£®«ì­®£® £à ä  ­  ¯«®áª®áâ¨ ¯à¨ ¯®¬®é¨ ç¥âëà¥å ªà -

á®ª â ª, çâ® á®á¥¤­¨¥ áâà ­ë ¨¬¥îâ à §«¨ç­ë© æ¢¥â. �«¥¤ãîé¨© ¯à¨¬¥à

¯®ª §ë¢ ¥â, çâ® 3-å ªà á®ª ¬®¦¥â ¡ëâì ­¥¤®áâ â®ç­®
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£¤¥ �, �, �, � { ­ ç «ì­ë¥ ¡ãª¢ë á®®â¢¥âáâ¢¥­­®£® ªà á­®£®, ¡¥«®£®,

§¥«¥­®£® ¨ á¨­¥£® æ¢¥â®¢. � 1892 £.  ­£«¨©áª¨© ¬ â¥¬ â¨ª �¨¢ã¤ ¤®ª § «,

çâ® «î¡ãî ª àâã ¬®¦­® à áªà á¨âì ¯ïâìî ªà áª ¬¨ (á¬. â¥®à¥¬ã ­¨¦¥).

� 1976 £.  ¬¥à¨ª ­áª¨¥ ¬ â¥¬ â¨ª¨ �.�¯¯¥«ì ¨ �.� ª¥­ á ¯®¬®éìî ���

ãáâ ­®¢¨«¨ ¯®«®¦¨â¥«ì­®¥ à¥è¥­¨¥ ¤ ­­®© ¯à®¡«¥¬ë.

�­ ç «  ãâ®ç­¨¬ ¯®­ïâ¨¥ ¬­®£®ã£®«ì­®£® £à ä  G(V;E): �â® ª®­¥ç­ë©

¯«®áª¨© á¢ï§­ë© £à ä, ¢ ª®â®à®¬ ­¨ ®¤¨­ ¬­®£®ã£®«ì­¨ª ­¥ «¥¦¨â ¢­ã-

âà¨ ¤àã£®£®. �à ­¨ç­ë¥ à¥¡à  ¬­®£®ã£®«ì­¨ª  ®¡à §ãîâ æ¨ª«, ¢­ãâà¥­­ïï

ç áâì ª®â®à®£® ­ §ë¢ ¥âáï £à ­ì £à ä . �¨ª« £à ä , ®ªàã¦ îé¨© ¢¥áì

£à ä, ­ §ë¢ ¥âáï ¬ ªá¨¬ «ì­ë¬,   ¥£® ¢­¥è­ïï ç áâì ­ §ë¢ ¥âáï ¡¥áª®-

­¥ç­®© £à ­ìî (F1):

Ǳà¨¬¥à (¬­®£®ã£®«ì­®£® £à ä ).
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�¥®à¥¬  7(�¨¢ã¤).� ¦¤ë© ¬­®£®ã£®«ì­ë© £à ä G = (V;E) ¬®¦­® à á-

ªà á¨âì ¯ïâìî ªà áª ¬¨.

� ¬¥ç ­¨¥ 1. �®¦­® áç¨â âì, çâ® £à ä G ­¥ á®¤¥à¦¨â ¢¥àè¨­ áâ¥¯¥­¨

¤¢ .

��������������. �¥©áâ¢¨â¥«ì­®, ¥á«¨ áãé¥áâ¢ã¥â â ª ï ¢¥àè¨­ 

a 2 V , çâ® �(a) = 2
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e1

a

e2

e
â®, ã¤ «ïï íâã ¢¥àè¨­ã ¨ ®¡ê¥¤¨­ïï ¨­æ¨¤¥­â­ë¥ á ­¥© ¤¢  à¥¡à  e1; e2 ¢

®¤­® à¥¡à® e; ¬ë ¯®«ãç¨¬ ¬­®£®ã£®«ì­ë© £à ä G0: � áªà è¨¢ ­¨¥ £à ä 

G0 ¯ïâìî ªà áª ¬¨ ¢«¥ç¥â §  á®¡®© ¨áª®¬®¥ à áªà è¨¢ ­¨¥ £à ä®¢ G:

� ¬¥ç ­¨¥ 2. � á¨«ã § ¬¥ç ­¨ï 1 áâ¥¯¥­ì ª ¦¤®© ¢¥àè¨­ë £à ä  G

­¥ ¬¥­ìè¥ 3. �ª §ë¢ ¥âáï, ¬ë ¬®¦¥¬ á¢¥áâ¨ ­ èã § ¤ çã ª ®¤­®à®¤­ë¬

£à ä ¬ áâ¥¯¥­¨ 3.

��������������. �¥©áâ¢¨â¥«ì­®, ¥á«¨ áãé¥áâ¢ã¥â ¢¥àè¨­  a 2 V
â ª ï, çâ® �(a) � 4; â® ¯à®¢¥¤ï ¤®áâ â®ç­® ¬ «ãî ®ªàã¦­®áâì á æ¥­âà®¬

¢ â®çª¥ a ¨ ã¤ «ïï ¢¥àè¨­ã a á ç áâï¬¨ à¥¡¥à, «¥¦ é¨¬¨ ¢­ãâà¨ íâ®©

®ªàã¦­®áâ¨, ¬ë ¯®«ãç¨¬ ­®¢ë© £à ä G0; ¢ ª®â®à®¬ ¢¬¥áâ® ¢¥àè¨­ë a

¯®ï¢¨«¨áì ¢¥àè¨­ë a1; : : : ; ak(k � 4) áâ¥¯¥­¨ 3 (á¬. à¨á.)

�
�
�
�
�

@
@
@
@
@

@
@
@
@
@

�
�
�
�
�

'
&
$
% -a�

�
�
�

@
@
@

@
@
@

�
�
�'

&
$
%

�

�

�

�

�

�
...
ak a2

a1

a5 a3
a4

� áªà è¨¢ ­¨¥ £à ä  G0 ¯ïâìî ªà áª ¬¨ ¢«¥ç¥â §  á®¡®© ®ç¥¢¨¤­®¥ ¨á-

ª®¬®¥ à áªà è¨¢ ­¨¥ £à ä  G:

� ¬¥ç ­¨¥ 3. �â ª, ¬ë ¬®¦¥¬ áç¨â âì, çâ® G = (V;E) { íâ® á¢ï§­ë©

¯«®áª¨© (ª®­¥ç­ë©) ®¤­®à®¤­ë© áâ¥¯¥­¨ 3 £à ä.

�®ª ¦¥¬, çâ® ®­ á®¤¥p¦¨â £p ­ì, ®£p ­¨ç¥­­ãî ­¥ ¡®«¥¥ 5 p¥¡p ¬¨.

� áá¬®âà¨¬ à ¢¥­áâ¢ : 2 + p = b + r (ä®à¬ã«  �©«¥à ), 3b = 2'2 + 3'3+

+4'4 + : : : ; £¤¥ 'k { ç¨á«® £à ­¥© á k à¥¡à ¬¨ ¨ k ¢¥àè¨­ ¬¨. �ëà §¨¬

ç¨á«® à¥¡¥à p ¨ ç¨á«® £à ­¥© ç¥à¥§ '2; '3; : : : á«¥¤ãîé¨¬ ®¡à §®¬:

2p = 2'2 + 3'3 + 4'4 + : : : ;
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r = '2 + '3 + '4 + : : : :

Ǳ®¤áâ ¢¨¢ ¢ëà ¦¥­¨ï r; p; b ç¥à¥§ '2; '3; : : : ¢ ä®à¬ã«ã �©«¥à , ¨¬¥¥¬

12 = 4'2 + 3'3 + 2'4 + '5 � '7 � 2'8 � : : : :

�«¥¤®¢ â¥«ì­®, ®¤­® ¨§ ç¨á¥« '2; '3; '4; '5 ¡®«ìè¥ ­ã«ï.

�������������� â¥®à¥¬ë. �¨­¨¬ «ì­® ¢®§¬®¦­®¥ ç¨á«® £à ­¥©

¤«ï ®¤­®à®¤­®£® £à ä  áâ¥¯¥­¨ 3 à ¢­® 4
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¨, á«¥¤®¢ â¥«ì­®, ¤«ï â ª®£® £à ä  â¥®à¥¬  á¯à ¢¥¤«¨¢ . Ǳà¥¤¯®«®¦¨¬,

çâ® â¥®à¥¬  ¢¥à­  ¤«ï £à ä®¢ á ç¨á«®¬ £à ­¥©, ¬¥­ìè¨¬ ç¨á«  jE(G)j.
�«ãç © 1. �à ä G á®¤¥à¦¨â ªà â­ë¥ à¥¡à , â.¥. '2 � 1 :
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m a b t

e3 e4

e1
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�áª«îç¨¢ ¢¥àè¨­ë a; b ¨ à¥¡à® e1;   à¥¡à  e3; e2; e4 § ¬¥­¨¢ ­  ¥¤¨­-

áâ¢¥­­®¥ à¥¡à® e (á¬. à¨á.), ¬ë ¯®«ãç¨¬ ­®¢ë© £à ä:
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�
�á­®, çâ® à áªà áª  ­®¢®£® £à ä  (  ®­  áãé¥áâ¢ã¥â ¯® ¯à¥¤¯®«®¦¥­¨î

¨­¤ãªæ¨¨) ¢«¥ç¥â ¨áª®¬ãî à áªà áªã £à ä  G:

�«ãç © 2. '2 = 0; '3 � 1: �.¥. £à ä G ­¥ á®¤¥à¦¨â ªà â­ëå à¥¡¥à, ­®

á®¤¥à¦¨â âà¥ã£®«ì­ãî £à ­ì:

73



�
�

�

�
�
�
�
�
�
�
�
��

@
@
@

B
B
B
B
B
B
B
B
BB

�

D

�

�
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e1

e2

a b

e4 e5

e3

C

c

�¤ «ïï ¨§ G1 à¥¡à® e1; ¢¥àè¨­ë a ¨ b;   â ª¦¥ "áª«¥¨¢ ï" à¥¡à  e2; e4

¢ à¥¡à® e0;   à¥¡à  e3; e5 ¢ à¥¡à® e00; ¬ë ¯à¨¤¥¬ ª ­®¢®¬ã (®¤­®à®¤­®¬ã

áâ¥¯¥­¨ 3) £à äã G0 á ¬¥­ìè¨¬ ç¨á«®¬ £à ­¥©. �§ à áªà áª¨ G0; ®ç¥¢¨¤­®,

á«¥¤ã¥â ¨áª®¬ ï à áªà áª  £à ä  G:

�«ãç © 3. '2 = '3 = 0; '4 � 1: �.¥. £à ä G á®¤¥à¦¨â ç¥âëà¥åã£®«ì­ãî

£à ­ì, ­® ­¥ á®¤¥à¦¨â ªà â­ëå à¥¡¥à ¨ âà¥ã£®«ì­ëå £à ­¥©:
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c1 d1

m

c d

n

a b

D

a1 b1
B

A F C
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HHHHHH
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@
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� �' $
' $

Ǳà¨ íâ®¬ ¬®¦­® áç¨â âì, çâ® £à ­¨ B ¨ D ­¥ ï¢«ïîâáï ç áâï¬¨ ®¤­®©

£à ­¨ ¨ ­¥ £à ­¨ç â ¤àã£ á ¤àã£®¬. �áª«îç¨¬ à¥¡à  fa; bg; fc; dg; ®¡ê¥¤¨-
­¨¬ fa1; ag; fc; c1g ¨ fa; cg ¢ ®¤­® à¥¡à® fa1; c1g;   à¥¡à  fb1; bg; fb; dg; fd; d1g
¢ à¥¡à® fb1; d1g: �ë ¯®«ãç¨¬ ®¤­®à®¤­ë© (áâ¥¯¥­¨ 3) £à ä G1 á ¬¥­ìè¨¬

ç¨á«®¬ £à ­¥©. Ǳ® ¯à¥¤¯®«®¦¥­¨î ¨­¤ãªæ¨¨, ¤«ï ­¥£® áãé¥áâ¢ã¥â ¨áª®-

¬ ï à áªà áª . Ǳãáâì, ­ ¯à¨¬¥à, £à ­¨ A ¨ C à áªà è¥­ë ¢ æ¢¥â  � ¨ �;

  £à ­ì B + F + D ¢ æ¢¥â 
: �®§¢à é ïáì ª £à äã G; ¬ë £à ­¨ B ¨ D

®áâ ¢«ï¥¬ ®ªà è¥­­ë¬¨ ¢ æ¢¥â 
;   £à ­ì F § ªà è¨¢ ¥¬ ¢ 4-© æ¢¥â Æ:

�«ãç © 4. '2 = '3 = '4 = 0; '5 � 1:
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� áá¬®âà¨¬ äà £¬¥­â £à ä  G
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�®¦­® áç¨â âì, çâ® £à ­¨ A ¨ C ­¥ ï¢«ïîâáï ç áâï¬¨ ®¤­®© ¨ â®© ¦¥

£à ­¨ ¨ ­¥ ¨¬¥îâ ®¡é¥© £à ­¨æë. �áª«îç¨¬ à¥¡à  fa; bg; fc; dg :
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Æ
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P P P P P P P P P
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Ǳ® ¯à¥¤¯®«®¦¥­¨î ¨­¤ãªæ¨¨, ­®¢ë© £à ä ¬®¦­® à áªà á¨âì ¢ 5 æ¢¥-

â®¢: �; �; 
; Æ; �: Ǳãáâì, ­ ¯à¨¬¥à, £à ­¨ B;D;E ¨ (A+F +C) à áªà è¥­ë

á®®â¢¥âáâ¢¥­­® �; 
; Æ; � æ¢¥â ¬¨. �®ááâ ­ ¢«¨¢ ï £à ä G; ¬ë ®áâ ¢«ï¥¬

à áªà áªã ¯à¥¦­¥©, ªà®¬¥ £à ­¨ F; ª®â®àãî § ªà è¨¢ ¥¬ ¢ æ¢¥â �: �¥®à¥-

¬  ¤®ª § ­ .

� ¤ ç  32. Ǳãáâì G { ¬­®£®ã£®«ì­ë© ®¤­®à®¤­ë© áâ¥¯¥­¨ 4 £à ä. �®-

£¤  G á®¤¥à¦¨â «¨¡® 4 ¤¢ãåªà â­ëå à¥¡à , «¨¡® âà¥ã£®«ì­ãî £à ­ì.

�����H��. �¬¥¥¬

4b =
X
n�2

n'n; 2p =
X
n�2

n'n; b+ r = 2 + p; r =
X
n�2

'n:

�âªã¤  á«¥¤ã¥â, çâ® 4b+ 4r =
P
n�2

(n+ 4)'n = 8 +
P
n�2

2n � 'n;
8 = 2'2 + '3 � '5 � 2'6 � : : : : �á«¨ '3 = 0; â® '2 � 4:

� ¤ ç  33. �áá«¥¤®¢ âì ¢®§¬®¦­ë¥ §­ ç¥­¨ï '2; '3; '4 ¤«ï ¬­®£®ã£®«ì-

­®£® ®¤­®à®¤­®£® áâ¥¯¥­¨ 5 £à ä .

� ¤ ç  34. Ǳãáâì G { ¯« ­ à­ë© ª®­¥ç­ë© £à ä. �¨á«® �(G) = (b�p)
­ §ë¢ ¥âáï í©«¥à®¢®© å à ªâ¥à¨áâ¨ª®© £à ä  G: �®ª § âì, çâ®
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 ) ¥á«¨ G { á¢ï§­ë© £à ä, â® �(G) � 1;

¡) ¥á«¨ G { á¢ï§­ë© £à ä, â® �(G) = 1 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  G {

¤¥à¥¢®;

¢) ¥á«¨ G { «¥á, â® ç¨á«® ¤¥à¥¢ì¥¢ ¢ ­¥¬ à ¢­® �(G):

� ¤ ç  35 ( «£®à¨â¬ ¢ë¡®à  íª®­®¬¨ç­®£® ¤¥à¥¢  ¢ á¢ï§­®¬ £à ä¥).

Ǳãáâì G = (V;E) { ª®­¥ç­ë© á¢ï§­ë© £à ä ¨ f : E ! R+: �ë¡¥à¥¬

«î¡ãî ¢¥àè¨­ã x1 2 V ¨ ¢ë¡¥à¥¬ ¢¥àè¨­ã x2; ¨­æ¨¤¥­â­ãî x1; ¨¬¥îéãî

¬¨­¨¬ «ì­®¥ §­ ç¥­¨¥ f(fx1; x2g): � â¥¬ ¢ë¡¥à¥¬ x3; ¨­æ¨¤¥­â­ãî ®¤­®©

¨§ ¢¥àè¨­ x1; x2 ¨ ¨¬¥îéãî á ­¨¬¨ á ¬®¥ "¤¥è¥¢®¥" à¥¡à®. Ǳãáâì ¬ë

¢ë¡p «¨ ¢¥àè¨­ë x1; : : : ; xk: �ë¡¥à¥¬ áà¥¤¨ ¢¥àè¨­, ¨­æ¨¤¥­â­ëå ãª -

§ ­­ë¬, ¢¥àè¨­ã xk+1 62 fx1; : : : ; xkg; ¨¬¥îéãî á ¬®¥ "¤¥è¥¢®¥" à¥¡à®

fxk+1; xig; i � k: � è  «£®à¨â¬ ®áâ ­ ¢«¨¢ ¥âáï ­  (n � 1) è £¥. Ǳà®-

¢¥à¨âì, çâ® ¢ à¥§ã«ìâ â¥ ¬ë ¤¥©áâ¢¨â¥«ì­® ¯®«ãç ¥¬ íª®­®¬¨ç­®¥ ¤¥à¥¢®.

�����H��. �®á¯®«ì§®¢ âìáï ¤®ª § â¥«ìáâ¢®¬ â¥®à¥¬ë �à áª «ï.

2.7 �¥®à¥¬  ® æ¥«®ç¨á«¥­­®áâ¨. Ǳ®â®ª¨ ¢ á¥âïå. �¥®à¥¬  ®

¬ ªá¨¬ «ì­®¬ ¯®â®ª¥ ¨ ¬¨­¨¬ «ì­®¬ à §à¥§¥

� ¯ã­ªâ¥ 1:4 ¡ë«  ¤®ª § ­  â¥®à¥¬  �.�®««  ® ¯à¥¤áâ ¢¨â¥«ïå. �¥ª®-

â®àë¥  ¢â®àë ­ §ë¢ îâ ¥¥ § ¤ ç¥© ® á¢ ¤ì¡ å ¨ ¤ îâ ¥© á«¥¤ãîéãî ¨­-

â¥à¯à¥â æ¨î. �¬¥¥âáï ­¥ª®â®à®¥ ª®«¨ç¥áâ¢® î­®è¥© fî1; : : : ; îng ¨ ¤¥¢ã-
è¥ª f¤1; : : : ;¤mg: � ¦¤ë© î­®è  §­ ª®¬ á ­¥áª®«ìª¨¬¨ ¤¥¢ãèª ¬¨. � ©â¨
­¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®ç­ë¥ ãá«®¢¨ï, çâ®¡ë ª ¦¤®£® î­®èã ¬®¦­® ¡ë«®

¦¥­¨âì ­  §­ ª®¬®© ¥¬ã ¤¥¢ãèª¥ (á¬. [21]).

� ¯¨è¥¬ ãá«®¢¨¥ § ¤ ç¨ ¢ ¢¨¤¥ ¤¢ã¤®«ì­®£® £à ä  G(V1; V2), ¢§ï¢ ¢ ª -

ç¥áâ¢¥ V1 = fî1; : : : ;îng,   ¢ ª ç¥áâ¢¥ V2 = f¤1; : : : ;¤ng ¨ á®¥¤¨­¨¢ à¥¡à®¬

¢¥àè¨­ã îi á ¢¥àè¨­®© ¤j â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®­¨ §­ ª®¬ë. �­ê-

¥ªâ¨¢­®¥ ®â®¡à ¦¥­¨¥ V1 ¢ V2 ­ §ë¢ ¥âáï á®¢¥àè¥­­ë¬ ¯ à®á®ç¥â ­¨¥¬,

¥á«¨ á®®â¢¥âáâ¢ãîé¨¥ ¢¥àè¨­ë (¢á¥£¤ ) á®¥¤¨­¥­ë à¥¡à®¬.

�â ª, ­  ï§ëª¥ â¥®à¨¨ £à ä®¢ § ¤ ç  ® á¢ ¤ì¡ å §¢ãç¨â á«¥¤ãîé¨¬

76



®¡à §®¬: ­ ©â¨ ­¥®¡å®¤¨¬®¥ ¨ ¤®áâ â®ç­®¥ ãá«®¢¨¥ ­  ¤¢ã¤®«ì­ë© £à ä

G = (V1; V2) ¤«ï â®£®, çâ®¡ë ¢ ­¥¬ áãé¥áâ¢®¢ «® á®¢¥àè¥­­®¥ ¯ à®á®ç¥â -

­¨¥.

Ǳà¨¢¥¤¥¬ ¤®ª § ­­ãî à ­¥¥ â¥®à¥¬ã �.�®««  ¢ â¥à¬¨­ å â¥®à¨¨ £à ä®¢.

�¥®à¥¬  8 (�.�®««, 1935).Ǳãáâì G = G(V1; V2) { ª®­¥ç­ë© ¤¢ã¤®«ì­ë©

£à ä ¨ ¤«ï «î¡®£® ¯®¤¬­®¦¥áâ¢  A � V1 ç¥à¥§ '(A) ®¡®§­ ç¨¬ ¬­®¦¥-

áâ¢® ¢¥àè¨­ ¨§ V2; ª®â®àë¥ á¬¥¦­ë å®âï ¡ë ®¤­®© ¢¥àè¨­¥ ¨§ A: �®¢¥à-

è¥­­®¥ ¯ à®á®ç¥â ­¨¥ ¢ G áãé¥áâ¢ã¥â â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¤«ï

«î¡®£® ¯®¤¬­®¦¥áâ¢  A � V1

jAj � j'(A)j:

� ¤ ç  36 (§ ¤ ç  ® £ à¥¬¥). �¡®§­ ç¨¬ ç¥à¥§ � ­¥ª®â®à®¥ ¬­®¦¥áâ¢®

î­®è¥© ¨ ¯à¥¤¯®«®¦¨¬, çâ® ª ¦¤ë© î­®è  ¨§ � ¦¥« ¥â ¢§ïâì ¢ ¦¥­ë

¡®«¥¥ ç¥¬ ®¤­ã §­ ª®¬ãî ¥¬ã ¤¥¢ãèªã. � ©â¨ ­¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®ç­ë¥

ãá«®¢¨ï à §à¥è¨¬®áâ¨ íâ®© § ¤ ç¨.

�����H��. Ǳãáâì �=fî1; : : : ; îng ¨ �=f ¤1; : : : ; ¤mg: Ǳà¥¤¯®«®¦¨¬,
çâ® £ à¥¬ î1 ¤®«¦¥­ á®áâ®ïâì ¨§ âà¥å ¤¥¢ãè¥ª,   £ à¥¬ë î2; : : : ; în ¨§

¤¢ãå ¤¥¢ãè¥ª. � áá¬®âà¨¬ ­®¢®¥ ¬­®¦¥áâ¢® î­®è¥©

�0 = f î11; î12; î13; î21; î22; î31; î32; : : : ; în1; în2g:

�áâ ¥âáï ¯à¨¬¥­¨âì ª �0 â¥®à¥¬ã �®«« .

�á«¨ S1; : : : ; Sm { ­¥¯ãáâë¥ ¯®¤¬­®¦¥áâ¢  E, â® âà ­á¢¥àá «ìî íâ®£®

á¥¬¥©áâ¢  ¯®¤¬­®¦¥áâ¢ F = (S1; : : : ; Sm) ­ §ë¢ ¥âáï â ª®¥ ¯®¤¬­®¦¥áâ¢®

fe1; : : : ; emg � E; çâ® ei 2 Si; i � m: �àã£¨¬¨ á«®¢ ¬¨, íâ® á¨áâ¥¬  à §-

«¨ç­ëå ¯à¥¤áâ ¢¨â¥«¥© ­ è¨å ¯®¤¬­®¦¥áâ¢. �¥®à¥¬  �®««  ãâ¢¥à¦¤ -

¥â, çâ® âà ­á¢¥àá «ì á¥¬¥©áâ¢  F áãé¥áâ¢ã¥â â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

jSi1[� � �[Sikj � k ¤«ï «î¡®© ¢ë¡®àª¨ fi1; : : : ; ikg � f1; 2; : : : ;mg: �à ­á¢¥à-
á «ì ¯à®¨§¢®«ì­®£® ¯®¤á¥¬¥©áâ¢  F ­ §ë¢ ¥âáï ç áâ¨ç­®© âà ­á¢¥àá «ìî

F:

� ¤ ç  37. Ǳãáâì S1; : : : ; Sm � E; Si 6= �; i � m; ¨ F = (S1; : : : ; Sm):
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�¥¬¥©áâ¢® F ¨¬¥¥â âà ­á¢¥àá «ì ¬®é­®áâ¨ t â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

¤«ï «î¡®© ¢ë¡®àª¨ fi1; : : : ; ikg � f1; 2; : : : ;mg; jSi1 [ � � � [ Sik j � k + t�m:
�����H��. � áá¬®âà¨¬ ­®¢®¥ á¥¬¥©áâ¢® F 0 = (S1 [D;S2[D; : : : ; Sm[

D); £¤¥ D { «î¡®¥ (m� t) { í«¥¬¥­â­®¥ ¬­®¦¥áâ¢®, ­¥ ¯¥à¥á¥ª îé¥¥áï á E:
F ¨¬¥¥â ç áâ¨ç­ãî âà ­á¢¥àá «ì ¬®é­®áâ¨ t â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

F 0 ¨¬¥¥â âà ­á¢¥àá «ì. Ǳ® â¥®à¥¬¥ �®««  íâ® ¢®§¬®¦­® â®£¤  ¨ â®«ìª®

â®£¤ , ª®£¤ 

jSi1 [ � � � [ Sik [Dj � k;

jSi1 [ � � � [ Sik j � k � jDj = k + t�m;

â ª ª ª (Si1 [ � � � [ Sik) \D = �:

� ¤ ç  38. � ª¨¥ ¨§ á«¥¤ãîé¨å á¥¬¥©áâ¢ ¯®¤¬­®¦¥áâ¢ ¬­®¦¥áâ¢  E =

f1; 2; 3; 4; 5g ¨¬¥îâ âà ­á¢¥àá «¨:
1) (f1g; f2; 3g; f1; 2g; f1; 3g; f1; 4; 5g);
2) (f1; 2g; f2; 3g; f4; 5g; f4; 5g);
3) (f1; 3; 4g; f1; 4; 5g; f2; 3; 5g; f2; 4; 5g)?
� ¤ ç  39. ǱãáâìE { ¬­®¦¥áâ¢® ¡ãª¢ ¢ á«®¢¥ MATROIDS. � ©â¨ âà ­á-

¢¥àá «¨ á¥¬¥©áâ¢ 

(STAR;ROAD;MOAT;RIOT;RIDS;DAMS;MIST ):

Ǳãáâì M = (mij) { ¬ âà¨æ  ¯®àï¤ª  m� n; £¤¥ 1 � m � n

¨ 1 � mij � n: �á«¨ ¢ë¯®«­¥­® ãá«®¢¨¥, çâ® ¢á¥ í«¥¬¥­âë ¢ ª ¦¤®© áâà®-

ª¥ ¨ ¢ ª ¦¤®¬ áâ®«¡æ¥ à §«¨ç­ë, â® M ­ §ë¢ ¥âáï « â¨­áª¨¬ (m � n) {
¯àï¬®ã£®«ì­¨ª®¬. �á«¨ m = n; â® « â¨­áª¨© ¯àï¬®ã£®«ì­¨ª ­ §ë¢ ¥âáï

« â¨­áª¨¬ ª¢ ¤à â®¬.

Ǳà¨¬¥àë:

 
1 2 3 4

2 3 4 1

!
;

0
BBBB@

1 2 3 4

2 3 4 1

3 4 1 2

4 1 2 3

1
CCCCA :

�¥®à¥¬  9. ǱãáâìM { « â¨­áª¨© (m�n) { ¯àï¬®ã£®«ì­¨ª ¨ m � n�1:
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�®£¤  M ¬®¦­® à áè¨à¨âì ¤® « â¨­áª®£® ª¢ ¤à â  ¤®¡ ¢«¥­¨¥¬ ­®¢ëå

(n�m) áâà®ª.
�®ª § â¥«ìáâ¢® á«¥¤ã¥â ¨§ «¥¬¬ë.

�¥¬¬ . � â¨­áª¨© (m � n) { ¯àï¬®ã£®«ì­¨ª ¬®¦­® à áè¨à¨âì ¤®

« â¨­áª®£® (m+ 1)� n { ¯àï¬®ã£®«ì­¨ª .

��������������. Ǳãáâì E = f1; 2; : : : ; ng ¨ F = (S1; : : : ; Sn); £¤¥ Si

{ ¬­®¦¥áâ¢® í«¥¬¥­â®¢ E; ­¥ ¢áâà¥ç îç¨åáï ¢ i-¬ áâ®«¡æ¥M; i = 1; 2; : : : ; n:

�®ª ¦¥¬, çâ® F ¨¬¥¥â âà ­á¢¥àá «ì. Ǳà¥¤¯®«®¦¨¬, çâ® jSi1 [ � � � [ Sik j �
k� 1 ¤«ï ­¥ª®â®à®© ¢ë¡®àª¨ fi1; : : : ; ikg � f1; 2; : : : ; ng: �.ª. ¢ Si1 [ � � � [Sik
¯à¨áãâáâ¢ã¥â (n � m) � k í«¥¬¥­â®¢ (¢ª«îç ï ¯®¢â®à¥­¨ï), â® ­¥ª®â®àë©

í«¥¬¥­â ¯®¢â®àï«áï ¡ë ¡®«¥¥ ç¥¬ (n�m) à §. Ǳà®â¨¢®à¥ç¨¥.
� ¤ ç  40. �®ª ¦¨â¥, çâ® áãé¥áâ¢ã¥â ¯® ªà ©­¥© ¬¥à¥

n!(n� 1)! : : :2!1!

« â¨­áª¨å (n� n) { ª¢ ¤à â®¢.
� ¤ ç  41. Ǳ®ª § âì, çâ® â ¡«¨æã ã¬­®¦¥­¨ï ¢ ª®­¥ç­®© £àã¯¯¥ ¬®¦­®

à áá¬ âà¨¢ âì ª ª « â¨­áª¨© ª¢ ¤à â. �ãé¥áâ¢ã¥â «¨ « â¨­áª¨© ª¢ ¤à â,

ª®â®àë© ­¥«ì§ï ¯®«ãç¨âì â ª¨¬ á¯®á®¡®¬?

�����H��. Ǳãáâì p { ¯à®áâ®¥ ç¨á«®. �¨á«® « â¨­áª¨å ª¢ ¤à â®¢ ¯®-

àï¤ª  p � p ­¥ ¬¥­ìè¥ ç¨á«  p!(p � 1)! : : :1!;   ç¨á«® £àã¯¯ ¯®àï¤ª  p ¢

â®ç­®áâ¨ à ¢­® 1.

� áá¬®âà¨¬, ¤ «¥¥, ª®­¥ç­ë© á¢ï§­ë© £à ä G = (V;E) ¨ ¯ãáâì v; w {

à §«¨ç­ë¥ ¥£® ¢¥àè¨­ë.

�¯à¥¤¥«¥­¨¥ 1. Ǳà®áâë¥ æ¥¯¨, á®¥¤¨­ïîé¨¥ v á w ¨ ­¥ ¨¬¥îé¨¥ ®¡é¨å

à¥¡¥à, ­ §ë¢ îâáï à¥¡¥à­® ­¥¯¥à¥á¥ª îé¨¬¨áï.

�¯à¥¤¥«¥­¨¥ 2. Ǳà®áâë¥ æ¥¯¨, á®¥¤¨­ïîé¨¥ v á w ¨ ­¥ ¨¬¥îé¨¥ ®¡é¨å

¢¥àè¨­ ( ªà®¬¥ v ¨ w), ­ §ë¢ îâáï ¢¥àè¨­® ­¥¯¥à¥á¥ª îé¨¬¨áï.

�¯à¥¤¥«¥­¨¥ 3. �­®¦¥áâ¢® à¥¡¥àA £à ä G ­ §ë¢ ¥âáï vw-à §¤¥«ïîé¨¬

¢ G; ¥á«¨ «î¡ ï ¯à®áâ ï æ¥¯ì ¨§ v ¢ w á®¤¥à¦¨â à¥¡à® ¨§ A:

�¯à¥¤¥«¥­¨¥ 4. �­®¦¥áâ¢® ¢¥àè¨­ B £à ä  G ­ §ë¢ ¥âáï vw-®â¤¥«ï-
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îé¨¬, ¥á«¨ v 62 B;w 62 B ¨ «î¡ ï ¯à®áâ ï æ¥¯ì ¨§ v ¢ w ®¡ï§ â¥«ì­®

á®¤¥à¦¨â ¢¥àè¨­ã ¨§ B:

�¥®à¥¬  10 (�¥­£¥à, �®à¤, � «ª¥àá®­; 1955). Ǳãáâì G = (V;E) { á¢ï§-

­ë© ª®­¥ç­ë© £à ä ¨ v; w { à §«¨ç­ë¥ ¥£® ¢¥àè¨­ë. �®£¤  ¬ ªá¨¬ «ì­®¥

ç¨á«® à¥¡¥à­® ­¥¯¥à¥á¥ª îé¨åáï ¯à®áâëå æ¥¯¥©, á®¥¤¨­ïîé¨å v á w; à ¢­®

¬¨­¨¬ «ì­®¬ã ç¨á«ã k à¥¡¥à ¢ vw-à §¤¥«ïîé¥¬ ¬­®¦¥áâ¢¥.

�ª ¦¥¬ áå¥¬ã ¤®ª § â¥«ìáâ¢ . �á­®, çâ® ç¨á«® ¢á¥å ­¥¯¥à¥á¥ª îé¨å-

áï ¯à®áâëå æ¥¯¥©, á®¥¤¨­ïîé¨å v c w; ­¥ ¯à¥¢®áå®¤¨â k: �â®¡ë ¤®ª § âì

à ¢¥­áâ¢® íâ¨å ç¨á¥«, ¬®¦­® ¢®á¯®«ì§®¢ âìáï ¬¥â®¤®¬ ¬ â¥¬ â¨ç¥áª®© ¨­-

¤ãªæ¨¨ ¯® ç¨á«ã à¥¡¥à n = jV j: Ǳà¥¤¯®«®¦¨¬, çâ® â¥®à¥¬  ¢¥à­  ¤«ï £à -
ä®¢ á ç¨á«®¬ à¥¡¥à < n: �®ª § â¥«ìáâ¢® â¥®à¥¬ë á«¥¤ã¥â ¨§ à áá¬®âà¥­¨ï

¤¢ãå á«ãç ¥¢ ([21]):

�«ãç © 1. vw-à §¤¥«ïîé¥¥ ¬­®¦¥áâ¢® A ¬¨­¨¬ «ì­®© ¬®é­®áâ¨ k

á®¤¥à¦¨â à¥¡à®, ­¥ ¨­æ¨¤¥­â­®¥ v;   â ª¦¥ à¥¡à®, ­¥ ¨­æ¨¤¥­â­®¥ w:

�«ãç © 2. � ¦¤®¥ vw { à §¤¥«ïîé¥¥ ¬­®¦¥áâ¢® ¬¨­¨¬ «ì­®© ¬®é­®-

áâ¨ k á®áâ®¨â ¨§ à¥¡¥à, ª ¦¤®¥ ¨§ ª®â®àëå ¨­æ¨¤¥­â­® v; «¨¡® ¨§ à¥¡¥à,

ª ¦¤®¥ ¨§ ª®â®àëå ¨­æ¨¤¥­â­® w:

Ǳ®«ì§ãïáì  ­ «®£¨ç­®© áå¥¬®©, ¬®¦­® ¤®ª § âì á«¥¤ãîéãî â¥®à¥¬ã.

�¥®à¥¬  11 (�¥­£¥à, 1927). � ªá¨¬ «ì­®¥ ç¨á«® ¢¥àè¨­­® ­¥¯¥à¥á¥ª -

îé¨åáï ¯à®áâëå æ¥¯¥©, á®¥¤¨­ïîé¨å ¤¢¥ à §«¨ç­ë¥ ­¥á¬¥¦­ë¥ ¢¥àè¨­ë

v; w á¢ï§­®£® ª®­¥ç­®£® £à ä , à ¢­® ¬¨­¨¬ «ì­®¬ã ç¨á«ã ¢¥àè¨­ ¢ vw-

®â¤¥«ïîé¥¬ ¬­®¦¥áâ¢¥.

� áá¬ âà¨¢ ï ª®­¥ç­ë¥ á¢ï§­ë¥ ®à¨¥­â¨à®¢ ­­ë¥ £à äë (®à£à äë) ¨

¤ã¡«¨àãï á®®â¢¥âáâ¢ãîéãî â¥à¬¨­®«®£¨î, ¬ë ¬®¦¥¬ áä®à¬ã«¨à®¢ âì (¡¥§

¤®ª § â¥«ìáâ¢ ) á«¥¤ãîé¨© à¥§ã«ìâ â (á¬. [21]).

�¥®à¥¬  12 (â¥®à¥¬  ® æ¥«®ç¨á«¥­­®áâ¨).

� ªá¨¬ «ì­®¥ ç¨á«® ­¥¯¥à¥á¥ª îé¨åáï ¯® ¤ã£ ¬ ¯à®áâëå ®àæ¥¯¥©, á®-

¥¤¨­ïîé¨å ¤¢¥ à §«¨ç­ë¥ ¢¥àè¨­ë v ¨ w ®à£à ä , à ¢­® ¬¨­¨¬ «ì­®¬ã

ç¨á«ã ¤ã£ vw-à §¤¥«ïîé¥£® ¬­®¦¥áâ¢ .
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�¯à¥¤¥«¥­¨¥. �¥âì { íâ® ¯ à  N = (D; ) £¤¥ D { ®à£à ä,    {

äã­ªæ¨ï, ®â®¡à ¦ îé ï ¬­®¦¥áâ¢® ¤ã£ D ¢ R+ [ f0g: �«ï ª ¦¤®© ¤ã-

£¨ e §­ ç¥­¨¥  (e) ­ §ë¢ ¥âáï ¥¥ ¯à®¯ãáª­®© á¯®á®¡­®áâìî. �«ï ª ¦¤®©

¢¥àè¨­ë x ¯®«®¦¨¬
 
� (x) =

P
z

 ((x; z)) (¨ ­ §®¢¥¬ ¯®«ãáâ¥¯¥­ìî ¨áå®¤ 

¢¥àè¨­ë x),
!
� (x) =

P
z

((z; x)) (¨ ­ §®¢¥¬ ¯®«ãáâ¥¯¥­ìî § å®¤ 

¢¥àè¨­ë x).

Ǳà¨¬¥à.

� �
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�¤¥áì  ((y; x)) = 4;
!
� (x) = 10;

 
� (z) = 6: �ã¤¥¬ áç¨â âì, çâ® ®à£à ä D

á®¤¥à¦¨â ®¤¨­ ¨áâ®ç­¨ª v ¨ ®¤¨­ áâ®ª w: Ǳà¨¢¥¤¥¬ ¯à¨¬¥à ¨««îáâà¨àãî-

é¨© ¯®­ïâ¨¥ á¥â¨ ­  ¯à ªâ¨ª¥. Ǳà¥¤¯®«®¦¨¬, çâ® § ¢®¤-¨§£®â®¢¨â¥«ì (v)

®â¯à ¢«ï¥â ­  àë­®ª (w) á¢®î ¯à®¤ãªæ¨î, ¨á¯®«ì§ãï à §«¨ç­ë¥ ª ­ «ë.

� ¦¤ë© ª ­ « ¨¬¥¥â ¬ ªá¨¬ «ì­ãî ¯à®¯ãáª­ãî á¯®á®¡­®áâì (­ ¯à¨¬¥à,

­  à¨á.  ((v; x)) = 4). �®¯à®á: ª ª ¬ ªá¨¬¨§¨à®¢ âì ®â¯à ¢ªã £®â®¢®©

¯à®¤ãªæ¨¨?

�«ï ¢ëè¥¯à¨¢¥¤¥­­®£® ¯à¨¬¥à  ®â¢¥â®¬ ï¢«ï¥âáï á«¥¤ãîé¨©  «£®à¨â¬:
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�¯à¥¤¥«¥­¨¥. Ǳãáâì N = (D;	) { á¥âì. �ã­ªæ¨ï '; áâ ¢ïé ï ¢ á®-
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®â¢¥âáâ¢¨¥ ª ¦¤®© ¤ã£¥ a ¨§ D ­¥®âà¨æ â¥«ì­®¥ ç¨á«® '(a) (­ §ë¢ ¥¬®¥

¯®â®ª®¬ ç¥à¥§ a), ­ §ë¢ ¥âáï ¯®â®ª®¬ ç¥à¥§ N; ¥á«¨:

1) '(a) � 	(a);

2) ¯® ®â­®è¥­¨î ª á¥â¨ (D;') ¯®«ãáâ¥¯¥­ì ¨áå®¤  ¨ ¯®«ãáâ¥¯¥­ì § å®¤ 

«î¡®© ¢¥àè¨­ë (6= v; w) à ¢­ë ¬¥¦¤ã á®¡®©, â.¥. ¯®«­ë© ¯®â®ª, ¢å®¤ïé¨©

¢ «î¡ãî ¢¥àè¨­ã (6= v; w); à ¢¥­ ¯®«­®¬ã ¯®â®ªã, ¢ëå®¤ïé¥¬ã ¨§ ­¥¥, ¨

¯®â®ª ç¥à¥§ ¤ã£ã ­¥ ¯à¥¢®áå®¤¨â ¥¥ ¯à®¯ãáª­®© á¯®á®¡­®áâ¨.

� §à¥§®¬ á¥â¨ N = (D;	) ­ §ë¢ ¥âáï ¬­®¦¥áâ¢® ¤ã£ A ®à£à ä D â ª®¥,

çâ® «î¡ ï ¯à®áâ ï ®àæ¥¯ì ¨§ v ¢ w á®¤¥à¦¨â ¤ã£ã ¨§ A; â.¥. à §à¥§ N { íâ®

vw-à §¤¥«ïîé¥¥ ¬­®¦¥áâ¢® ¢ D: �ã¬¬  ¯à®¯ãáª­ëå á¯®á®¡­®áâ¥© ¢á¥å ¤ã£

à §à¥§  ­ §ë¢ ¥âáï ¯à®¯ãáª­®© á¯®á®¡­®áâìî à §à¥§ . �¨­¨¬ «ì­ë¬ à §-

à¥§®¬ ­ §ë¢ ¥âáï à §à¥§, ®¡« ¤ îé¨© ­ ¨¬¥­ìè¥© ¢®§¬®¦­®© ¯à®¯ãáª­®©

á¯®á®¡­®áâìî. �«¥¤ãîé ï â¥®à¥¬  íª¢¨¢ «¥­â­  â¥®à¥¬¥ 12.

�¥®à¥¬  13 (® ¬ ªá¨¬ «ì­®¬ ¯®â®ª¥ ¨ ¬¨­¨¬ «ì­®¬ à §à¥§¥). �® ¢áï-

ª®© á¥â¨ ¢¥«¨ç¨­  «î¡®£® ¬ ªá¨¬ «ì­®£® ¯®â®ª  à ¢­  ¯à®¯ãáª­®© á¯®-

á®¡­®áâ¨ «î¡®£® ¬¨­¨¬ «ì­®£® à §à¥§ .

� ¬¥ç ­¨¥. �¥®à¥¬  13 ¤®ª § ­  ¢ 1955 £. �.�®à¤®¬ ¨ �.� «ª¥àá®­®¬

(á¬. "Ǳ®â®ª¨ ¢ á¥âïå". { �.: �¨à, 1966).
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�« ¢  3

������ �����������

3.1 �á­®¢­ë¥ ®¯à¥¤¥«¥­¨ï. Ǳà¨¬¥àë ª®¤®¢

� áá¬®âà¨¬ ¬­®¦¥áâ¢® A = fa1; : : : ; ang; á®áâ®ïé¥¥ ¨§ n í«¥¬¥­â®¢. �­®-
¦¥áâ¢® A ­ §®¢¥¬  «ä ¢¨â®¬ ®¡ê¥¬  n;   ¥£® í«¥¬¥­âë ¡ã¤¥¬ ­ §ë¢ âì

á¨¬¢®« ¬¨ ¨«¨ ¡ãª¢ ¬¨  «ä ¢¨â . � ¯à¨¬¥à, àãááª¨¥ ¡ãª¢ë ®¡à §ãîâ  «-

ä ¢¨â ®¡ê¥¬  33,   « â¨­áª¨¥ ¡ãª¢ë á®áâ ¢«ïîâ  «ä ¢¨â ®¡ê¥¬  27. Ǳ®-

á«¥¤®¢ â¥«ì­®áâì ¨§ ¡ãª¢  «ä ¢¨â  A ¤«¨­ë m ai1 : : : aim ­ §®¢¥¬ á«®¢®¬

¤«¨­ë m:

�¯à¥¤¥«¥­¨¥ [12]: �î¡®¥ ­¥¯ãáâ®¥ ¬­®¦¥áâ¢® á«®¢, § ¯¨á ­­®¥ ¢  «ä -

¢¨â¥ A; ­ §ë¢ ¥âáï ª®¤®¬ ¢ íâ®¬  «ä ¢¨â¥. �®é­®áâì íâ®£® ¬­®¦¥áâ¢ 

­ §ë¢ ¥âáï ®¡ê¥¬®¬ ª®¤ ,   ¥£® í«¥¬¥­âë ­ §ë¢ îâáï ª®¤®¢ë¬¨ á«®¢ ¬¨.

�®¤ ­ §ë¢ ¥âáï à ¢­®¬¥à­ë¬, ¥á«¨ ¥£® ª®¤®¢ë¥ á«®¢  ¨¬¥îâ ®¤¨­ ª®¢ãî

¤«¨­ã m (m ­ §ë¢ ¥âáï ¤«¨­®© à ¢­®¬¥à­®£® ª®¤ ).

�¯à ¦­¥­¨¥. �®ª § âì, çâ® ®¡ê¥¬ à ¢­®¬¥à­®£® ª®¤  ¤«¨­ë m ­¥

¯à¥¢®áå®¤¨â nm = 2mlog2n:

Ǳãáâì X = fx1; : : : ; xeg { ª®­¥ç­®¥ ¬­®¦¥áâ¢®. �ª ¦¥¬, çâ® X ï¢«ï¥âáï

¤¨áªà¥â­ë¬  ­á ¬¡«¥¬ á®®¡é¥­¨©, ¥á«¨ ­  X § ¤ ­® à á¯à¥¤¥«¥­¨¥ ¢¥à®-

ïâ­®áâ¥© p(x); â.¥. ª ¦¤®¬ã í«¥¬¥­âã xi 2 X; i � e; á®¯®áâ ¢«¥­® ç¨á«®

p(xi): Ǳà¨ íâ®¬ p(xi) � 0; i = 1; e ¨
eP
i=1

p(xi) = 1: � ¦¤®¬ã ¯®¤¬­®¦¥áâ¢ã



Y � X á®¯®áâ ¢¨¬ ¢¥à®ïâ­®áâì (ç¨á«®)

P (Y ) =
X
x2Y

p(x):

�¯à¥¤¥«¥­¨¥ [12]: Ǳà®¨§¢®«ì­®¥ ®â®¡à ¦¥­¨¥

' : X ! K

¤¨ªà¥â­®£®  ­á ¬¡«ï X ¢ ª®¤ K  «ä ¢¨â  A ­ §ë¢ ¥âáï ª®¤¨à®¢ ­¨¥¬ X:

Ǳà¨¬¥à 1 [12]:Ǳà¥¤¯®«®¦¨¬, çâ® ­  â¥«¥£à ä¥ ¨¬¥¥âáï  ¢â®¬ â¨ç¥áª ï

®¡à ¡®âª  â¥«¥£à ¬¬, á ®¡ê¥¬®¬ § ¯®¬¨­ îé¥£®áï ãáâà®©áâ¢ , à ¢­ë¬ N

¤¢®¨ç­ë¬ ïç¥©ª ¬. � áá¬®âà¨¬ 2 á¯®á®¡  ª®¤¨à®¢ ­¨ï â¥«¥£à ¬¬: ¯®¡ã-

ª¢¥­­®¥ ¨ ª®¤¨à®¢ ­¨¥ æ¥«ëå á«®¢. � ¯¥à¢®¬ á«ãç ¥ ª ¦¤®© ¡ãª¢¥ àãááª®£®

 «ä ¢¨â  (¡ã¤¥¬ ®â®¦¤¥áâ¢«ïâì ¡ãª¢ë ì, ê) áâ ¢¨âáï ¢ á®®â¢¥âáâ¢¨¥ á«®¢®

¤«¨­ë 5 ¢  «ä ¢¨â¥ f0; 1g; à ¢­®¥ ­®¬¥àã íâ®© ¡ãª¢ë ¢ àãááª®¬  «ä -

¢¨â¥, ª®â®àë© § ¯¨áë¢ ¥âáï ¢ ¤¢®¨ç­®© á¨áâ¥¬¥ áç¨á«¥­¨ï. � ¯à¨¬¥à,  

! (00001); ¡! (00010); ¢! (00011); £! (00100):�ë ¯®«ãç ¥¬ ®¤­®à®¤­®¥

ª®¤¨à®¢ ­¨¥. �á«¨ ¤®¯ãáâ¨âì, çâ® ª ¦¤ ï â¥«¥£à ¬¬  ¢ áà¥¤­¥¬ á®¤¥à¦¨â

20 á«®¢,   áà¥¤­ïï ¤«¨­  á«®¢  5 ¡ãª¢, â® ¢ § ¯®¬¨­ îé¥¥ ãáâà®©áâ¢® ¬®¦-

­® § ¯¨á âì N=500 â¥«¥£à ¬¬.

�® ¢â®à®¬ á«ãç ¥ ¬®¦­® á®áâ ¢¨âì á«®¢ àì ¨§ 213 = 8192 á«®¢, ª®â®àë¥

®¡ëç­® ¨á¯®«ì§ãîâáï ¯à¨ á®áâ ¢«¥­¨¨ â¥«¥£à ¬¬. � ¦¤®¬ã â ª®¬ã á«®¢ã

¢ àãááª®¬ ï§ëª¥ ¬®¦­® ¯®áâ ¢¨âì ¢ á®®â¢¥âáâ¢¨¥ á«®¢® ¤«¨­ë 13 ¢  «ä -

¢¨â¥ f0; 1g: �á­®, çâ® ¢ § ¯®¬¨­ îé¥¥ ãáâà®©áâ¢® ¬®¦­® § ¯¨á âì N=260
â¥«¥£à ¬¬ (â.¥. ®¡ê¥¬ ¯ ¬ïâ¨ § ¯®¬¨­ îé¥£® ãáâà®©áâ¢  ¯à¨ ¢â®à®¬ ª®-

¤¨à®¢ ­¨¨ ¯®çâ¨ ¢ ¤¢  à §  ¡®«ìè¥).

�¯à¥¤¥«¥­¨¥ [12]: �®¤ ­ §ë¢ ¥âáï ¤¥ª®¤¨àã¥¬ë¬ (¨«¨ ¯à¥ä¨ªá­ë¬),

¥á«¨ ­¨ ®¤­® ª®¤®¢®¥ á«®¢® ­¥ á®¢¯ ¤ ¥â á ­ ç «®¬ ¤àã£®£® ª®¤®¢®£® á«®¢ .

� ¯à¨¬¥à, à ¢­®¬¥à­ë© ª®¤ ¤¥ª®¤¨àã¥¬ë©.

� ¬¥ç ­¨¥. �ãé¥áâ¢ãîâ ­¥¯à¥ä¨ªá­ë¥ ª®¤ë, ¤®¯ãáª îé¨¥ ®¤­®§­ ç-

­®¥ à §¤¥«¥­¨¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¡ãª¢ ­  ª®¤®¢ë¥ á«®¢ .

� áá¬®âà¨¬ ­¥áª®«ìª® ¯à¨¬¥à®¢ ª®¤¨à®¢ ­¨ï á«®¢ àãááª®£® ï§ëª .
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�¯®á®¡ 1 (¯®¤áâ ­®¢®ç­ë© è¨äà). �â®¦¤¥áâ¢¨¬ ¡ãª¢ë ¥ ¨ ñ,   â ª¦¥

ì ¨ ê. �®£¤  ¬ë ¯®«ãç¨¬  «ä ¢¨â, á®áâ®ïé¨© ¨§ 31 ¡ãª¢ë. �á«¨ ¢ à®¬ ­¥

�.�.�®«áâ®£® "�®©­  ¨ ¬¨à" ¯®¤áç¨â âì ç áâ®âã ¢å®¦¤¥­¨ï ª ¦¤®© ¡ãª¢ë,

â® ¯®«ãç¨âáï á«¥¤ãîé ï â ¡«¨æ 

N �ãª¢  �â­®á¨â¥«ì­ ï ç áâ®â  N �ãª¢  �â­®á¨â¥«ì­ ï ç áâ®â 

1   0,062 18 á 0,045

2 ¡ 0,014 19 â 0,053

3 ¢ 0,038 20 ã 0,021

4 £ 0,013 21 ä 0,002

5 ¤ 0,025 22 å 0,009

6 ¥,ñ 0,072 23 æ 0,004

7 ¦ 0,007 24 ç 0,012

8 § 0,016 25 è 0,006

9 ¨ 0,062 26 é 0,003

10 © 0,010 27 ë 0,016

11 ª 0,028 28 ì,ê 0,014

12 « 0,035 29 í 0,003

13 ¬ 0,026 30 î 0,006

14 ­ 0,053 31 ï 0,018

15 ® 0,090

16 ¯ 0,023

17 à 0,040

�§ â ¡«¨æë á«¥¤ã¥â, çâ® ¡ãª¢  "®" ­ ¨¡®«¥¥ ¢áâà¥ç ¥¬ ï ¢ àãááª®¬ â¥ªáâ¥

(¤®áâ â®ç­® ¡®«ìè®© ¤«¨­ë). �â® ¬®¦­® ãç¨âë¢ âì, ­ ¯à¨¬¥à, ¯à¨ ¨£à¥

¢ "Ǳ®«¥ çã¤¥á". � ¬¥â¨¬ â ª¦¥, çâ® ¯à®¬¥¦ãâ®ª ¬¥¦¤ã á«®¢ ¬¨ ¨¬¥¥â

®â­®á¨â¥«ì­ãî ç áâ®âã 0,175. �á«¨ à áá¬®âà¥âì ¨­ê¥ªâ¨¢­®¥ ®â®¡à ¦¥­¨¥

àãááª®£®  «ä ¢¨â  (á ¤®¯®«­¨â¥«ì­ë¬ á¨¬¢®«®¬, ®§­ ç îé¨¬ ¯à®¬¥¦ã-

â®ª ¬¥¦¤ã á«®¢ ¬¨) ¢ ¯à®¨§¢®«ì­®¥ ¬­®¦¥áâ¢® ¬®é­®áâ¨ � 32;   § â¥¬

¯®¤áâ ¢¨âì ¢ â¥ªáâ ¢¬¥áâ® ª ¦¤®© ¡ãª¢ë ¥£® ®¡à § ¢ íâ®¬ ¬­®¦¥áâ¢¥, â®
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¬ë ¯®«ãç¨¬ ¯®¤áâ ­®¢®ç­ãî ªà¨¯â®£à ¬¬ã, à áè¨äà®¢ âì ª®â®àãî «¥£-

ª®, ¨áå®¤ï ¨§ ­ è¥© â ¡«¨æë, ¥á«¨ â¥ªáâ ¤®áâ â®ç­® ¡®«ìè®©. Ǳà¨¬¥à®¬

â ª®£® è¨äà  ï¢«ï¥âáï â ª ­ §ë¢ ¥¬ë© è¨äà �¥§ àï. �­ á®áâ®¨â ¢ á«¥-

¤ãîé¥© ª®¤¨à®¢ª¥ ¡ãª¢  «ä ¢¨â :   ! ï, ¡ !  , ¢ ! ¡ ¨ â.¤., â.¥. ¢¬¥áâ®

ª ¦¤®© ¡ãª¢ë ¯®¤áâ ¢«ï¥¬ ¯à¥¤è¥áâ¢ãîéãî ¥© ¢ àãááª®¬  «ä ¢¨â¥.

�¯à ¦­¥­¨¥. � ª®¤¨à®¢ âì è¨äà®¬ �¥§ àï äà §ã "¬ â¥¬ â¨ª  ã¬ ¢

¯®àï¤®ª ¯à¨¢®¤¨â" (�â¢¥â: «ïá¤«ïá§©« â« ¡ ®­¯î£­© ®¯§¡­£§á).

�«ï à áè¨äà®¢ª¨ â¥ªáâ , § ª®¤¨à®¢ ­­®£® è¨äà®¬ �¥§ àï, ¯à¨¬¥­ï-

¥âáï "¬¥â®¤ ¯®«®á®ª". � ¦¤ ï ¯®«®áª  á®áâ®¨â ¨§ ¢ë¯¨á ­­ëå ¢¥àâ¨-

ª «ì­® (¯®¤àï¤) ¡ãª¢ àãááª®£®  «ä ¢¨â . � «¥¥, ¤«ï à áè¨äà®¢ª¨ á«®¢ 

"«ïá¤«ïá§©«" ¢ ­ è¥¬ ã¯à ¦­¥­¨¨ ¡¥àãâáï ¤¥áïâì ¯®«®á®ª ¨ ¯à¨ª« ¤ë¢ -

îâáï ¤àã£ ª ¤àã£ã â ª, çâ®¡ë ¯®«ãç¨âì íâ® á«®¢®. �¨¦¥ íâ®£® á«®¢  ¡ã¤¥â

áâ®ïâì ®â¢¥â. Ǳ®¤ è¨äà®¬ �¥§ àï ¯®­¨¬ ¥âáï á¤¢¨£  «ä ¢¨â  ­¥ â®«ìª®

­  1 ¡ãª¢ã ­ § ¤,   ­  ¯à®¨§¢®«ì­®¥ ä¨ªá¨à®¢ ­­®¥ ç¨á«® ¡ãª¢ ¢­¨§ ¨«¨

¢¢¥àå. � ¯à¨¬¥à, á«¥¤ãîé ï ª®¤¨à®¢ª  â®¦¥ ­ §ë¢ ¥âáï è¨äà®¬ �¥§ àï:

 ! £, ¡! ¤, ¢! ã, ... , î! ¡, ï! ¢, â.¥ ®¡à §®¬ ª ¦¤®© ¡ãª¢ë ï¢«ï¥âáï

âà¥âìï á­¨§ã ®â ­¥ñ.

�¯®á®¡ 2 (¯¥à¥áâ ­®¢®ç­ë© è¨äà). � ­­ë© á¯®á®¡ ¯à¥¤«®¦¥­ ¢ à ¡®â¥

�.�.�¨««  ("Concerning certain linear transformation apparatas of cryptog-

raphy," Amer. Math. Monthly, v.38, 1931, p.135-154; á¬. â ª¦¥ [27]).

Ǳà¥¤¯®«®¦¨¬, çâ® ­ ¬ ­¥®¡å®¤¨¬® § è¨äà®¢ âì á®®¡é¥­¨¥

"¢áâà¥ç  á®áâ®¨âáï ç¥à¥§ ­¥¤¥«î". (3.1)

Ǳ®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ ª ¦¤®© ¡ãª¢¥ ¥ñ ­®¬¥à ¢  «ä ¢¨â¥,   ¯à®¬¥¦ãâªã

¬¥¦¤ã á«®¢ ¬¨ ç¨á«® 32. �®£¤  ­ è¥¬ã á®®¡é¥­¨î á®®â¢¥âáâ¢ã¥â ¯®á«¥-

¤®¢ â¥«ì­®áâì ç¨á¥«

3; 18; 19; 17; 6; 24; 1; 32; 18; 15; 18; 19; 15; 9; 19;

18; 31; 32; 24; 6; 17; 6; 8; 32; 14; 6; 5; 6; 12; 30: (3.2)

� áá¬®âà¨¬ íâã ¯®á«¥¤®¢ â¥«ì­®áâì ¢ ª®«ìæ¥ Z32: �®§ì¬¥¬ ¢ íâ®¬ ª®«ìæ¥
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¯à®¨§¢®«ì­ë© ®¡à â¨¬ë© í«¥¬¥­â, ­ ¯à¨¬¥à, �3 2 Z32(�3 � �11 = �1): �¬­®¦¨¬

ª ¦¤ë© ç«¥­ íâ®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ ­  3:

9; 22; 25; 19; 18; 8; 3; 32; 22; 13; 22; 25; 13; 27; 25;

22; 29; 32; 8; 18; 19; 18; 24; 32; 10; 18; 15; 18; 4; 26: (3.3)

� ª¨¬ ®¡à §®¬, ­ è¥ á®®¡é¥­¨¥ ª®¤¨àã¥âáï ¢ ¢¨¤¥

¨åèâá§¢ å¬åè¬ëèåí §áâáç ©á®á£é (3.4)

�â®¡ë à áè¨äà®¢ âì á®®¡é¥­¨¥ (3.4), ­¥®¡å®¤¨¬® ¯¥à¥¯¨á âì ¥£® ¢ ¢¨¤¥

(3.3),   § â¥¬ ã¬­®¦¨âì ¯®á«¥¤®¢ â¥«ì­®áâì (3.3) ­  �11 = �3�1 (¢ ª®«ìæ¥

Z32). �ë ¯à¨¤¥¬ ª ¯®á«¥¤®¢ â¥«ì­®áâ¨ (3.2). Ǳ®¤áâ ¢«ïï ¢¬¥áâ® ç¨á¥«

á®®â¢¥âáâ¢ãîé¨¥ ¡ãª¢ë, ¬ë ¢®ááâ ­®¢¨¬ ­ è â¥ªáâ.

�á«®¦­¨¬ ¢ëè¥¯à¨¢¥¤¥­­ë© ¬¥â®¤, ¨á¯®«ì§ãï ­¥¢ëà®¦¤¥­­ë¥ ¬ âà¨æë

­ ¤ ª®«ìæ®¬ Z32: � §®¡ì¥¬ ¯®á«¥¤®¢ â¥«ì­®áâì (3.2) ­  ¯ àë: 
3

18

!
;

 
19

17

!
;

 
6

24

!
;

 
1

32

!
;

 
18

15

!
;

 
18

19

!
;

 
15

9

!
;

 
19

18

!
;

 
31

32

!
;

 
24

6

!
;

 
17

6

!
;

 
8

32

!
;

 
14

6

!
;

 
5

6

!
;

 
12

30

!
:

�¬­®¦¨¬ ¤ ­­ë¥ áâ®«¡æë ­  ¬ âà¨æã A =

 
2 7

�3 6

!
2 M2(Z32); ¤«ï

ª®â®à®© áãé¥áâ¢ã¥â ®¡à â­ ï A�1 =

 
6 �7
3 2

!
2M2(Z32):

Ǳ®«ãç¨¬ ­®¢ãî ¯®á«¥¤®¢ â¥«ì­®áâì ¨§ áâ®«¡æ®¢ 
4

3

!
;

 
�3
13

!
;

 
20

30

!
;

 
2

�3

!
;

 
13

4

!
;

 
9

28

!
;

 
15

3

!
;

 
4

19

!
;

 
�2
3

!
;

 
26

�4

!
;

 
12

�15

!
;

 
16

14

!
;

 
6

26

!
;

 
20

21

!
;

 
10

16

!
: (3.5)

�®§¢à é ïáì ª ¡ãª¢ ¬, ¬ë ¯®«ãç¨¬ á«¥¤ãîéãî § ª®¤¨à®¢ ­­ãî ¨­ä®à-

¬ æ¨î

£¢í¬ãî¡í¬£¨ì®¢£âî¢éì«à¯­¥éãä©¯ (3.6)
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�â®¡ë ¥ñ à áè¨äà®¢ âì, ­ ¤® §­ âì ¬ âà¨æã A: �¥©áâ¢¨â¥«ì­®, â ª ª ª

¯®àï¤®ª A à ¢¥­ 2 � 2; â® ¯®¤áâ ¢«ïï ¢ (3.6) ¢¬¥áâ® ¡ãª¢ ¨å ­®¬¥à  ¢

 «ä ¢¨â¥ ¨ à §¡¨¢ ï ¯®«ãç¥­­ë¥ ç¨á«  ­  ¯ àë, ¬ë ¯®«ãç¨¬ áâ®¡«æë (3.5).

�¬­®¦ ï íâã ¯®á«¥¤®¢ â¥«ì­®áâì áâ®«¡æ®¢ ­  A�1 (á«¥¢ ), ¬ë ¢®ááâ ­®¢¨¬

­ è â¥ªáâ.

�ë ¬®¦¥¬ ãá«®¦­¨âì ¤ ­­ë© ¬¥â®¤, à §¡¨¢ ­ èã ¨áå®¤­ãî ¯®á«¥¤®¢ -

â¥«ì­®áâì ç¨á¥« (­®¬¥à®¢) ­  6 áâ®«¡æ®¢

0
BBBBBBB@

3

18

19

17

6

1
CCCCCCCA
;

0
BBBBBBB@

24

1

32

18

15

1
CCCCCCCA
;

0
BBBBBBB@

18

19

15

9

19

1
CCCCCCCA
;

0
BBBBBBB@

18

31

32

24

6

1
CCCCCCCA
;

0
BBBBBBB@

17

6

8

32

14

1
CCCCCCCA
;

0
BBBBBBB@

6

5

6

12

30

1
CCCCCCCA
;

  § â¥¬ ã¬­®¦¨âì á«¥¢  ­  ä¨ªá¨à®¢ ­­ãî ®¡à â¨¬ãî ¬ âà¨æã ¨§ ª®«ìæ 

M5(Z32): � ¯à¨¬¥à, ¬®¦­® ¢§ïâì ¬ âà¨æã

A =

0
BBBBBBB@

1 1 1 1 1

0 1 1 1 1

0 0 1 1 1

0 0 0 1 1

0 0 0 0 1

1
CCCCCCCA
; A�1 =

0
BBBBBBB@

1 31 0 0 0

0 1 31 0 0

0 0 1 31 0

0 0 0 1 31

0 0 0 0 1

1
CCCCCCCA
:

�â ª, ¤«ï ª®¤¨à®¢ ­¨ï íâ¨¬ ¬¥â®¤®¬ ¤®áâ â®ç­® §­ âì "ª«îç¥¢ãî" ®¡à -

â¨¬ãî ¬ âà¨æã ¢ ª®«ìæ¥ Mn(Z32);   ª®«¨ç¥áâ¢® ¡ãª¢ ¨ ¯à®¬¥¦ãâª®¢ ¢ â¥ª-

áâ¥ ¤®«¦­® ¤¥«¨âìáï ­  n:

� ¬¥ç ­¨¥. �§¢¥áâ­ë© ¯à¨¬¥à "ª §­¨âì ­¥«ì§ï ¯®¬¨«®¢ âì" ¯®ª §ë¢ -

¥â, çâ® ¤«ï ¡®«¥¥ â®ç­®£® ¢®á¯à¨ïâ¨ï â¥ªáâ  ­  àãááª®¬ ï§ëª¥ ­¥®¡å®¤¨¬®

¢¢¥áâ¨ ­¥ª®â®àë¥ á¨¬¢®«ë ¤«ï â®çª¨ ¨ § ¯ïâ®©. � íâ®¬ á«ãç ¥ ¬ë ¡ã¤¥¬

à ¡®â âì ­ ¤ ª®«ìæ®¬ Z34:

�¯®á®¡ 3 (¯¥à¥áâ ­®¢®ç­ë© ª®¤). � ª ®â¬¥ç¥­® ¢ ª­¨£¥ [27], ­¨¦¥-

á«¥¤ãîé¨© ª®¤ ¡ë« ¯à¥¤«®¦¥­ ¢ 1976 £. A.Shamir, L.Adleman, R.Rivest.
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� áá¬®âà¨¬ ¥áâ¥áâ¢¥­­ãî ­ã¬¥à æ¨î ¡ãª¢ àãááª®£®  «ä ¢¨â :

  ¡ ¢ ... î ï (¨­â¥à¢ «)

01 02 03 ... 30 31 00,

§ ¯¨áë¢ ï ª ¦¤ë© ­®¬¥à ¢ ¢¨¤¥ ¯ àë æ¨äà ¨ ®¡®§­ ç ï ¨­â¥à¢ « ¬¥¦¤ã

á«®¢ ¬¨ ¯ à®© 00. Ǳà¥¤¯®«®¦¨¬, çâ® ­ ¬ ­¥®¡å®¤¨¬® § ª®¤¨à®¢ âì á«®¢®

"­ áâã¯ âì". Ǳ¥à¥¯¨è¥¬ ¥£®, ¯®¤áâ ¢«ïï ¢¬¥áâ® ¡ãª¢ ¨å ­®¬¥à 

140118192016011926: (3.7)

� ¨áå®¤­®¬ á«®¢¥ 9 ¡ãª¢. �ë¡¥à¥¬ «î¡®¥ ç¨á«® r � 9: � ¯à¨¬¥à, r = 2:

� §®¡ì¥¬ ¯®á«¥¤®¢ â¥«ì­®áâì (3.7) ­  ¡«®ª¨, á®áâ®ïé¨¥ ¨§ 2-å ¡ãª¢

1401; 1819; 2016; 0119; 2600: (3.8)

Ǳãáâì q { ¯à®áâ®¥ ç¨á«® ¡®«ìè¥¥ «î¡®£® 4-å §­ ç­®£® ç¨á« . �ë¡¥à¥¬

æ¥«®¥ ç¨á«® s â ª®¥, çâ® (s; '(q)) = 1: �®£¤  áãé¥áâ¢ã¥â ­ âãà «ì­®¥ ç¨á«®

t â ª®¥, çâ® st � 1(mod'(q)): � ç áâ­®áâ¨, ¤«ï «î¡®£® ç¨á«  w; ¢§ ¨¬­®

¯à®áâ®£® á q; ¨¬¥¥¬ (ws)t � w(modq): � ¬¥­¨¬ ª ¦¤®¥ ¨§ 5 ç¨á¥« ¢ (3.8) ­ 

¥£® s-î áâ¥¯¥­ì (¯® modq) :

(1401)s; (1819)s; (2016)s; (0119)s; (2600)s (3.9)

�ë ¯®«ãç¨«¨ ¨áª®¬ãî § ª®¤¨à®¢ ­­ãî ¯®á«¥¤®¢ â¥«ì­®áâì. �â®¡ë ¥¥

¤¥è¨äà®¢ âì, ­¥®¡å®¤¨¬® ª ¦¤®¥ ç¨á«® ¢ (3.9) ¢®§¢¥áâ¨ ¢ áâ¥¯¥­ì t (¯®

modq). �®­¥ç­®, ¢ ®á­®¢¥ íâ®£® ¬¥â®¤  «¥¦¨â â¥®à¥¬  �¥à¬ -�©«¥à :

a'(q) � 1(modq), ¥á«¨ (a; q) = 1. �¥à­¥¬áï ª ­ è¥¬ã ¯à¨¬¥àã. �®§ì¬¥¬

r = 1 ¨ q = 101. �®£¤  '(q) = 100 ¨ s = 3; t = 67. �¬¥¥¬
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143 � 17 (mod101)

13 � 1 (mod101)

183 � 75 (mod101)

193 � 92 (mod101)

203 � 21 (mod101)

163 � 70 (mod101)

13 � 1 (mod101)

193 � 92 (mod101)

263 � 2 (mod101)

�â ª, ª®¤¨à®¢ ­­®¥ á®®¡é¥­¨¥ ¯à¨­¨¬ ¥â ¢¨¤ 17 01 75 92 21 70 0192 02.

� á®¦ «¥­¨î, §¤¥áì ¬ë ­¥ ¬®¦¥¬ ç¨á«  (¯ àë æ¨äà) § ¬¥­¨âì ­  ¡ãª¢ë.

�â®¡ë à áè¨äà®¢ âì ¥£®, ­¥®¡å®¤¨¬® ¢®§¢¥áâ¨ ª ¦¤®¥ ç¨á«® ¢ áâ¥¯¥­ì 67

(¯® mod101). �«îç®¬ ª ¤ ­­®¬ã è¨äàã ï¢«ïîâáï ç¨á«  r; q; s ¨ t.

�¯à ¦­¥­¨¥. � ª®¤¨à®¢ âì ãª § ­­ë¬ ¬¥â®¤®¬ á«®¢® "ª®¤", ¢§ï¢

r = 1; r = 2 ¨ r = 3:

�¯®á®¡ 4 (¯¥à¥áâ ­®¢®ç­ë© ª®¤). Ǳà¥¤¯®«®¦¨¬, çâ® ­ ¬ ­¥®¡å®¤¨¬®

§ ª®¤¨à®¢ âì á®®¡é¥­¨¥ "�¥«ì¬ ­®¢ { « ãà¥ â ä¨«¤á®¢áª®© ¯à¥¬¨¨". �ë-

¡¥à¥¬ ª«îç¥¢®¥ á«®¢®, á®áâ®ïé¥¥ ¨§ à §«¨ç­ëå ¡ãª¢ ¨ ¨§¢¥áâ­®¥ â®«ìª®

¯®áë« ¢è¥¬ã â¥ªáâ ¨  ¤à¥á âã. � ¯à¨¬¥à, ¢®§ì¬¥¬ á«®¢® "Ǳãèª¨­" (¥£®

âàã¤­® § ¡ëâì). � à áá¬®âà¨¬ â ¡«¨æã

Ǳ � � � � �

4 5 6 2 1 3

� � � � � �

� � � � � �

� � � � � �

� � � � � �

� � � Ǳ � �

� � �

� ­¥© ­¨¦¥ ª«îç¥¢®£® á«®¢  § ¯¨á ­ë ç¨á« , ®§­ ç îé¨¥ ¯®àï¤®ª á«¥-
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¤®¢ ­¨ï á®®â¢¥âáâ¢ãîé¨å ¡ãª¢ ¢  «ä ¢¨â¥ (¯®«ãç¨«®áì ª«îç¥¢®¥ è¥áâ¨-

§­ ç­®¥ ç¨á«®). Ǳ®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ ­ è¥¬ã â¥ªáâã á«¥¤ãîéãî ªà¨-

¯â®£à ¬¬ã:

���������Ǳ����������������������,

§ ¯¨á ­­ãî ¯® áâ®«¡æ ¬ ­ è¥© â ¡«¨æë ¢ á®®â¢¥âáâ¢¨¨ á ¨å ­®¬¥à ¬¨.

�«ï ¤¥ª®¤¨à®¢ ­¨ï íâ®© ªà¨¯â®£à ¬¬ë ¤®áâ â®ç­® §­ âì «¨¡® ª«îç¥¢®¥

á«®¢®, «¨¡® ç¨á«® 456213.

�¯à ¦­¥­¨¥. �¥ª®¤¨à®¢ âì á®®¡é¥­¨¥, ¯®«ì§ãïáì ª«îç¥¢ë¬ á«®¢®¬

"Ǳ�����":

�������������������Ǳ��������������������.

�����: Ǳ��������� � ����� ����� ����� �������

��������.

�¯®á®¡ 5 (è¨äà �à¨â¥¬¨ãá  [1]). � áá¬®âà¨¬ ­ã¬¥à æ¨î ¡ãª¢ àãááª®-

£®  «ä ¢¨â  ®â 1 ¤® 31. �ë¡¥à¥¬ ­¥ª®â®à®¥ ª«îç¥¢®¥ á«®¢®, ­ ¯à¨¬¥à,

"Ǳ�����". �â®¡ë § ª®¤¨à®¢ âì ­¥ª®â®àë© â¥ªáâ, ­ ¯à¨¬¥à, "Ǳ®§¤à -

¢«ïî � á á ¤­¥¬ à®¦¤¥­¨ï", à áá¬®âà¨¬ § ¯¨áì:

Ǳ�������������������������

Ǳ�����Ǳ�����Ǳ�����Ǳ�����Ǳ�.

Ǳ®¤áâ ¢¨¢ ¢¬¥áâ® ¡ãª¢ ç¨á« , ¯®«ãç¨¬ â ¡«¨æã:

16 15 8 5 17 1 3 12 31 30 3 1 18

16 20 25 11 9 14 16 20 25 11 9 14 16

18 5 14 6 13 17 15 7 5 6 14 9 31

20 25 11 9 14 16 20 25 11 9 14 16 20

�«®¦¨¢ á®®â¢¥âáâ¢ãîé¨¥ ç¨á«  ¢ ¯¥à¢ë© ¨ ¢® ¢â®à®© áâà®ª å (¢ ª®«ìæ¥

Z31), ¯®«ãç¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì ç¨á¥« 1, 4, 2, 16, 26, 15, 19, 1, 25, 10, 12,

15, 3, 7, 30, 25, 15, 27, 2, 4, 1, 16, 15, 28, 25, 20.

Ǳ®¤áâ ¢¨¬ ¢¬¥áâ® ç¨á¥« ¡ãª¢ë  «ä ¢¨â . Ǳ®«ãç¨¬ á«¥¤ãîé¨© § ª®¤¨-

à®¢ ­­ë© â¥ªáâ:  £¡¯é®â è©«®¢¦îè®ë¡ç ¯®ìèã.
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�â®¡ë ¥£® à áè¨äà®¢ âì, ­ ¤® §­ âì § ¯¨áì ª«îç¥¢®£® á«®¢  (¢ ª®«ìæ¥

Z31), ¯¥à¥©â¨ ®â § ª®¤¨à®¢ ­­®£® â¥ªáâ  ª ç¨á«®¢®© § ¯¨á¨ ¨ ¢ëç¥áâì ¨§

ª ¦¤®£® ç¨á«  (¯® mod 31) ­®¬¥à á®®â¢¥âáâ¢ãîé¥© ª«îç¥¢®© ¡ãª¢ë.

�¯®á®¡ 6. � áá¬®âà¨¬ ¯à®¨§¢®«ì­®¥ ¨­ê¥ªâ¨¢­®¥ ®â®¡à ¦¥­¨¥ ' àãá-

áª®£®  «ä ¢¨â  ¢ N�N: �®¤¨à®¢ ­¨¥ ª ¦¤®£® á«®¢  § ª«îç ¥âáï ¢ § ¬¥­¥
ª ¦¤®© ¡ãª¢ë x ¥ñ ®¡à §®¬ '(x): � ¯à¨¬¥à, ¯ãáâì ®â®¡à ¦¥­¨¥ ' § ¤ ­®

¢ ¢¨¤¥ â ¡«¨æë 6� 6:

1 2 3 4 5 6

1   ® ­ ¬ « ª

2 ¯ ¡ ©

3 à ï ¢ é ¨

4 á î ë £ è §

5 â í ì ç ¤ ¦

6 ã ä å æ ¥

�®£¤  á«®¢ã "ã­¨¢¥àá¨â¥â" á®®â¢¥âáâ¢ã¥â ã¯®àï¤®ç¥­­ë© ­ ¡®à ¯ à

((6,1), (1,3), (3,6), (3,3), (6,6), (3,1), (4,1), (3,6), (5,1), (6,6),(5,1)) ¨«¨ ç¨-

á«® 61 13 36 33 66 31 41 36 51 66 51, ¯® ª®â®à®¬ã ®¤­®§­ ç­® ¤¥ª®¤¨àã¥âáï

¨áå®¤­®¥ á«®¢®, ¥á«¨, ª®­¥ç­®, §­ âì â ¡«¨æã. �ç¥¢¨¤­®, çâ® íâ® ¯®¤áâ ­®-

¢®ç­ë© è¨äà.

�¯à ¦­¥­¨¥. Ǳ®«ì§ãïáì ¢ëè¥¯à¨¢¥¤¥­­®© â ¡«¨æ¥©, à áè¨äà®¢ âì

á®®¡é¥­¨¥

14 11 51 66 14 11 51 36 16 11 64 11 31 36 64 11 13 11 61 16.

�����: ¬ â¥¬ â¨ª  { æ à¨æ  ­ ãª.

�«¥¤ãîé¨¬ ¯à¨¬¥à®¬ ¬®¦¥â á«ã¦¨âì â.­.  §¡ãª  �®à§¥ { ¯®¤áâ ­®¢®ç-

­ë© ª®¤, ¨á¯®«ì§ãéë©  «ä ¢¨â ®¡ê¥¬  2 (â®çª , â¨à¥) ¨ ¯à¨¬¥­ï¥¬ë© ¤«ï

â¥«¥£à ä­ëå á®®¡é¥­¨© (¯à¨¤ã¬ ­ � ¬ãí«¥¬ �®à§¥; ¯à¨ ¯¥à¥¤ ç¥ â®çª 

á®®â¢¥âáâ¢ã¥â ªà âª®¢à¥¬¥­­®¬ã ¨¬¯ã«ìáã â®ª , â¨à¥ á®®â¢¥âáâ¢ã¥â ¤«¨-

â¥«ì­®¬ã ¨¬¯ã«ìáã â®ª ).
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� ¤ ç  1. �ª®«ìª® áãé¥áâ¢ã¥â ¤¢®¨ç­ëå á«®¢ ¤«¨­ë n; ­¥ á®¤¥à¦ é¨å

­¥áª®«ìª® ­ã«¥© ¯®¤àï¤?

�����H��. �á­®, çâ® ­ã«¥© q = n� t � n=2: �¤ «¨¢ ¨§ ª ¦¤®£® â ª®£®

á«®¢  ¯® ®¤­®© ¥¤¨­¨æ¥ ¬¥¦¤ã «î¡ë¬¨ á®á¥¤­¨¬¨ ­ã«ï¬¨, ¬ë ¯®«ãç¨¬

á«®¢® ¤«¨­ë n � (q � 1); á®¤¥à¦ é¥¥ à®¢­® q ­ã«¥©. �â® á®®â¢¥âáâ¢¨¥

¡¨¥ªâ¨¢­®. Ǳ®íâ®¬ã ¨áª®¬®¥ ç¨á«® à ¢­® C
q
n�q+1 = Cn�t

t+1 :

� ¤ ç  2. �á¯®«ì§ãï ª®¤ �¥§ àï, ¤¥ª®¤¨à®¢ âì ªà¨¯â®£à ¬¬ã:

¥«ä¨àà«¬ ä¥¨å®î¬ §¨àï ­®áà®ä¢ ­ ¥¨ë¨ãæ àáªá¥î¨ åæë­« äåá¢®-

«¥îäá­á ¥ ¢ä®á¯ à¨¤¨ « ­£ª£®áï à¨ â®î®« ¯«¯á£ æèá§«®« ¥ ä£¯æ¡

¦®æ¤ï ®£ªæã«

3.2 Ǳà¨¬¥àë ª®¤®¢, ¨á¯à ¢«ïîé¨å ®è¨¡ª¨

� è¨­¨áâª , ¯¥ç â ï ­¥ª®â®àë© â¥ªáâ ­  àãááª®¬ ¨«¨  ­£«¨©áª®¬ ï§ë-

ª¥, ¬®¦¥â á¤¥« âì ®¯¥ç âª¨. �â® ®¡ëç­® ­¥ ¬¥è ¥â ­ ¬ ¢®ááâ ­®¢¨âì ¯à -

¢¨«ì­ë© â¥ªáâ. � á¢ï§ ­® íâ® á ¨§¡ëâ®ç­®áâìî ï§ëª . � ¯à¨¬¥à, ¨§¡ë-

â®ç­®áâì  ­£«¨©áª®£® ï§ëª  à ¢­  70%([10]):Ǳà¨ ¯¥à¥¤ ç¥ § ª®¤¨à®¢ ­­®©

¨­ä®à¬ æ¨¨ ¬®£ãâ ¢®§­¨ª âì ¯®¬¥å¨, ª®â®àë¥ ¨áª §ïâ ¯¥à¥¤ ¢ ¥¬ãî ¨­-

ä®à¬ æ¨î. Ǳ®íâ®¬ã ­¥®¡å®¤¨¬® ã¬¥âì ¢ëï¢«ïâì ®è¨¡ª¨ ¯à¨ ¯¥à¥¤ ç¥

á®®¡é¥­¨©. �â® ¤¥« ¥âáï §  áç¥â ¨§¡ëâ®ç­®áâ¨ ¯¥à¥¤ ¢ ¥¬®© ¨­ä®à¬ -

æ¨¨. �­ ç «  ¬ë à áá¬®âà¨¬ áå¥¬ã (¬®¤¥«ì) ¯¥à¥¤ ç¨ § ª®¤¨à®¢ ­­®£®

á®®¡é¥­¨ï
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- - - -

� �

?

?

?
¯p¥®¡p §®¢ â¥«ì ¤¢®¨ç­®©
¯®á«¥¤®¢ â¥«ì­®áâ¨
¢ ¨áå®¤­®¥ á®®¡é¥­¨¥
¤«ï ¯®«ãç â¥«ï

¯p¥®¡p -
§®¢ â¥«ì
á®®¡é¥­¨©
¨áâ®ç­¨ª 
¢ ¤¢®¨ç­ãî
¯®á«¥¤®¢ -
â¥«ì­®áâì

ª ¯®«ãç â¥«î
¨­ä®p¬ æ¨¨

¤¥ª®¤¥p

®â ¨áâ®ç­¨ª 
¨­ä®p¬ æ¨¨

ª®¤¥p ¬®¤ã-
«ïâ®p

ª ­ «

¤¥¬®¤ã-
«ïâ®p

èã¬

�áå®¤­ ï ¨­ä®à¬ æ¨ï á ¯®¬®éìî ¯à¥®¡à §®¢ â¥«ï ¯à¥®¡à §ã¥âáï ¢ ¯®-

á«¥¤®¢ â¥«ì­®áâì ¤¢®¨ç­ëå á¨¬¢®«®¢, § â¥¬ ¯¥à¥¤ ¥âáï ¢ ª®¤¥à, £¤¥ ¢ ­¥ñ

¢¢®¤¨âáï ¨§¡ëâ®ç­®áâì. �®¤ã«ïâ®à ¯à¥®¡à §ã¥â ¯¥à¥¤ ¢ ¥¬ë¥ ¥¬ã á¨¬¢®-

«ë ¢ á¨£­ «ë, ª®â®àë¥, ¢ á¢®î ®ç¥à¥¤ì, ¯¥à¥¤ îâáï ¯® ª ­ «ã. � ¯à®æ¥áá¥

¯¥à¥¤ ç¨ á¨£­ «ë ¯®¤¢¥à£ îâáï ¢®§¤¥©áâ¢¨î ¯®¬¥å ¨ èã¬®¢. �®§­¨ª îâ

¨áª ¦¥­¨ï. �¥¬®¤ã«ïâ®à ¯à¥®¡à §ã¥â ¨áª ¦¥­­ë¥ (­¥¨áª ¦¥­­ë¥) á¨£­ -

«ë ¢ ¯®á«¥¤®¢ â¥«ì­®áâì ¤¢®¨ç­ëå á¨¬¢®«®¢. �¥ª®¤¥à, ¨á¯®«ì§ãï ¨§¡ë-

â®ç­®áâì á¨¬¢®«®¢, ®¡­ àã¦¨¢ ¥â ¨ ¨á¯à ¢«ï¥â ®è¨¡ª¨.

� áá¬®âà¨¬ ¯à¨¬¥àë ª®¤®¢, ®¡­ àã¦¨¢ îé¨å ®è¨¡ª¨.

Ǳà¨¬¥à 1. � áá¬®âà¨¬ ª ­ «, ¯® ª®â®à®¬ã §  ¢à¥¬ï t0 ¯¥à¥¤ ¥âáï ®¤¨­

¨¬¯ã«ìá â¨¯  "0" ¨«¨ "1". �¥à®ïâ­®áâì ®è¨¡ª¨ à ¢­  p: � ¦¤ë© á¨¬¢®«

a ¯¥à¥¤ ¥âáï ¯® ª ­ «ã ¯ïâì à §, â.¥. ¢ ¢¨¤¥ ¨¬¯ã«ìá®¢ aaaaa: Ǳà¨ ¯à¨¥-

¬¥ ¯®«ãç¥­­ãî ¯®á«¥¤®¢ â¥«ì­®áâì à §¡¨¢ îâ ­  ¡«®ª¨ (¯® 5 á¨¬¢®«®¢ ¢

ª ¦¤®¬). �á«¨ ¢¥à®ïâ­®áâì C3
5p

3(1� p)2 +C4
5p

4(1� p) + p5 ¬ « , â® ¡«®ª¨,

á®¤¥à¦ é¨¥ ­¥ ¡®«¥¥ ¤¢ãå 0 (¨§ 5 ¢®§¬®¦­ëå), ¤¥ª®¤¨àãîâáï ª ª 11111,

  ¡«®ª¨, á®¤¥à¦ é¨¥ ­¥ ¡®«¥¥ ¤¢ãå 1, ¤¥ª®¤¨àãîâáï ª ª 00000. �¥¤®áâ â-

ª®¬ íâ®£® á¯®á®¡  ï¢«ï¥âáï ¡®«ìè®© ®¡ê¥¬ ¢à¥¬¥­¨ (¯¥à¥¤ ç  ®¤­®£® ¡¨â 

¨­ä®à¬ æ¨¨ âà¥¡ã¥â 5 � t0 ¢à¥¬¥­¨).
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� ¤ ç  1. Ǳãáâì ¯¥à¥¤ îâáï ¯® ª ­ «ã n á¨¬¢®«®¢ ¨ ¢¥à®ïâ­®áâì ®è¨¡-

ª¨ ¯à¨ ¯¥à¥¤ ç¥ à ¢­  p. �®ª § âì, çâ® ¢¥à®ïâ­®áâì k ®è¨¡®ª à ¢­ 

Ck
np

k(1� p)n�k:

Ǳà¨¬¥à 2. Ǳà¥¤¯®«®¦¨¬, çâ® ¬ë ¨¬¥¥¬ Ck
n á®®¡é¥­¨©. � ¦¤®¬ã á®-

®¡é¥­¨î ¯®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ ¯®á«¥¤®¢ â¥«ì­®áâì ¤«¨­ë n ¨§ 0 ¨ 1,

¢ ª®â®à®© ç¨á«® 1 à ¢­® k. � ª®¥ ª®¤¨à®¢ ­¨¥ ­ §ë¢ ¥âáï à ¢­®¢¥á­ë¬.

� ¯à¨¬¥à, § ª®¤¨àã¥¬ ¯¥à¢ë¥ 10 ç¨á¥« (æ¨äà)

0 ! (000 11)

1 ! (001 01)

2 ! (001 10)

3 ! (010 01)

4 ! (010 10)

5 ! (011 00)

6 ! (100 01)

7 ! (100 10)

8 ! (101 00)

9 ! (110 00)

�¤¥áì C2
5 = 10. �®§­¨ª­®¢¥­¨¥ ®¤­®© ®è¨¡ª¨ ¯à¨ ¯¥à¥¤ ç¥ â ª®© ¯®-

á«¥¤®¢ â¥«ì­®áâ¨ ¯à¨¢®¤¨â ª ¡«®ªã ¨§ 5 á¨¬¢®«®¢, ¢ ª®â®à®¬ «¨¡® ®¤­  1,

«¨¡® 3 ¥¤¨­¨æë, â.¥. ¬ë ®¡­ àã¦¨¢ ¥¬ ­ «¨ç¨¥ ®è¨¡ª¨, ­¥ §­ ï, ¢ ª ª®¬

¬¥áâ¥ ®­  ¯à®¨§®è« .

Ǳà¨¬¥à 3. � áá¬®âà¨¬ ¬­®¦¥áâ¢® á®®¡é¥­¨© ¬®é­®áâ¨ ­¥ ¡®«¥¥ 2n:

� ¦¤®¥ á®®¡é¥­¨¥ § ª®¤¨à®¢ ­® ¢ ¢¨¤¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¨§ 0 ¨ 1.

(a1; : : : ; an):

�¢¥¤¥¬ ¤®¯®«­¨â¥«­ë© á¨¬¢®« an+1; ã¤®¢«¥â¢®àïîé¨© ãá«®¢¨î an+1 �
�

nP
i=1

ai(mod2): �¬¥áâ® ¯®á«¥¤®¢ â¥«ì­®áâ¨ (a1; : : : ; an) ¡ã¤¥¬ ¯¥à¥¤ ¢ âì

¯®á«¥¤®¢ â¥«ì­®áâì (a1; : : : ; an; an+1): �¨á«® ¥¤¨­¨æ ¢ ­®¢®© ¯®á«¥¤®¢ â¥«ì-

­®áâ¨ ï¢«ï¥âáï ç¥â­ë¬. �á«¨ ¯à¨ ¯¥à¥¤ ç¥ ¯à®¨§®è«® ­¥ç¥â­®¥ ç¨á«® ®è¨-
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¡®ª (¢ ç áâ­®áâ¨, ®¤­  ®è¨¡ª ), â® ç¨á«® ¥¤¨­¨æ ¢ ¯¥à¥¤ ­­®© ¯®á«¥¤®¢ -

â¥«ì­®áâ¨

(a01; : : : ; a
0
n+1)

ï¢«ï¥âáï ­¥ç¥â­ë¬. �.¥. íâ¨¬ á¯®á®¡®¬ "¯à®¢¥àª¨ ­  ç¥â­®áâì" ¬ë ¬®¦¥¬

®¡­ àã¦¨âì â®«ìª® áãé¥áâ¢®¢ ­¨¥ ®è¨¡®ª, ¥á«¨ ¨å ç¨á«® ­¥ç¥â­®¥.

� ¤ ç  2. Ǳà¥¤¯®«®¦¨¬, çâ® ¬­®¦¥áâ¢® á®®¡é¥­¨© ¨¬¥¥â ¬®é­®áâì

­¥ ¡®«¥¥ 104: Ǳ®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ ª ¦¤®¬ã á®®¡é¥­¨î � ­ âãà «ì­®¥

ç¨á«® abcd; â.¥. �! abcd; a; b; c; d 2 f0; 1; : : : ; 9g: �¬¥áâ® ¯¥à¥¤ ç¨ ¯® ª ­ «ã
¯®á«¥¤®¢ â¥«ì­®áâ¨ abcd ¡ã¤¥¬ ¯®áë« âì abcde; £¤¥ (e + a + b + c + d) �
� 0(mod9): �â® ¯®§¢®«ï¥â ®¡­ àã¦¨âì â ª®¥ ª®¤¨à®¢ ­¨¥ ¯à¨ ¯¥à¥¤ ç¥?

�����: �ë ®¡­ àã¦¨¬, çâ® «¨¡® ®è¨¡ª¨ ­¥â, «¨¡® 0 § ¬¥­¥­  ­  9,

«¨¡® æ¨äà  9 § ¬¥­¥­  ­  0, «¨¡® ç¨á«® ®è¨¡®ª ­¥ ¬¥­¥¥ ¤¢ãå.

Ǳà¨¬¥à 4 (R.W.Hamming, 1950). Ǳà¨¢¥¤¥¬ ¯à¨¬¥à ª®¤ , ¨á¯à ¢«ï-

îé¥£® ®¤­ã ®è¨¡ªã ¢ á«®¢ å ¤«¨­ë 7, á®¤¥à¦ é¨å 4 ¡¨â  ¨­ä®à¬ æ¨¨.

�¬¥­­®, ¯à¥¤¯®«®¦¨¬, çâ® ­ ¬ ­¥®¡å®¤¨¬® ¯¥à¥¤ âì ¯®á«¥¤®¢ â¥«ì­®áâì

(a; b; c; d) ¨§ ­ã«¥© ¨ ¥¤¨­¨æ. � áá¬®âà¨¬ ¢¥ªâ®à

C =

0
BBBBBBBBBBBB@

x

y

a

z

b

c

d

1
CCCCCCCCCCCCA
;

£¤¥ x+ a + b + d = 0; y + a + c + d = 0; z + b + c + d = 0: � ¯¨è¥¬

íâ¨ ãá«®¢¨ï ¢ ¬ âà¨ç­®¬ ¢¨¤¥. Ǳãáâì

H =

0
BB@

1 0 1 0 1 0 1

0 1 1 0 0 1 1

0 0 0 1 1 1 1

1
CCA ;

96



¬ âà¨æ , ¢ ª®â®à®© i�© áâ®«¡¥æ

0
BB@
z

s

t

1
CCA ¨¬¥¥â â ª¨¥ ¢å®¦¤¥­¨ï r; s; t; çâ®

i = r � 20 + s � 21 + t � 22 = (tsr)2;

â.¥. íâ® æ¨äàë ¢ ¤¢®¨ç­®© § ¯¨á¨ ç¨á«  i:�®£¤ H�C = 0:Ǳãáâì ¯®«ãç â¥«ì

¯®«ãç ¥â ­  ¢ëå®¤¥ ¢¥ªâ®à

R =

0
BB@
b1
...

b7

1
CCA :

�á«¨ p { ¢¥à®ïâ­®áâì ®è¨¡ª¨ ¯à¨ ¯¥à¥¤ ç¨ ®¤­®© æ¨äàë, â® ¢¥à®ïâ­®áâì

â®£®, çâ® ¯à¨ ¯¥à¥¤ ç¥ C ¤®¯ãé¥­® ­¥ ¡®«¥¥ ®¤­®© ®è¨¡ª¨, à ¢­  v =

= (1 � p)7 + 7(1 � p)6 � p: � ¯à¨¬¥à, ¥á«¨ p = 0; 1; â® v = 0; 998: �á«¨ v {

¢¥à®ïâ­®áâì ¡«¨§ª  ª 1, â® ã ­ á ¥áâì ã¢¥à¥­­®áâì, çâ® ¢¥ªâ®à R ®â«¨ç ¥âáï

®â C ­¥ ¡®«¥¥, ç¥¬ ­  ®¤­® ¢å®¦¤¥­¨¥ (®¤­ã ª®®à¤¨­ âã). � áá¬®âà¨¬

E == R � C: �®£¤  HR = HC + HE = HE: �á«¨ R = C; â® E = 0 ¨

HE = 0: �á«¨ R 6= C; â® E { ¢¥ªâ®à-áâ®«¡¥æ, ¢ ª®â®à®¬ ®¤­  ª®®à¤¨­ â 

à ¢­  ¥¤¨­¨æ¥,   ®áâ «ì­ë¥ à ¢­ë ­ã«î. � íâ®¬ á«ãç ¥ HE { áâ®«¡¥æ

H, ­®¬¥à i ª®â®à®£® ¢ H á®¢¯ ¤ ¥â á ­®¬¥à®¬ ª®®à¤¨­ âë, à ¢­®© 1 ¢ E:

� ¯à¨¬¥à, ¥á«¨

R =

0
BBBBBBBBBBBB@

1

0

1

1

0

1

1

1
CCCCCCCCCCCCA
; â® H �R =

0
BB@

1 0 1 0 1 0 1

0 1 1 0 0 1 1

0 0 0 1 1 1 1

1
CCA �

0
BBBBBBBBBBBB@

1

0

1

1

0

1

1

1
CCCCCCCCCCCCA
=

0
BB@

1

1

1

1
CCA ;
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H �

0
BBBBBBBBBBBB@

0

0

0

0

0

0

1

1
CCCCCCCCCCCCA
=

0
BB@

1

1

1

1
CCA ; â.¥. C =

0
BBBBBBBBBBBB@

1

0

1

1

0

1

0

1
CCCCCCCCCCCCA
:

�¯à ¦­¥­¨¥ 1.

 ) �á«¨ R =

0
BBBBBBBBBBBB@

1

1

1

0

0

1

0

1
CCCCCCCCCCCCA
; â® ¯à®¢¥à¨âì, çâ® H � R =

0
BB@

0

1

1

1
CCA ¨ C =

0
BBBBBBBBBBBB@

1

1

1

0

0

0

0

1
CCCCCCCCCCCCA
;

¡) ¥á«¨ R =

0
BBBBBBBBBBBB@

0

0

0

1

0

0

1

1
CCCCCCCCCCCCA
; â® HR =

0
BB@

1

1

0

1
CCA ¨ C =

0
BBBBBBBBBBBB@

0

0

1

1

0

0

1

1
CCCCCCCCCCCCA
;

¢) ¥á«¨ R =

0
BBBBBBBBBBBB@

0

1

0

1

0

1

0

1
CCCCCCCCCCCCA
; â® H � R = 0 ¨ C = R;
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£) ¤¥ª®¤¨à®¢ âì á«®¢® (¢¥ªâ®à)

0
BBBBBBBBBBBBBBB@

1

0

1

1

0

1

1

1

1
CCCCCCCCCCCCCCCA

:

Ǳ¥à¥¤ ¨§«®¦¥­¨¥¬ ­¨¦¥á«¥¤ãîé¨å ¯à¨¬¥à®¢ 5-7 ¯à¨¢¥¤¥¬ ­¥®¡å®¤¨¬ë¥

á¢¥¤¥­¨ï ¨§ â¥®à¨¨ ª®¬¬ãâ â¨¢­ëå ª®«¥æ.

3.3 � ªâ®à-ª®«ìæ  ª®¬¬ãâ â¨¢­ëå ª®«¥æ

Ǳãáâì R { ª®¬¬ãâ â¨¢­®¥ ª®«ìæ® á ¥¤¨­¨æ¥© ¨ I { ¨¤¥ « ª®«ìæ  R (¢

®¡®§­ ç¥­¨¨ I /R). � áá¬®âà¨¬ ¬­®¦¥áâ¢® á¬¥¦­ëå ª« áá®¢ ®â­®á¨â¥«ì­®

¨¤¥ «  I :

�R = R=I = f�a = a+ I; a 2 Rg:
�¯à¥¤¥«¨¬ ­  �R ®¯¥à æ¨¨ "+" ¨ "�" ¯® ¯à ¢¨« ¬:

�a+ �b = a+ b; �a � �b = ab:

�®àà¥ªâ­®áâì íâ¨å ®¯¥à æ¨© á«¥¤ã¥â ¨§ ®¯à¥¤¥«¥­¨ï ¨¤¥ «  ¨ á«¥¤ãîé¥©

«¥¬¬ë.

�¥¬¬  1. �a = �b() (a� b) 2 I:
�®ª § â¥«ìáâ¢® ¯à¥¤®áâ ¢«ï¥âáï ç¨â â¥«î.

�®«ìæ® �R = R=I ï¢«ï¥âáï  áá®æ¨ â¨¢­ë¬, ª®¬¬ãâ â¨¢­ë¬ ¨ á®¤¥à¦¨â

¥¤¨­¨æã �1: �­® ­ §ë¢ ¥âáï ä ªâ®à-ª®«ìæ®¬ ª®«ìæ  R ¯® ¨¤¥ «ã I: �â®¡à -

¦¥­¨¥

� : R! R=I; �(a) = �a

ï¢«ï¥âáï áîàê¥ªâ¨¢­ë¬ £®¬®¬®àä¨§¬®¬ ª®«ìæ  R ­  R=I ( ¨ ­ §ë¢ ¥âáï

¥áâ¥áâ¢¥­­ë¬ £®¬®¬®àä¨§¬®¬ R ­  R=I). �¤¥ « I ª®«ìæ  R ­ §®¢¥¬ ¬ ª-
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á¨¬ «ì­ë¬, ¥á«¨ ¤«ï «î¡®£® ¤àã£®£® ¨¤¥ «  M /R â ª®£®, çâ® I �M � R

á«¥¤ã¥â, çâ® «¨¡® I =M; «¨¡® M = R:

�¯à ¦­¥­¨¥ 1:

 ) ¤®ª § âì, çâ® I/Z ï¢«ï¥âáï ¬ ªá¨¬ «ì­ë¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

I = (p); £¤¥ p { ¯à®áâ®¥ ç¨á«®;

¡) ª®«ìæ® á ¥¤¨­¨æ¥© ï¢«ï¥âáï ¯®«¥¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  (0) {

¥¤¨­áâ¢¥­­ë© ¬ ªá¨¬ «ì­ë© ¨¤¥ « ¢ ­¥¬.

Ǳà¥¤«®¦¥­¨¥ 1. Ǳãáâì I / R: � ªâ®à-ª®«ìæ® R=I ï¢«ï¥âáï ¯®«¥¬

â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  I { ¬ ªá¨¬ «ì­ë© ¨¤¥ «.

��������������. Ǳãáâì R=I { ¯®«¥ ¨ M { ¨¤¥ «, c®¤¥p¦ é¨© I:

�á«¨ M 6= I; â® M=I 3 �a 6= �0: � ª ª ª R=I { ¯®«¥, â® �a � �a�1 = �1 2 M=I ¨

¤«ï ­¥ª®â®à®£® í«¥¬¥­â  m 2 M(1 �m) 2 I � M: � ª¨¬ ®¡à §®¬, 1 2 M
¨, á«¥¤®¢ â¥«ì­®, ¤«ï «î¡®£® í«¥¬¥­â  x 2 R x = x � 1 2 M: Ǳ®íâ®¬ã

R = M: �¡à â­®, ¯ãáâì I { ¬ ªá¨¬ «ì­ë© ¨¤¥ « ¨ �a 6= 0 2 R=I: �®£¤ 

¨¤¥ « (a) + I 6= I ¨, á«¥¤®¢ â¥«ì­®, (a) + I = R: �âªã¤  á«¥¤ã¥â à ¢¥­áâ¢®

1 = ax+ i ¤«ï ­¥ª®â®àëå x 2 R; i 2 I: Ǳ®íâ®¬ã �1 = �a � �x; â.¥. R=I { ¯®«¥.
Ǳà¥¤«®¦¥­¨¥ 2. Ǳãáâì R { ®¡« áâì £« ¢­ëå ¨¤¥ «®¢, â.¥. ª®«ìæ® ¡¥§

¤¥«¨â¥«¥© ­ã«ï á ¥¤¨­¨æ¥©, ¢ ª®â®à®¬ ª ¦¤ë© ¨¤¥ « I /R ®¤­®¯®à®¦¤¥­,

(â.¥. I = (a) ¤«ï ­¥ª®â®à®£® a 2 R). �á«¨ � { ­¥à §«®¦¨¬ë© í«¥¬¥­â ¢

R; â® (�) { ¬ ªá¨¬ «ì­ë© ¨¤¥ « ¨ R=(�) { ¯®«¥.

��������������. �á«¨ M /R ¨ M � (�); â® M = (a) ¨ � = ax: � ª

ª ª a 62 (�); â® a { ®¡à â¨¬ë© í«¥¬¥­â, â.¥. M = R: Ǳ® ¯à¥¤«®¦¥­¨î 1

R=(�) { ¯®«¥.

Ǳp¨¬¥à ¬¨ â ª¨å ª®«¥æ (���) ï¢«ïîâáï Z; k[x]; £¤¥ k { ¯®«¥. �á«¨ ¢

ª®«ìæ¥ ¡¥§ ¤¥«¨â¥«¥© ­ã«ï ¨¬¥¥âáï  «£®p¨â¬ ¤¥«¥­¨ï á ®áâ âª®¬ (â ª¨¥

ª®«ìæ  ­ §ë¢ îâáï ¥¢ª«¨¤®¢ë¬¨), â® ®­¨ ï¢«ïîâáï ®¡« áâï¬¨ £« ¢­ëå

¨¤¥ «®¢. H ¯p¨¬¥p, Z[i];Z[i
p
2];Z[

p
2]:

�¯p ¦­¥­¨¥ 2. �®«ìæ® R ­ §ë¢ ¥âáï ¥¢ª«¨¤®¢®© ®¡« áâìî, ¥á«¨ R {
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ª®«ìæ® ¤¥«¨â¥«¥© ­ã«ï á ¥¤¨­¨æ¥© ¨ ®¯p¥¤¥«¥­® ®â®¡p ¦¥­¨¥ ' : R ! Z

â ª®¥, çâ®:

 ) ¥á«¨ b 6= 0; a 6= 0 ¨ b=a; â® '(b) � '(a);

¡) ¤«ï «î¡ëå í«¥¬¥­â®¢ a; b 2 R; b 6= 0 áãé¥áâ¢ãîâ í«¥¬¥­âë q;

r 2 R â ª¨¥, çâ® a = bq + r; £¤¥ '(r) < '(b):

�®ª § âì, çâ® ¥á«¨ R { ¥¢ª«¨¤®¢  ®¡« áâì, â®

1) '(0) < '(b) ¤«ï «î¡®£® b 6= 0 2 R;
2) '(a) = '(b); ¥á«¨ a ¨ b  áá®æ¨¨p®¢ ­ë;

3) a ¨ b  áá®æ¨¨p®¢ ­ë, ¥á«¨ a=b ¨ '(a) = '(b);

4) '(") = '(1)() "j1;
5) R { ���;

6) R { ®¡« áâì á ®¤­®§­ ç­ë¬ à §«®¦¥­¨¥¬ ­  ¬­®¦¨â¥«¨.

�¯à ¦­¥­¨¥ 3. �®ª § âì, çâ® á«¥¤ãîé¨¥ ª®«ìæ  ï¢«ïîâáï ¥¢ª«¨¤®-

¢ë¬¨:

 ) Z[i]; '(a+ bi) = a2 + b2;

¡) Z[
p
2]; '(a+ b

p
2) = ja2 � 2b2j;

¢) Z[i
p
2]; '(a+ bi

p
2) = a2 + 2b2;

£) Z; '(n) = jnj;
¤) k[x]; '(f(x)) = degf(x); k { ¯®«¥ ('(0) = �1):
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3.4 �ãé¥áâ¢®¢ ­¨¥ ¨ áâà®¥­¨¥ ª®­¥ç­ëå ¯®«¥©

Ǳà¥¤«®¦¥­¨¥ 3. Ǳãáâì k { ¯®«¥. �®£¤  ¤«ï «î¡®£® ¬­®£®ç«¥­  f(x) 2
k[x] áãé¥áâ¢ã¥â ¯®«¥ k1 � k; á®¤¥à¦ é¥¥ ­¥ª®â®àë© ª®à¥­ì íâ®£® ¬­®-

£®ç«¥­ .

��������������. Ǳãáâì p(x) { ­¥¯à¨¢®¤¨¬ë© ¬­®¦¨â¥«ì f(x)

¢ k[x]: �®£¤  k[x]=(p) ï¢«ï¥âáï ¯®«¥¬, ¨ � = �x { ª®à¥­ì f(x) = 0:

�«¥¤áâ¢¨¥. �«ï «î¡®£® f(x) 2 k[x] áãé¥áâ¢ã¥â ¯®«¥ E � k; á®¤¥à¦ -

é¥¥ ¢á¥ ª®à­¨ f(x):

��������������. �¥©áâ¢¨â¥«ì­®, á®£« á­® ¯à¥¤«®¦¥­¨î 3, áãé¥-

áâ¢ã¥â ¯®«¥ k1 � k; á®¤¥à¦ é¥¥ ®¤¨­ ª®à¥­ì �1 ¬­®£®ç«¥­  f(x): Ǳ® «¥¬¬¥

�¥§ã (x � �1)j(f(x): � áá¬®âà¨¬ ¬­®£®ç«¥­ f(x)=(x� �1) 2 k1[x]: �«ï ­¥-

£® áãé¥áâ¢ã¥â ¯®«¥ k2 � k1; á®¤¥à¦ é¥¥ ¥£® ª®à¥­ì �2: Ǳ® «¥¬¬¥ �¥§ã

(x��2)j f(x)(x��1 : � áá¬ âà¨¢ ï
f(x)

(x��1)(x��2) ¨ à ááã¦¤ ï  ­ «®£¨ç­®, ¯à¨¤¥¬ ª

¤®ª § â¥«ìáâ¢ã á«¥¤áâ¢¨ï.

Ǳãáâì p { ¯à®áâ®¥ ç¨á«® ¨ q = pn: � áá¬®âà¨¬ ¯®«¥ E � GF (p); á®-

¤¥à¦ é¥¥ ¢á¥ ª®à­¨ �1; : : : ; �q ¬­®£®ç«¥­  xq � x 2 GF (p)[x]: � ª ª ª

(xq � x)0 = qxq�1� 1 = �1; â® ¤ ­­ë© ¬­®£®ç«¥­ ­¥ ¨¬¥¥â ªà â­ëå ª®à­¥©,
â.¥. �i 6= �j ¯à¨ i 6= j: Ǳãáâì GF (q) = f�1; : : : ; �qg: �®ª ¦¥¬, çâ® GF (q) {
¯®¤¯®«¥ E: �¥©áâ¢¨â¥«ì­®, ¯ãáâì �; � 2 GF (q): �®£¤  (��)q = �q � �q = ��

¨ (� + �)q = ((� + �)p)p
n�1

= (�p + �p)p
n�1

= � � � = �p
n

+ �p
n

= � + �:

�«¥¤®¢ â¥«ì­®, ��; � + �; ��1 2 GF (q); ¥á«¨ � 6= 0:

� ¤àã£®© áâ®à®­ë, ¥á«¨ P { ª®­¥ç­®¥ ¯®«¥ á ¥¤¨­¨æ¥© e; â® áà¥¤¨ í«¥-

¬¥­â®¢ e; 2e; 3e; : : : ­ ©¤ãâáï ¤¢  ®¤¨­ ª®¢ëå. � ¯à¨¬¥à, ae = b � e;
a > b: � ç áâ­®áâ¨, (a� b) � e = 0:

Ǳãáâì p = minfn 2 N;n > 0; ne = 0g: �®£¤  p { ¯à®áâ®¥ ç¨á«® (¤®ª § âì!)
¨ P � GF (p) = f0; e; 2e; : : : ; (p�1)eg: P ï¢«ï¥âáï ¢¥ªâ®à­ë¬ ¯à®áâà ­áâ¢®¬

­ ¤ GF (p): �á«¨ n = dimP; â® P = f�1v1 + : : : �nvn; �i 2 GF (p); fv1; : : : ; vng
{ ¡ §¨á g: �«¥¤®¢ â¥«ì­®, jP j = pn = q: �­®¦¥áâ¢® P n 0 ï¢«ï¥âáï £àã¯¯®©
¯®àï¤ª  (q � 1) ®â­®á¨â¥«ì­® ®¯¥à æ¨¨ ã¬­®¦¥­¨ï. Ǳ® á«¥¤áâ¢¨î ¨§ â¥®-
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à¥¬ë � £à ­¦  «î¡®© í«¥¬¥­â a 2 P n 0 ã¤®¢«¥â¢®àï¥â à ¢¥­áâ¢ã aq�1 = e

¨«¨ aq = a: �â ª, í«¥¬¥­âë ¨§ P ï¢«ïîâáï ª®à­ï¬¨ (xq � x) 2 GF (p)[x]:
� ª¨¬ ®¡à §®¬, ª®­¥ç­ë¥ ¯®«ï áãé¥áâ¢ãîâ, á®¢¯ ¤ îâ á ¬­®¦¥áâ¢®¬ ¢á¥å

ª®à­¥© ¬­®£®ç«¥­  (xq�x) 2 GF (p)[x], £¤¥ q = pn; ¢ ­¥ª®â®à®¬ à áè¨à¥­¨¨

¯®«ï GF (p):

Ǳà¥¤«®¦¥­¨¥ 4. �ã«ìâ¨¯«¨ª â¨¢­ ï £àã¯¯  ª®­¥ç­®£® ¯®«ï GF (q)

ï¢«ï¥âáï æ¨ª«¨ç¥áª®©.

��������������. Ǳãáâì G = GF (q) n 0 = fa1; : : : ; aq�1g: Ǳ®àï¤®ª
ki = jaij ï¢«ï¥âáï ¤¥«¨â¥«¥¬ q�1 = pl11 : : : p

ls
s :Ǳãáâìm = [k1; : : : ; kq�1] { ���

ç¨á¥« k1; : : : ; kq�1: �á«¨ m = pt11 : : : p
ts
s ; â® ­ ©¤ãâáï í«¥¬¥­âë aj1; : : : ; ajs

â ª¨¥, çâ® kj1 = pt11 �v1; : : : ; kjs = pts �vs: �®£¤  í«¥¬¥­âë b1 = av1j1 ; : : : ; bs = avsjs
¨¬¥îâ ¯®àï¤ª¨ pt11 ; : : : ; p

ts á®®â¢¥âáâ¢¥­­®,   í«¥¬¥­â b1b2 : : : bs = c ¡ã¤¥â

¨¬¥âì ¯®àï¤®ª m: � ª ª ª kijm; i � q�1; â® ª ¦¤ë© í«¥¬¥­â ¨§ G ï¢«ï¥âáï

ª®à­¥¬ xm � 1 2 GF (p)[x]; q = pn: �.¥. q � 1 � m: � ¤àã£®© áâ®à®­ë,

m = jcj j (q � 1) ¨ q � 1 = m; â.¥. G = h1; c; : : : ; cq�2i:
�¯à ¦­¥­¨¥ 1. � ©â¨ æ¨ª«¨ç¥áª¨¥ ¯®à®¦¤ îé¨¥ ¯®«¥©GF (4); GF (9):

�¯à ¦­¥­¨¥ 2. � ©â¨ ¢á¥ ­¥¯à¨¢®¤¨¬ë¥ ¬­®£®ç«¥­ë áâ¥¯¥­¨ ¤¢  ­ ¤

GF (5):

�¯à ¦­¥­¨¥ 3:

 ) p¥è¨âì ¢ ¯®«¥ GF (7) ãà ¢­¥­¨¥ x4 = 3;

¡) à¥è¨âì ¢ ¯®«¥ GF (8) ãà ¢­¥­¨ï: 1) x6 = 5; 2) x2 + x+ 1 = 0:

�¯à ¦­¥­¨¥ 4. Ǳãáâì R = Z[i] ¨ I = (�)/R: �®ª § âì, çâ® R=I { ¯®«¥,

¥á«¨

1) � = 1 + i (¯®àï¤ª  4);

2) � = 3 ( ¯®àï¤ª  9).

�á«¨ � = 5; â® ¤®ª § âì, çâ® R=I ­¥ ï¢«ï¥âáï ¯®«¥¬.

�¯à ¦­¥­¨¥ 5. �®ª § âì, çâ® ¢ ¯®«¥ GF (32) ª ¦¤ë© í«¥¬¥­â, ­¥ à ¢-

­ë© 0, 1, ï¢«ï¥âáï æ¨ª«¨ç¥áª¨¬ ¯®à®¦¤ îé¨¬ (â.¥. ¯à¨¬¨â¨¢­ë¬).

�¯à ¦­¥­¨¥ 6. Ǳ®«¥ GF (q) á®¤¥à¦¨â '(q�1) ¯à¨¬¨â¨¢­ëå í«¥¬¥­â®¢.
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�¯à ¦­¥­¨¥ 7. �®ª § âì, çâ® £àã¯¯  ®¡à â¨¬ëå í«¥¬¥­â®¢ Z15 ­¥

ï¢«ï¥âáï æ¨ª«¨ç¥áª®©.

�¯à ¦­¥­¨¥ 8:

 ) ¤®ª § âì ¨§®¬®àä¨§¬ ¯®«¥©

Z2[x]=(x
3 + x+ 1) ¨ Z2[x]=(x

3+ x2 + 1);

¡) ­ ©â¨ ª®à­¨ (x2 + x+ 1) ¢ ¯®«¥ Z2[x]=(x
4+ x+ 1):

�¯à ¦­¥­¨¥ 9. Ǳãáâì N(n; p) { ç¨á«® ­¥¯à¨¢®¤¨¬ëå ¬­®£®ç«¥­®¢ áâ¥-

¯¥­¨ n ¢ Zp[x]: �®ª § âì, çâ®

N(n; p) =
1

n
�
X
djn

�(
n

d
)pd:

�����H��. �­®£®ç«¥­ (xp
n � x) ï¢«ï¥âáï ¯à®¨§¢¥¤¥­¨¥¬ ¢á¥å ­¥¯à¨-

¢®¤¨¬ëå ¬­®£®ç«¥­®¢ áâ¥¯¥­¥© d; djn; d � n: �«¥¤®¢ â¥«ì­®,

pn =
P
djn
d �N(d; p): Ǳ® ä®à¬ã«¥ ®¡à é¥­¨ï �¥¡¨ãá  nN(n; p) =

P
djn
�(n

d
)pd:

�¯à ¦­¥­¨¥ 10:

 ) ¢ëç¨á«¨âì N(n; 2); n � 9;

¡) ¤®ª § âì, çâ® N(6; 7) = 19544:

3.5 Ǳà¨¬¥àë ª®¤®¢, ¨á¯à ¢«ïîé¨å ®è¨¡ª¨ (¯à®¤®«¦¥­¨¥:

ª®¤ �®ã§ -�®ã¤åãà¨-�®ª¢¨­£¥¬ )

Ǳà¨¬¥à 5 (Bose-Chaudhuri-Hocquenghem, 1960).

Ǳà¥¤¯®«®¦¨¬, çâ® ­ ¬ ­¥®¡å®¤¨¬® ¯¥à¥¤ âì ¯®«ãç â¥«î á«®¢®

(a; b; c; d); £¤¥ a; b 2 f0; 1g: � áá¬®âà¨¬ ¯®«¥ GF (8) = Z2[x]=(x
3+ x+ 1) =

= h0; 1; �; �2; : : : ; �6i; £¤¥ � = �x: Ǳ® «¥¬¬¥ ® ¤¥«¥­¨¨ á ®áâ âª®¬ áãé¥áâ¢ã-

îâ ¬­®£®ç«¥­ë q(x) ¨ r(x) â ª¨¥, çâ® ax6 + bx5 + cx4 + dx3 = (x3 + x +

1)q(x) + r(x); £¤¥ r(x) = rx2 + sx + t: Ǳ®«®¦¨¬ C(x) = ax6 + bx5 + cx4 +

dx3+ rx2+ sx+ +t: �¬¥áâ® (a; b; c; d) ¡ã¤¥¬ ¯¥à¥¤ ¢ âì ¯®á«¥¤®¢ â¥«ì­®áâì
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(a; b; c; d; r; s; t): Ǳà¥¤¯®«®¦¨¬, çâ® ­  ¢ëå®¤¥ ¯®«ãç â¥«ì ¯®«ãç ¥â ¯®á«¥-

¤®¢ â¥«ì­®áâì (A;B;C;D;R; S; T ) ¨ ç¨á«® ®è¨¡®ª ­¥ ¯à¥¢®áå®¤¨â ®¤­®©.

�ª ¦¥¬  «£®à¨â¬ ¥¥ ®¡­ àã¦¥­¨ï. � áá¬®âà¨¬ ¬­®£®ç«¥­

R(x) = Ax6 + Bx5 + Cx4 +Dx3 + Rx2 + Sx+ T:

Ǳãáâì E(x) = C(x)�R(x): �®£¤  «¨¡® E(x) = 0; «¨¡® E(x) = xe; £¤¥ (e+1)

{ ­®¬¥à ª®®à¤¨­ âë, á®¤¥à¦ é¥© ®è¨¡ªã (¥á«¨ áç¨â âì á¯à ¢ ).

�á«¨R(�) = 0; â®E(�) = C(�)�R(�) = 0, ¨ ®è¨¡ª¨ ­¥â. �á«¨ R(�) = �e;

â® R(�) = E(�) = �e ¨ (e+ 1) { ­®¬¥à ®è¨¡®ç­®© ª®®à¤¨­ âë.

� ¯à¨¬¥à, § ª®¤¨àã¥¬ ¯®á«¥¤®¢ â¥«ì­®áâì (1, 1, 0, 1). �¬¥¥¬

x6+x5+x3 = (x3+x+1)q(x)+1: �«¥¤®¢ â¥«ì­®, C(x) = x6+x5+x3+1:

�®¤¥à ¢ë¤ ¥â ¯®á«¥¤®¢ â¥«ì­®áâì (1, 1, 0, 1, 0, 0, 1). �á«¨ ¯®«ãç â¥«ì

¯®«ãç ¥â, ­ ¯à¨¬¥à, ¯®á«¥¤®¢ â¥«ì­®áâì (1, 1, 0, 1, 1, 0, 1), â®

R(x) = x6 + x5 + x3 + x2 + 1 ¨ R(�) = �6 + �5 + �3 + �2 + 1 =

= (�2 + 1) + (�2 + � + 1) + (� + 1) + �2 + 1 = �2; â.¥ ®è¨¡ª  ¯à®¨§®è«  ¢

¯ïâ®¬ á¨¬¢®«¥, áç¨â ï á«¥¢ .

�¯à ¦­¥­¨¥ 1. � ª®¤¨à®¢ âì á®®¡é¥­¨ï:

 ) (1, 0, 0, 0);

¡) (0, 1, 1, 0);

¢) (1, 1, 1, 0).

�¯à ¦­¥­¨¥ 2. �¥ª®¤¨à®¢ âì á®®¡é¥­¨ï:

 ) (1, 1, 1, 0, 0, 0, 1);

¡) (1, 0, 1, 1, 0, 1, 1);

¢) (0, 1, 0, 1, 0, 1, 0).

Ǳà¨¬¥à 6 (Bose-Chaudhuri-Hocquenghem, 1960). � áá¬®âà¨¬ á¯®á®¡ ª®-

¤¨à®¢ ­¨ï á®®¡é¥­¨© ¤«¨­ë 7, ¯®§¢®«ïîé¨© ¨á¯à ¢«ïâì ¤¢¥ ®è¨¡ª¨. �«ï

íâ®£® à áá¬®âà¨¬ ¯®«¥

GF (16) = Z2[x]=(x
4 + x + 1) = h0; 1; �; �2; : : : ; �14i; £¤¥ � = �x ¨ �4 =

�+1; �5 = �2+�; �6 = �3+�2; �7 = �3+�+1; �8 = �2+1; �9 = �3+�; �10 =

�2+�+1; �11 = �3+�2+�; �12 = �3+�2+�+1; �13 = �3+�2+1; �14 = �3+1:
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� ©¤¥¬ ¬¨­¨¬ «ì­ë© ¬­®£®ç«¥­ ¤«ï �3: �¬¥¥¬

1 � �3 = 0 � 1 + 0 � � + 0 � �2 + 1 � �3;

� � �3 = 1 � 1 + 1 � �+ 0 � �2 + 0 � �3;

�2 � �3 = 0 � 1 + 1 � � + 1 � �2 + 0 � �3;

�3 � �3 = 0 � 1 + 0 � �+ 1�2 + 1 � �3:

�âªã¤  á«¥¤ã¥â, çâ®

0
BBBB@

0� �3 0 0 1

1 1� �3 0 0

0 1 1� �3 0

0 0 1 1� �3

1
CCCCA

0
BBBB@

1

�

�2

�3

1
CCCCA = 0:

�«¥¤®¢ â¥«ì­®, ®¯à¥¤¥«¨â¥«ì ¬ âà¨æë à ¢¥­ ­ã«î, â.¥.

(��3) � (1� �3)3 � 1 = 0: � ª¨¬ ®¡à §®¬, �3 { ª®à¥­ì ¬­®£®ç«¥­ 

f = t(1� t)3 � 1 = t4 + 3t3 + 3t2 + t+ 1 = t4 + t3 + t2 + t+ 1:

�­®£®ç«¥­ f(x) ï¢«ï¥âáï ­¥¯à¨¢®¤¨¬ë¬. Ǳ®íâ®¬ã ¬­®£®ç«¥­

g(x) = (x4 + x+ 1)f(x) = x8 + x7 + x6 + x4 + 1

ï¢«ï¥âáï ¬­®£®ç«¥­®¬ ­ ¨¬¥­ìè¥© áâ¥¯¥­¨, ª®à­ï¬¨ ª®â®à®£® ï¢«ïîâáï

� ¨ �3: � ª ª ª g(�2) = g(�)2 = 0; â® �; �3; �2; �4; �6 { ª®à­¨ ¬­®£®ç«¥­ 

g(x): � áá¬®âà¨¬ ¨­ä®à¬ æ¨®­­®¥ á«®¢® ¤«¨­ë 7

(a14; a13; : : : ; a8):

� §¤¥«¨¬ ¬­®£®ç«¥­ C1(x) = a14x
14 + a13x

13 + � � �+ a8x
8 ­  g(x) á ®áâ âª®¬

C1(x) = g(x)q(x) + r(x);

£¤¥ r(x) = a0 + a1x+ � � �+ a7x
7: �®£¤ 

C(x) = C1(x) + r(x) = a0 + a1x+ � � �+ a14x
14 = g(x)q(x):

� áá¬®âà¨¬ ­®¢ë© (¨§¡ëâ®ç­ë©!) ¨­ä®à¬ æ¨®­­ë© ¢¥ªâ®à

C = (a14; a13; : : : ; a1; a0):

Ǳ®á«¥ ®â¯à ¢«¥­¨ï ¥£® ¯®«ãç â¥«ì ¯®«ãç ¥â ¢¥ªâ®àR = (b14; b13; : : : ; b0):�¥-

ª®¤¨àã¥¬ ¥£® ¯à¨ ¯à¥¤¯®«®¦¥­¨¨, çâ® ç¨á«® ®è¨¡®ª ­¥ ¯à¥¢®áå®¤¨â ¤¢ãå.
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� áá¬®âà¨¬ ¢¥ªâ®à ®è¨¡®ª E = R � C ¨ á®®â¢¥âáâ¢ãîé¨¥ ¬­®£®ç«¥­ë

E(x); R(x); C(x): � ª ª ª �; �2; �3 { ª®à­¨ C(x); â® E(�) = R(�); E(�2) =

R(�2) ¨ E(�3) = R(�3), ¨ ¬­®£®ç«¥­ E(x) á®¤¥à¦¨â ­¥ ¡®«¥¥ ¤¢ãå ­¥­ã«¥-

¢ëå ç«¥­®¢. � áá¬®âà¨¬ ¬ âà¨æã

S =

 
S1 S2

S2 S3

!
;

£¤¥ Si = R(�i); i = 1; 2; 3:

�«ãç © 1. �è¨¡®ª ­¥â. �®£¤  E(x) = 0 ¨ S = 0:

�«ãç © 2. �¬¥¥âáï ®¤­  ®è¨¡ª . �®£¤  E(x) = xi; i � 14

¨ S =

 
�i �2i

�2i �3i

!
: �«¥¤®¢ â¥«ì­®, à ­£ r(S) = 1: � ª ª ª R(�) = E(�) =

�i; â® ®è¨¡ª  á®¤¥à¦¨âáï ¢ i-®© ª®®à¤¨­ â¥.

�«ãç © 3. �¬¥îâáï ¤¢¥ ®è¨¡ª¨. �®£¤  E(x) = xi + xj;

S =

 
�i + �j �2i + �2j

�2i + �2j �3i + �3j

!
=

 
1 1

�i �j

! 
�i 0

0 �j

! 
1 �i

1 �j

!
¨ r(S) = 2:

� ª¨¬ ®¡à §®¬, à ­£ ¬ âà¨æë S à ¢¥­ ç¨á«ã ®è¨¡®ª ¯à¨ ¯¥à¥¤ ç¥ ¨­-

ä®à¬ æ¨¨. � âà¥âì¥¬ á«ãç ¥ ãª ¦¥¬  «£®à¨â¬ ­ å®¦¤¥­¨ï ®è¨¡®ç­ëå

ª®®à¤¨­ â. �¬¥­­® ­ ©¤¥¬ i; j; £¤¥ E(x) = xi + xj:

�¥è¨¬ ãà ¢­¥­¨¥

 
S1 S2

S2 S3

! 
�2

�1

!
=

 
S3

S4

!
:

�â® ¢®§¬®¦­®, â.ª. detS 6= 0: Ǳãáâì

(x� �i)(x� �j) = x2 + �1x+ �2 2 GF (16)[x]: �®£¤ 

�2i + �1�
i + �2 = 0;

�2j + �1�
j + �2 = 0:

�¬­®¦ ï íâ¨ à ¢¥­áâ¢  á®®â¢¥âáâ¢¥­­® ­  �i ¨ �j;   § â¥¬ áª« ¤ë¢ ï, ¨¬¥-

¥¬, çâ®

S3 + �1S2 + �2S1 = 0:
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�­ «®£¨ç­®, ã¬­®¦ ï ¢ëè¥¯à¨¢¥¤¥­­ë¥ à ¢¥­áâ¢  ­  �2i; �2j ¨ § â¥¬ áª« -

¤ë¢ ï, ¨¬¥¥¬, çâ®

S4 + �1S3 + �2S2 = 0;

â.¥.

 
S1 S2

S2 S3

! 
�2

�1

!
=

 
S3

S4

!
:

�«¥¤®¢ â¥«ì­®, �2 = �2 ¨ �1 = �1: �â ª, �
i ¨ �j { ª®à­¨ ¬­®£®ç«¥­ 

x2 + �1x+ �2 = 0:

�â¨ ª®à­¨ ­ å®¤ïâáï ¯ãâ¥¬ ¯¥à¥¡®à  ¢á¥å í«¥¬¥­â®¢ ¯®«ï GF (16) =

= f0; 1; �; �2; : : : ; �14g: � ©¤ï ¨å, ¬ë ®¤­®¢à¥¬¥­­® ­ ©¤¥¬ ®è¨¡®ç­ë¥ ª®-

®à¤¨­ âë ¢¥ªâ®à  R:

� áá¬®âà¨¬ ¯à¨¬¥à, ª®£¤  ¨­ä®à¬ æ¨®­­®¥ á«®¢® (¢¥ªâ®à) ¨¬¥¥â ¢¨¤ (1,

1, 0, 1, 1, 0, 1). � §¤¥«¨¬ á®®â¢¥âáâ¢ãîé¨© ¬­®£®ç«¥­

C1(x) = x14 + x13 + x11 + x10 + x8 ­  g(x) = x8 + x7 + x6 + x4 + 1:

�áâ â®ª ¯à¨ ¤¥«¥­¨¨ ¡ã¤¥â à ¢¥­ ¬­®£®ç«¥­ã (x+ x2 + x4 + x5 + x7):

�«¥¤®¢ â¥«ì­®, C(x) = x14+ x13+ x11+ x10+ x8+ x7+ x5+ x4+ x2+ x, ¨

¯®áë« ¥¬®¥ ª®¤®¢®¥ á«®¢® ¨¬¥¥â ¢¨¤

(1, 1, 0, 1, 1. 0, 1, 1, 0, 1, 1, 0, 1, 1, 0).

Ǳà¥¤¯®«®¦¨¬, çâ® ¬ë ¯®«ãç¨«¨ ¢¥ªâ®à

(1, 1, 0, 1, 1, 1, 1, 0, 0, 1, 1, 0, 1, 1, 0).

�ëç¨á«¨¬ Si = R(�i); i � 4: �¬¥¥¬

R(�) = R(�2) = 1; R(�3) = � + 1;

R(�4) = �4�14 + �4�13 + �44 + �40 + �36 + �32 + �20 + �16 + �8 + �4 =

�11+�7+�14+�10+�6+�2+�5+�+�8+�4 = (�3+�2+�)+(�3+�+1)+

(�3+1)+ (�2+�+1)+ (�3+�2)+�2+(�2+�)+�+(�2+1)+ (�+1) = 1:

� ­£ ¬ âà¨æë S =

 
1 1

1 � + 1

!
à ¢¥­ ¤¢ã¬. �«¥¤®¢ â¥«ì­®, ç¨á«® ®è¨-

¡®ª à ¢­® ¤¢ã¬. �¥è ¥¬ á¨áâ¥¬ã

�1 + �2 = � + 1;
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(�+ 1)�1 + �2 = 1:

Ǳ®«ãç ¥¬, çâ® �1 = 1; �2 = �: � ©¤¥¬ ¯®¤¡®à®¬ ª®à­¨ ¬­®£®ç«¥­  x2+ x+

+� = 0: �­¨ à ¢­ë �7; �9: �¥©áâ¢¨â¥«ì­®,

�14 + �7 + � = (�3 + 1) + (�3 + � + 1) + � = 0;

�18 + �9 + � = �3 + (�3 + �) + � = 0:

�«¥¤®¢ â¥«ì­®, ¬ë ¯®«ãç¨«¨ ®è¨¡ª¨ ¢ á¥¤ì¬®© ¨ ¤¥¢ïâ®© ª®®à¤¨­ â å

(áç¨â ï á¯à ¢  ¨ ­ ç¨­ ï á ­ã«ï).

�¯à ¦­¥­¨¥ 3:

 ) § ª®¤¨à®¢ âì á®®¡é¥­¨ï:

1) (1, 1, 1, 0, 0, 1, 1);

2) (1, 0, 1, 0, 1, 0, 1);

¡) ¤¥ª®¤¨à®¢ âì á®®¡é¥­¨ï:

1) (011 001 011 101 100);

2) (100 100 100 100 100).

Ǳà¨¬¥à 7 (Bose-Chandhuri-Hocquenghem, 1960). �á¯®«ì§ãï ¯®«¥GF (16);

¯®áâà®¨¬  «£®à¨â¬ ¢ëï¢«¥­¨ï âà¥å ®è¨¡®ª ¢ á«®¢ å (¨­ä®à¬ æ¨®­­ëå

¢¥ªâ®à å) ¤«¨­ë 15, á®¤¥à¦ é¨å 10 ¨§¡ëâ®ç­ëå á¨¬¢®«®¢. �®á¯®«ì§ã¥¬áï

®¡®§­ ç¥­¨ï¬¨ ¯à¨¬¥à  6. �­®£®ç«¥­ x2+x+1 ï¢«ï¥âáï ¬¨­¨¬ «ì­ë¬ ¤«ï

�5:Ǳ®íâ®¬ã ¬­®£®ç«¥­m135(x) = g(x)(x2+x+1) ï¢«ï¥âáï ¬­®£®ç«¥­®¬ ­ ¨-

¬¥­ìè¥© áâ¥¯¥­¨, ª®à­ï¬¨ ª®â®à®£® ï¢«ïîâáï í«¥¬¥­âë �; �3; �5: � ¬¥â¨¬,

çâ® deg m135 = 10 ¨ �2; �4; �6 â ª¦¥ ï¢«ïîâáï ª®à­ï¬¨ m135(x): Ǳà¥¤¯®«®-

¦¨¬, çâ® ¬ë ¤®«¦­ë ¯®á« âì á®®¡é¥­¨¥ (a14; a13; a12; a11; a10): � áá¬®âà¨¬

¬­®£®ç«¥­

C1(x) = a14x
14 + � � �+ a10x

10

¨ à §¤¥«¨¬ ¥£® á ®áâ âª®¬ r(x) ­  m135(x): Ǳ®«®¦¨¬

C(x) = C1(x) + r(x) = a14x
14 + � � �+ a0:

Ǳ®áë« ¥¬ ¢¥ªâ®à C = (a14; : : : ; a0): Ǳà¥¤¯®«®¦¨¬, çâ® ¯®«ãç â¥«ì ¯®«ã-

ç ¥â á®®¡é¥­¨¥ R: � áá¬®âà¨¬ ¢¥ªâ®à ®è¨¡®ª E = R�C: �¬¥¥¬, çâ® ¤«ï
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á®®â¢¥âáâ¢ãîé¨å ¬­®£®ç«¥­®¢ R(�i) = E(�i) = Si; i = 1; 2; 3; 4; 5; 6; â ª

ª ª C(�i) = 0; i = 1; 6: � áá¬®âà¨¬ ¬ âà¨æã

S =

0
BB@
S1 S2 S3

S2 S3 S4

S3 S4 S5

1
CCA :

�«ãç © 1. �á«¨ ®è¨¡®ª ­¥â, â® E = 0 ¨ S = 0:

�«ãç © 2. �á«¨ áãé¥áâ¢ã¥â ®¤­  ®è¨¡ª , â® E(x) = xi ¨

S =

0
BB@

�i �2i �3i

�2i �3i �4i

�3i �4i �5i

1
CCA ¨¬¥¥â à ­£ 1.

Ǳà¨ íâ®¬ ®è¨¡ª  ­  ¬¥áâ¥ (i+ 1) ª®®à¤¨­ âë, áç¨â ï á¯à ¢ .

�«ãç © 3. �á«¨ ¨¬¥¥âáï ¤¢¥ ®è¨¡ª¨, â® E(x) = xi + xj ¨

S =

0
BB@

�i + �j �2i + �2j �3i + �3j

�2i + �2j �3i + �3j �4i + �4j

�3i + �3j �4i + �4j �5i + �5j

1
CCA

¨¬¥¥â à ­£ ¤¢ . � íâ®¬ á«ãç ¥ ¤¥ª®¤¨à®¢ ­¨¥ ¯à®¨§¢®¤¨âáï, ª ª ¢ ¯à¨¬¥à¥

6, á ¯®¬®éìî ¬ âà¨æë S(2) =

 
S1 S2

S2 S3

!
:

�«ãç © 4. Ǳà¨ ¯¥à¥¤ ç¥ á®¢¥àè¥­® âà¨ ®è¨¡ª¨, â.¥.

E(x) = xi + xj + xk: � áá¬®âà¨¬ ¬ âà¨æã

S =

0
BB@

�i + �j + �k �2i + �2j + �2k �3i + �3j + �3k

�2i + �2j + �2k �3i + �3j + �3k �4i + �4j + �4k

�3i + �3j + �3k �4i + �4j + �4k �5i + �5j + �5k

1
CCA :

�ñ à ­£ à ¢¥­ 3. � ª¨¬ ®¡à §®¬, ç¨á«® ®è¨¡®ª ®¯à¥¤¥«ï¥âáï à ­£®¬ ¬ -

âà¨æë S: � ª ¢ ¯®á«¥¤­¥¬ á«ãç ¥ ­ ©â¨ i; j; k; â.¥. ¯à ¢¨«ì­® ¤¥ª®¤¨à®¢ âì

á®®¡é¥­¨¥? �«ï íâ®£® ­¥®¡å®¤¨¬® à¥è¨âì á¨áâ¥¬ã

S �

0
BB@
�3

�2

�1

1
CCA =

0
BB@
S4

S5

S6

1
CCA

.
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� § â¥¬ ­ ©â¨ ª®à­¨ ãà ¢­¥­¨ï

x3 + �1x
2 + �2x+ �3 = 0:

�á«¨ íâ¨ ª®à­¨ à ¢­ë �i; �j; �k, â® i; j; k ®¯à¥¤¥«ïîâ ­®¬¥à  ®è¨¡®ª ¢ R:

� ¬¥ç ­¨¥ 1. � ¡®â ï ¢ ¯®«¥ GF (16) á ¯®¬®éìî  ­ «®£¨ç­®© â¥å­¨ª¨,

¬®¦­® ¤¥ª®¤¨à®¢ âì á«®¢  ¤«¨­ë 15, á®¤¥à¦ é¨¥ 14 ¨§¡ëâ®ç­ëå á¨¬¢®«®¢

¨ ­¥ ¡®«¥¥ 4-å ®è¨¡®ª.

� ¬¥ç ­¨¥ 2. �á¯®«ì§ãï ¯®«¥ GF (25), ¬®¦­® ¤¥ª®¤¨à®¢ âì á®®¡é¥­¨¥

¤«¨­ë 31, á®¤¥à¦ é¥¥ 20 ¨§¡ëâ®ç­ëå á¨¬¢®«®¢ ¨ ­¥ ¡®«¥¥ 5 ®è¨¡®ª.

� ¬¥ç ­¨¥ 3. �á¯®«ì§ãï ¯®«¥ GF (26), ¬®¦­® ¤¥ª®¤¨à®¢ âì á«®¢  ¤«¨-

­ë 63, á®¤¥à¦ é¨¥ 33 ¨§¡ëâ®ç­ëå á¨¬¢®«  ¨ ­¥ ¡®«¥¥ 6 ®è¨¡®ª,   â ª¦¥

56 ¨§¡ëâ®ç­ëå á¨¬¢®«®¢ ¨ ­¥ ¡®«¥¥ 15 ®è¨¡®ª (á¬. [5]).

�¯à ¦­¥­¨¥ 4. � ¯®«¥ GF (16) = Z2(�) = Z2[x]=(x
4 + x + 1) à¥è¨âì

á¨áâ¥¬ã 
�3 + �4 �6 + �8

�6 + �8 �9 + �13

! 
�2

�1

!
=

 
�9 + �12

�12 + �16

!

¨ ­ ©â¨ ª®à­¨ (¢ Z2[�]) ãà ¢­¥­¨ï

x2 + �1x+ �2 = 0:

�����H��. �®á¯®«ì§®¢ âìáï à ¢¥­áâ¢ ¬¨ �4 = � + 1; �8 = �2 + 1;

�16 = � ¨ â.¤.

�¯à ¦­¥­¨¥ 5. �¥è¨âì ¢ GF (16) á¨áâ¥¬ã0
BB@

�2 + �5 + �10 �4 + �10 + �20 �6 + �15 + �30

�4 + �10 + �20 �6 + �15 + �30 �8 + �20 + �40

�6 + �15 + �30 �8 + �20 + �40 �10 + �25 + �50

1
CCA
0
BB@
�3

�2

�1

1
CCA =

=

0
BB@

�8 +�20 +�40

�10 +�25 +�50

�12 +�30 +�60

1
CCA ¨ ­ ©â¨ ª®à­¨ x3 + �1x

2 + �2x+ �3 = 0:

�����: ª®à­¨ à ¢­ë �2; �5; �10:

�¯à ¦­¥­¨¥ 6. � ©â¨ ¬¨­¨¬ «ì­ë© ¬­®£®ç«¥­ ¤«ï �7 2 GF (16):
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�����H��. � áá¬®âà¥âì ¤¥©áâ¢¨¥ �7 ­  ¡ §¨á f1; �; �2; �3g:
�¯à ¦­¥­¨¥ 7. � ª®¤¨à®¢ âì á®®¡é¥­¨¥ (1, 0, 0, 1, 1) ª®¤®¬, ¤®¯ãáª -

îé¨¬ ­¥ ¡®«¥¥ âà¥å ®è¨¡®ª.

�¯à ¦­¥­¨¥ 8. �¥ª®¤¨à®¢ âì á®®¡é¥­¨ï:

 ) (101 1001 1001 1100),

¡) (101 000 01 001 1110),

§­ ï, çâ® ç¨á«® ®è¨¡®ª ­¥ ¯à¥¢®áå®¤¨â âà¥å ¨ ª®¤¨à®¢ª  ¯à®¢®¤¨« áì

¬¥â®¤®¬ ¯à¨¬¥à  7.

3.6 �¤­®§­ ç­® ¤¥ª®¤¨pã¥¬ë¥ ª®¤ë. H¥p ¢¥­áâ¢® �p äâ 

�«ï ã¬¥­ìè¥­¨ï ¤«¨­ë ª®¤®¢®£® â¥ªáâ  ¨ á æ¥«ìî íª®­®¬¨¨ ¢p¥¬¥­¨

¥£® ¯¥p¥¤ ç¨ á®®¡é¥­¨ï, ¢áâp¥ç îé¨¥áï ç é¥, ª®¤¨pãîâ á«®¢ ¬¨ ¬¥­ì-

è¥© ¤«¨­ë,   p¥¤ª¨¥ á®®¡é¥­¨ï ª®¤¨pãîâ á«®¢ ¬¨ ¡®«ìè®© ¤«¨­ë. �â-

ç¥â«¨¢® íâ® ¢¨¤­® ­  ¯p¨¬¥p¥  §¡ãª¨ �®p§¥. � áá¬®âp¨¬ ¯p®¨§¢®«ì­ë©

 ­á ¬¡«ì á®®¡é¥­¨© A = fA1; : : : ; Ang á ­ ¡®p®¬ ¢¥p®ïâ­®áâ¥© P (A1) �
� P (A2) � � � � � P (An);

nP
i=1

P (Ai) = 1: Ǳp¨¬¥­¨¬ â.­.  «£®p¨â¬ ª®¤¨p®¢ -

­¨ï � ­®. � §®¡ì¥¬ ¬­®¦¥áâ¢® A ­  ¤¢¥ £pã¯¯ë â ª, çâ®¡ë áã¬¬ë ¢¥p®-

ïâ­®áâ¥© á®®¡é¥­¨© ª ¦¤®© ¨§ ¤¢ãå £pã¯¯ ¡ë«¨ ª ª ¬®¦­® ¡®«¥¥ ¡«¨§ª¨

¤pã£ ª ¤pã£ã: '
&

$
%
'
&

$
%A1 A2

Ǳp¨¯¨è¥¬ á®®¡é¥­¨ï¬ 1-®© £pã¯¯ë A1 á¨¬¢®« 0, á®®¡é¥­¨ï¬ ¨§ £pã¯-

¯ë A2 { á¨¬¢®« 1. Ǳ® íâ®¬ã ¯p¨­æ¨¯ã ª ¦¤ ï ¨§ £pã¯¯ A1;A2 p §¡¨¢ ¥âáï

­  ¤¢  ¬­®¦¥áâ¢ : A1 = A01 [ A001;A2 = A02 [ A002. Ǳp¨¯¨è¥¬ á®®¡é¥­¨ï¬

¨§ A01 á¨¬¢®« 00, ¨§ A001 { á¨¬¢®« 01, ¨§ A02 { á¨¬¢®« 10, ¨§ A002 { á¨¬¢®«

11. Ǳp®¤®«¦ ¥¬ ¤ ­­ë©  «£®p¨â¬ ¤® ¯®«ãç¥­¨ï ¬­®¦¥áâ¢, á®áâ®ïé¨å ¨§

1 á®®¡é¥­¨ï. � p¥§ã«ìâ â¥ ª ¦¤®¬ã á®®¡é¥­¨î áâ ¢¨âáï ¢ á®®â¢¥âáâ¢¨¥
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ª®¤®¢®¥ á«®¢® ¨§ 0 ¨ 1. �¥¬ ¡®«ìè¥ ¢¥p®ïâ­®áâì P (ai) á®®¡é¥­¨ï Ai, â¥¬

ª®p®ç¥ ¡ã¤¥â á®®â¢¥âáâ¢ãîé¥¥ ª®¤®¢®¥ á«®¢®. �ª § ­­ë©  «£®p¨â¬ ¬®¦¥â

¡ëâì ¨­â¥p¯p¥â¨p®¢ ­ ­  ï§ëª¥ â¥®p¨¨ £p ä®¢. �¬¥­­®, ¯¥p¢ë© è £  «-

£®p¨â¬  � ­® á®®â¢¥âáâ¢ã¥â £p äã (¤¥p¥¢ã):

@
@

@
@

�
�
�
�

A1 A2

0 1

�

� �

�â®p®© è £ á®®â¢¥âáâ¢ã¥â £p äã:

�
�
�
�
�
�

@
@

@
@

�
�

@
@A01 A001
A02 A002

0

1

0

0

1

1

�

� �
�

�
� �

� p¥§ã«ìâ â¥ ¬ë ¯®«ãç¨¬ ª®¤®¢®¥ ¤¥p¥¢® � ­® ­ è¥£®  ­á ¬¡«ï (¬­®¦¥-

áâ¢ ) á®®¡é¥­¨©. � §¡¥p¥¬ ¯p¨¬¥p. Ǳãáâì ¤ ­® ¬­®¦¥áâ¢®A = fA1; : : : ; A7g
¨§ 7 á®®¡é¥­¨©, ¢¥p®ïâ­®áâ¨ ª®â®pëå p ¢­ë á®®â¢¥âáâ¢¥­­® p1 = p2 =

= 1=4; p3 = p4 = p5 = 1=8 ¨ p6 = p7 = 1=16:

Ǳp¨ ¯¥p¢®¬ p §¡¨¥­¨¨ A1 = fA1; A2g; A2 = fA3; A4; A5; A6; A7g:
Ǳp¨ ¢â®p®¬ p §¡¨¥­¨¨ A01 = fA1g; A001 = fA2g; A02 = fA3; A4g;

A002 = fA5; A6; A7g: Ǳp®¤®«¦ ï  ­ «®£¨ç­ë¥ p §¡¨¥­¨ï á ¬­®¦¥áâ¢ ¬¨ A02 ¨
A002; ¬ë ¯®«ãç ¥¬ á«¥¤ãîé¥¥ ¤¥p¥¢® ¨ á®®â¢¥âáâ¢ãîé¨¥ ª®¤®¢ë¥ á«®¢ :

 )

�
�
�
�
�
�
�
�
�
�
�
�

@
@

@
@
�
�

@
@

@
@

�
�

@
@

@
@

A1 A2

A3 A4

A5

A6 A7

0

1

0

0

0 1

1

1

10

10

�

� �
�

�
�

�� �
� �
� �
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¡)

á®®¡é¥­¨ï A1 A2 A3 A4 A5 A6 A7

ª®¤®¢ë¥ á«®¢  00 01 100 101 110 1110 1111

Ǳ®ª ¦¥¬ íª®­®¬­®áâì ¢ëè¥¯p¨¢¥¤¥­­®£® ª®¤¨p®¢ ­¨ï � ­® ¯p¨¬¥p  ¨§

á¥¬¨ á®®¡é¥­¨© fA1; : : : ; A7g ¯® áp ¢­¥­¨î á p ¢­®¬¥p­ë¬ ª®¤¨p®¢ ­¨¥¬:

A1 ! 000; A2 ! 001; A3 ! 010; A4 ! 011; A5 ! 100; A6 ! 110; A7 !
101: �¥©áâ¢¨â¥«ì­®, ¥á«¨ ­ ¬ ¯p¥¤áâ®¨â ¯¥p¥¤ âì â¥ªáâ, á®áâ®ïé¨© ¨§ 1000

á®®¡é¥­¨© ¢  «ä ¢¨â¥ fA1; : : : ; A7g; â® ¯p¨ p ¢­®¬¥p­®¬ ª®¤¨p®¢ ­¨¨ ¬ë

¨á¯®«ì§ã¥¬ 3000 ¤¢®¨ç­ëå á¨¬¢®«®¢,   ¯p¨ ª®¤¨p®¢ ­¨¨ ¬¥â®¤®¬ � ­® ¬ë

¨á¯®«ì§ã¥¬

250�2+250�2+125�3+125�3+125�3+125
2
�4+125

2
�4 = 2625 ¤¢®¨ç­ëå á¨¬¢®«®¢.

�p¨â¥p¨¥¬ íª®­®¬­®áâ¨ ª®¤  ï¢«ï¥âáï â.­. áp¥¤­ïï ¤«¨­  ª®¤®¢®£® á«®¢ 

�e =

NX
i=1

liP (Ai);

£¤¥ li { ¤«¨­  ª®¤®¢®£® á«®¢  ¤«ï Ai: �«ï ­ è¥£® ¯p¨¬¥p 

�e = 2 � 1
4
+ 2 � 1

4
+ 3�3

8
+ 4

16
� 2 = 25

8
� 2; 62:

�¯p ¦­¥­¨¥ 1. � ª®¤¨p®¢ âì ¤¢®¨ç­ë¬ ª®¤®¬ � ­® á«¥¤ãîé¨¥ ¬­®-

¦¥áâ¢  á®®¡é¥­¨©, ­ ©¤ï á®®â¢¥âáâ¢ãîéãî áp¥¤­îî ¤«¨­ã ¨ ¯®áâp®¨¢ ª®-

¤®¢®¥ ¤¥p¥¢®:

 ) ¤¥áïâì á®®¡é¥­¨© á ¢¥p®ïâ­®áâï¬¨

p1 = p2 = 0; 22; p3 = p4 = p5 = p6 = 0; 1; p7 = p8 = p9 = p10 = 0; 04;

¡) ç¥âëp¥ á®®¡é¥­¨ï á ¢¥p®ïâ­®áâï¬¨

p1 = 0; 5; p2 = 0; 25; p3 = p4 = 0; 125:

�ëïá­¨âì ¢ë¨£pëè ¯® áp ¢­¥­¨î á p ¢­®¬¥p­ë¬ ª®¤¨p®¢ ­¨¥¬.

Ǳp¨¬¥­ïï ¢  «£®p¨â¬¥ � ­® p §¡¨¥­¨¥ ­¥ ­  ¤¢¥ £pã¯¯ë á ®¤¨­ ª®¢ë¬¨

áã¬¬ p­ë¬¨ ¢¥p®ïâ­®áâï¬¨,   ­  d p ¢­®¢¥p®ïâ­ëå £pã¯¯, ¬ë ¯p¨¤¥¬ ª

ª®¤¨p®¢ª¥ á®®¡é¥­¨©  «ä ¢¨â®¬ ¨§ d á¨¬¢®«®¢. �®®â¢¥âáâ¢ãîé¥¥ ¤¥p¥¢®

¨¬¥¥â ¢ ª ¦¤®© ¢¥pè¨­¥ ­¥ ¡®«¥¥ d p¥¡¥p.
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�¯p ¦­¥­¨¥ 2. � ª®¤¨p®¢ âì âp®¨ç­ë¬ ª®¤®¬ � ­® 9 á®®¡é¥­¨© á

¢¥p®ïâ­®áâï¬¨ 1/3, 1/9, 1/9, 1/9, 1/9, 1/9, 1/27, 1/27,1/27.

�¯p ¦­¥­¨¥ 3. � ª®¤¨p®¢ âì âp®¨ç­ë¬ ª®¤®¬ � ­® 8 á®®¡é¥­¨© á

¢¥p®ïâ­®áâï¬¨ 0,3; 0,15; 0,15; 0,15; 0,07; 0,07; 0,07; 0,04.

�®¤¨p®¢ ­¨¥ ¬¥â®¤®¬ � ­® ï¢«ï¥âáï ­¥p ¢­®¬¥p­ë¬. �á­®, çâ® ­¥p ¢-

­®¬¥p­®¥ ª®¤¨p®¢ ­¨¥ ¯p¨¢®¤¨â ¯®p®© ª ­¥®¤­®§­ ç­®áâ¨ ¤¥ª®¤¨p®¢ ­¨ï.

� ¯p¨¬¥p, ¥á«¨ á®®¡é¥­¨ï A1 ¨ A2 ª®¤¨pãîâáï á®®â¢¥âáâ¢¥­­® 1 ¨ 11, â®

ª®¤¨p®¢ ­­ ï ¯®á«¥¤®¢ â¥«ì­®áâì 111 ¬®¦¥â ¡ëâì ¤¥è¨äp®¢ ­  ®¤­¨¬ ¨§

á«¥¤ãîé¨å á¯®á®¡®¢:

fA1; A2g; fA2; A1g; fA1; A1; A1g:

�á«¨ ª®¤ ã¤®¢«¥â¢®pï¥â ãá«®¢¨î, çâ® ª ¦¤ ï ¯®á«¥¤®¢ â¥«ì­®áâì ª®¤®¢ëå

á¨¬¢®«®¢ ¥¤¨­áâ¢¥­­ë¬ ®¡p §®¬ p §¡¨¢ ¥âáï ­  ª®¤®¢ë¥ á«®¢ , â® â ª®©

ª®¤ ­ §ë¢ ¥âáï ®¤­®§­ ç­® ¤¥ª®¤¨pã¥¬ë¬ (¨«¨ ª®¤®¬ ¡¥§ § ¯ïâ®©). Ǳp¨-

¬¥p ¬¨ â ª¨å ª®¤®¢ ï¢«ï¥âáï «î¡®© p ¢­®¬¥p­ë© ª®¤,   â ª¦¥ ¯p¥ä¨ªá-

­ë© ª®¤ (â.¥. ª®¤, ¢ ª®â®p®¬ ­¨ª ª®¥ ª®¤®¢®¥ á«®¢® ­¥ ï¢«ï¥âáï ­ ç «®¬

¤pã£®£® ª®¤®¢®£® á«®¢ ). �®¤ � ­® ï¢«ï¥âáï ¯p¥ä¨ªá­ë¬, â ª ª ª ª®¤®¢ë¥

á«®¢  á®®â¢¥âáâ¢ãîâ ª®­æ¥¢ë¬ ¢¥pè¨­ ¬ ª®¤®¢®£® ¤¥p¥¢ . �®«¥¥ â®£®, íâ®â

¤¢®¨ç­ë© ª®¤ ï¢«ï¥âáï ¯®«­ë¬, â.¥. ¤®¡ ¢«¥­¨¥ «î¡®£® ­®¢®£® ª®¤®¢®£®

á«®¢  ¢ ¤ ­­®¬  «ä ¢¨â¥ ­ pãè ¥â á¢®©áâ¢® ¯p¥ä¨ªá­®áâ¨.

�¯p ¦­¥­¨¥ 4. �®ª § âì, çâ® á®®â¢¥âáâ¢ãîé¨¥ ª®¤ë ï¢«ïîâáï ®¤­®-

§­ ç­® ¤¥ª®¤¨pã¥¬ë¬¨ ¨ ­¥ ï¢«ïîâáï ¯p¥ä¨ªá­ë¬¨

f1; 10g; f01; 10; 011g:

Ǳãáâì V = fa1; : : : ; aNg { ­¥ª®â®pë© ¯p¥ä¨ªá­ë© ¤¢®¨ç­ë© ª®¤. �§ ¯p¥-

ä¨ªá­®áâ¨ á«¥¤ã¥â, çâ® V { ª®­æ¥¢ë¥ ¢¥pè¨­ë ­¥ª®â®p®£® (¤¢®¨ç­®£®) £p -

ä  (¤¥p¥¢ )
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@
@

�
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�
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�

@
@

@
@
�
�

@
@
@�

a1

a2 a3

aN

�
� �
�

� �
�

...
�

�
�

Ǳãáâì nk { ç¨á«® ª®¤®¢ëå á«®¢ ¤«¨­ë k; â.¥. nk { ç¨á«® ¢¥pè¨­

k-®£® íâ ¦ . �á­®, çâ® nk � 2k: � ª ª ª ¨§ ª ¦¤®© ¢¥pè¨­ë i-£® íâ ¦ 

¢ëp áâ ¥â ( ¯p¨®p¨) 2k�i ¢¥pè¨­ k-®£® íâ ¦ , â® ¢ á«ãç ¥ ¯p¥ä¨ªá­®£®

ª®¤  ¨¬¥¥¬ ­¥p ¢¥­áâ¢ 

nk � 2k � 2k�1n1 � 2k�2n2 � � � � � 2 � nk�1;
n1

2
+
n2

22
+ � � �+ nk

2k
< 1:

�á«¨ l { ¬ ªá¨¬ «ì­ ï ¤«¨­  ª®¤®¢ëå á«®¢, â® ¯®«ãç ¥¬ â ª ­ §ë¢ ¥¬®¥

­¥p ¢¥­áâ¢® �p äâ 

(1).
eP
i=1

ni
2i
� 1 ¨«¨ 1

2e1
+ 1

2e2
+ � � �+ 1

2en
� 1, £¤¥ li { ¤«¨­  ai; i � N .

�¡p â­®, ¥á«¨ ¢ë¯®«­¥­® ­¥p ¢¥­áâ¢® (1), â® áãé¥áâ¢ã¥â ¯p¥ä¨ªá­ë©

ª®¤ á ¤«¨­ ¬¨ ª®¤®¢ëå á«®¢ l1; l2; : : : ; lN : �§ (1) á«¥¤ãîâ ­¥p ¢¥­áâ¢ : n1 �
2; n2 � 4 � 2n1; n3 � 8 � 4n1 � 2n2; : : : : H  ¯¥p¢®¬ íâ ¦¥ ¤¢®¨ç­®£® ¤¥p¥-

¢  ¢ë¡¥p¥¬ n1 ¢¥pè¨­, ­  2-¬ íâ ¦¥ ¢ë¡¥p¥¬ ¯p®¨§¢®«ì­ë¥ n2 ¢¥pè¨­,

¨áå®¤ïé¨¥ ¨§ á¢®¡®¤­ëå (­¥¢ë¡p ­­ëå)¢¥pè¨­ ¯¥p¢®£® íâ ¦  ¨ â.¤. �®®â-

¢¥âáâ¢ãîé¨¥ ¤¢®¨ç­ë¥ ª®¤¨p®¢ª¨ ®¡p §ãîâ ¨áª®¬ë© ¯p¥ä¨ªá­ë© ª®¤.

�¯p ¦­¥­¨¥ 5. Ǳà¥ä¨ªá­ë© ª®¤ ï¢«ï¥âáï ¯®«­ë¬ â®£¤  ¨ â®«ìª® â®-

£¤ , ª®£¤  1
2e1

+ 1
2e2

+ � � �+ 1
2eN

= 1:

�����H��. �®á¯®«ì§®¢ âìáï ¨­â¥à¯à¥â æ¨¥© ª®¤  ª ª ¤¢®¨ç­®© § ¯¨-

áìî ª®­æ¥¢ëå ¢¥àè¨­ ­¥ª®â®à®£® £à ä  (¤¥à¥¢ ).

� ¬¥ç ­¨¥. �­ «®£¨ç­® ¤®ª §ë¢ ¥âáï, çâ® ¢  «ä ¢¨â¥ ¨§ d á¨¬¢®«®¢

áãé¥áâ¢ã¥â ¯à¥ä¨ªá­ë© ª®¤ á ¤«¨­ ¬¨ ª®¤®¢ëå á«®¢ e1; : : : ; eN â®£¤  ¨

â®«ìª® â®£¤ , ª®£¤  1
de1

+ 1
de2

+ � � �+ 1
deN
� 1:
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Ǳà¥ä¨ªá­ë© ª®¤ � ­® ­¥ ï¢«ï¥âáï (¢ ®¡é¥¬ á«ãç ¥) ®¯â¨¬ «ì­ë¬ ¢

â®¬ á¬ëá«¥, çâ® áà¥¤­ïï ¤«¨­  ª®¤®¢ëå á«®¢ ­¥ ï¢«ï¥âáï ¬¨­¨¬ «ì­®©.

� áá¬®âà¨¬ ¬¥â®¤ ª®¤¨à®¢ ­¨ï, ¯à¨­ ¤«¥¦ é¨© �. � ää¬¥­ã (1952 £.)

¨ ¤ îé¨© ¯à¥ä¨ªá­ë© ®¯â¨¬ «ì­ë© ª®¤. � áá¬®âà¨¬  ­á ¬¡«ì (¬­®¦¥-

áâ¢®) á®®¡é¥­¨© A = fA1; : : : ; ANg; ¢¥à®ïâ­®áâ¨ ª®â®àëå à ¢­ë á®®â¢¥â-

áâ¢¥­­® p1; p2; : : : ; pN : Ǳà¨ íâ®¬ ¬®¦­® áç¨â âì, çâ® p1 � p2 � � � � � pN :

Ǳà¥¤¯®«®¦¨¬, çâ® íâ¨ á®®¡é¥­¨ï § ª®¤¨à®¢ ­ë ¢ ¤¢®¨ç­®¬  «ä ¢¨â¥ á«®-

¢ ¬¨ a1; a2; : : : ; aN ; ¤«¨­ë ª®â®àëå à ¢­ë á®®â¢¥âáâ¢¥­­® l1; l2; : : : ; lN : �á«¨

li+t < li; â®, ¯®¬¥­ï¢ ª®¤®¢ë¥ ®¡®§­ ç¥­¨ï ¤«ï Ai ¨ Ai+t; ¬ë ¯®«ãç¨¬, çâ®

áà¥¤­ïï ¤«¨­  ã¬¥­ìè¨âáï ­  ¢¥«¨ç¨­ã

pili + pi+tli+t � pili+t � pi+tli = (pi � pi+t)(li � li+t) � 0:

� ª¨¬ ®¡à §®¬, ¯à¨ pi+t < pi ¬ë ¬®¦¥¬ ã¬¥­ìè¨âì áà¥¤­îî ¤«¨­ã, ¥á«¨

li+t < li: �á«¨ pi = pi+1 ¨ li+1 < li; â® ¯¥à¥áâ ¢¨¬ á®®¡é¥­¨ï Ai ¨ Ai+1

¬¥áâ ¬¨ (¨ á®®â¢¥âáâ¢¥­­® ¯¥à¥áâ ¢¨¬ ¨å ª®¤®¢ë¥ á«®¢ ).

� à¥§ã«ìâ â¥ ãª § ­­ëå ¤¥©áâ¢¨© ¬ë, áâà¥¬ïáì ª ®¯â¨¬ «ì­®áâ¨ ª®¤¨-

à®¢ ­¨ï, ¬®¦¥¬ â ª ã¯®àï¤®ç¨âì ­ è¨ á®®¡é¥­¨ï A1; : : : ; AN ¨ â ª ¨§-

¬¥­¨âì ¯®àï¤®ª ª®¤¨à®¢ ­¨ï á«®¢ ¬¨ faig; çâ® p1 � p2 � � � � � pN ¨

l1 � l2 � � � � � lN : � ç áâ­®áâ¨, á®®¡é¥­¨¥ AN ª®¤¨àã¥âáï á«®¢®¬ ­ ¨¡®«ì-

è¥© ¤«¨­ë lN : �á«¨ â ª®¥ á«®¢® ï¢«ï¥âáï ¥¤¨­áâ¢¥­­ë¬ (â.¥. lN�1 < lN);

â®, ®â¡à áë¢ ï ¯®á«¥¤­¨© á¨¬¢®« á«®¢  aN (¤«¨­ë lN), ¬ë ¯®«ãç¨¬ ¯à¥-

ä¨ªá­ë© ª®¤ á ¬¥­ìè¥© áà¥¤­¥© ¤«¨­®©. �á«¨ lt = lt+1 = � � � = lN ; lt�1 < lt

¨ áà¥¤¨ á«®¢ at; : : : ; aN ­¥â á«®¢, ®â«¨ç îé¨åáï ®â aN ¯®á«¥¤­¨¬ á¨¬¢®«®¬,

â® ®¯ïâì, ®â¡à áë¢ ï ¢ á«®¢¥ aN ¯®á«¥¤­¨© á¨¬¢®«, ¬ë ¯®«ãç¨¬ ¯à¥ä¨ªá-

­ë© ª®¤ á ¬¥­ìè¥© ¤«¨­®©. �á«¨ ¦¥ á«®¢® as(s � N�1) ¨¬¥¥â âã ¦¥ ¤«¨­ã
lN (â.¥. ls = ls+1 = � � � = lN) ¨ ®â«¨ç ¥âáï ®â aN ¯®á«¥¤­¨¬ á¨¬¢®«®¬, â®,

¬¥­ïï ¬¥áâ ¬¨ ª®¤®¢ë¥ á«®¢  as ¨ aN�1; ¬ë ¬®¦¥¬ áç¨â âì, çâ® ¤¢  ¯®-

á«¥¤­¨å á«®¢  ­ ¨¡®«ìè¥© ¤«¨­ë aN�1; aN ®â«¨ç îâáï â®«ìª® ¯®á«¥¤­¨¬

á¨¬¢®«®¬.
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aN�1 aN

a�

� �

�¥à­¥¬áï ª ­ è¥¬ã ¨áå®¤­®¬ã ¬­®¦¥áâ¢ã á®®¡é¥­¨©

A = fA1; A2; : : : ; AN�1; ANg;

£¤¥ pi = p(Ai); i � N: � áá¬®âà¨¬ ¥£® á¦ â¨¥ A(1) = fA1; A2; : : : ; AN�2; Ag;
£¤¥ p(Ai) = pi; i � N � 2 ¨ p(A) = pN�1 + pN : Ǳãáâì ¤«ï A(1) ¯®áâà®¥­ 

ª®¤¨à®¢ª  K(1) = fa1; a2; : : : ; aN�2; ag; â.¥. ª®¤®¢®¥ ¤¥à¥¢® á ª®­æ¥¢ë¬¨ ¢¥à-
è¨­ ¬¨ a1; : : : ; aN�2; a: �®¯®áâ ¢¨¬ ¨áå®¤­®© á¨áâ¥¬¥ A á«¥¤ãîéãî á¨áâ¥-

¬ã ª®¤®¢ëå ®¡®§­ ç¥­¨© K = fa1; : : : ; aN�2; a0; a1g; â.¥. aN�1 = a0; aN = a1:

� ª®¥ á®¯®áâ ¢«¥­¨¥ ­ §ë¢ ¥âáï à áé¥¯«¥­¨¥¬.

�¥¬¬ . �®¤ K ï¢«ï¥âáï ®¯â¨¬ «ì­ë¬ ¤«ï á¨áâ¥¬ë A; ¥á«¨ ª®¤ K(1)

¡ë« ®¯â¨¬ «ì­ë¬ ¤«ï á¨áâ¥¬ë A(1):

��������������. Ǳà¥¤¯®«®¦¨¬ ¯à®â¨¢­®¥. �®£¤  áãé¥áâ¢ã¥â ª®¤

á¨áâ¥¬ë K1 á¨áâ¥¬ë A; ¤«ï ª®â®à®£® áà¥¤­ïï ¤«¨­  �l1 = l(K1) < l(K) = �l:

Ǳãáâì K1 = fb1; : : : ; bN�1; bNg: �®£« á­® ¯à¥¤ë¤ãé¨¬ § ¬¥ç ­¨ï¬ ¬ë ¬®-

¦¥¬ áç¨â âì, çâ® bN�1 ¨ bN { ª®¤®¢ë¥ á«®¢  ¤«ï ­ ¨¬¥­¥¥ ¢¥à®ïâ­ëå á®-

®¡é¥­¨© AN�1 ¨ AN : Ǳà¨ç¥¬ ®­¨ ®â«¨ç îâáï â®«ìª® ¯®á«¥¤­¨¬ á¨¬¢®-

«®¬, â.¥. bN�1 = b0; bN = b1 (¨«¨ bN�1 = b1; bN = b0). � áá¬®âà¨¬ ª®¤

K
(1)
1 = fb1; : : : ; bN�2; bg ¤«ï A(1): �¬¥¥¬ �l1 = �l01 + p (�l01 = l(K

(1)
1 )): � ª ª ª

�l01 <
�l ¨ �l = �l0 + p (£¤¥ �l0 = l(K(1))); â® �l01 <

�l0: Ǳà®â¨¢®à¥ç¨¥.

�®£« á­® «¥¬¬¥, ¬ë, ¨á¯®«ì§ãï ­¥áª®«ìª® à § á¦ â¨¥ ¬­®¦¥áâ¢  á®®¡é¥-

­¨© (á®®â¢¥âáâ¢¥­­®, à áé¥¯«¥­¨¥ ª®¤®¢ëå ®¡®§­ ç¥­¨©), ¬®¦¥¬ ¯®áâà®¨âì

®¯â¨¬ «ì­ë© ª®¤ (á­ ç «  á¦¨¬ ï,   ¯®â®¬ à áè¨àïï).

Ǳà¨¬¥à.
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á®®¡é. ¢¥p®ïâ- á®®¡é. ¢¥p®ïâ- á®®¡é. ¢¥p®ïâ- áp¥¤­ïï

A ­®áâ¨ A(1) ­®áâ¨ A(2) ­®áâ¨ ¤«¨­ 

A1 0,5 0 A1 0,5 0 A1 0 0,5

A2 0,25 10 A2 0,25 10 ~A 1 0,5 1,75

A3 0,125 110 A 0,25 11

A4 0,125 111

�¯à ¦­¥­¨¥ 6. � ª®¤¨à®¢ âì ¤¢®¨ç­ë¬ ª®¤®¬ � ää¬¥­  ¬­®¦¥áâ¢®

á®®¡é¥­¨© á ¢¥à®ïâ­®áâï¬¨:

 ) 0,4; 0,15; 0,15; 0,15; 0,15;

¡) 0,25; 0,2; 0,15; 0,15; 0,15; 0,1.

3.7 �¨­¥©­ë¥ ª®¤ë

� ª ã¦¥ ®â¬¥ç «®áì à ­¥¥, ¨á¯®«ì§ã¥¬ë© ª®¤ ¤®«¦¥­ ¡ëâì ­ ¤¥¦­ë¬,

¡ëáâàë¬ ¢ ¯¥à¥¤ ç¥ ¨ ã¤®¡­ë¬. �®ç¥â ­¨¥ íâ¨å âà¥å ¬®¬¥­â®¢,   â ª¦¥

­ «¨ç¨¥ ¯®¬¥å ¯à¨ ¯¥à¥¤ ç¥ á®®¡é¥­¨ï ­¥ ¯®§¢®«ï¥â ¨á¯®«ì§®¢ âì ®¯â¨-

¬ «ì­ë¥ ª®¤ë ¢ ¨å ï¢­®¬ ¢¨¤¥. �«ï íâ®£® ¨á¯®«ì§ãîâáï ª®¤ë á ¨§¡ëâ®ç­®©

¨­ä®à¬ æ¨¥©. � ¯®¬­¨¬ ã¯à®é¥­­ãî ¬®¤¥«ì á¢ï§¨

- - �

�

?

¤¥ª®¤¨p®¢ ­­®¥
á®®¡é¥­¨¥

á®®¡é¥­¨¥

¯®«ãç¥­­®¥
á®®¡é¥­¨¥

§ ª®¤¨p®¢ ­­®¥
á®®¡é¥­¨¥

ª ­ «
á¢ï§¨

"èã¬"
"¯®¬¥å¨"

a

�a c+ e

f

g

�ë ¡ã¤¥¬ áç¨â âì, çâ® á¨¬¢®«ë, ¢å®¤ïé¨¥ ¢ § ¯¨áì á®®¡é¥­¨© ¨ ª®¤®¢,

ï¢«ïîâáï í«¥¬¥­â ¬¨ ¯®«ï GF (q) = Fq: �®¤¨à®¢ ­¨¥ { íâ® ®â®¡à ¦¥­¨¥ f :

F k
q ! F n

q ; £¤¥ n > k: �.¥. ª ¦¤®¥ á®®¡é¥­¨¥ a1a2 : : : ak (ai 2 Fq) § ¬¥­ï¥âáï
ª®¤®¢ë¬ á«®¢®¬ c1 : : : cn: �­ «®£¨ç­®, ¤¥ª®¤¨à®¢ ­¨¥ { íâ® ®â¡à ¦¥­¨¥ g :
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F n
q ! F k

q :

Ǳãáâì x; y 2 F n
q : � ááâ®ï­¨¥¬ �í¬¬¨­£  d(x; y) ¬¥¦¤ã ¢¥ªâ®à ¬¨ x; y

­ §ë¢ ¥âáï ç¨á«® ª®®à¤¨­ â, ª®â®àë¬¨ ¢¥ªâ®àë x ¨ y ®â«¨ç îâáï ¤àã£ ®â

¤àã£ ,   ¢¥á®¬ �í¬¬¨­£  w(x) ­ §ë¢ ¥âáï ç¨á«® ­¥­ã«¥¢ëå ª®®à¤¨­ â íâ®£®

¢¥ªâ®à . �á­®, çâ® d(x; y) = w(x� y), ¨ ¥á«¨ x { ¯¥à¥¤ ¢ ¥¬®¥ á«®¢®,   y {
¯®«ãç¥­­®¥ á«®¢®, â® d(x; y) { ç¨á«® ®è¨¡®ª, á¤¥« ­­ëå ¯à¨ ¯¥à¥¤ ç¥. �¥£-

ª® ¢¨¤¥âì, çâ® äã­ªæ¨ï d(x; y) ã¤®¢«¥â¢®àï¥â á«¥¤ãîé¨¬ âà¥¬ á¢®©áâ¢ ¬

¬¥âà¨ª¨ ¢ ¯à®áâà ­áâ¢¥ F n
q (8x; y; z 2 F n

q ) :

1)d(x; y) = 0, x = y;

2)d(x; y) = d(y; x);

3)d(x; z) � d(x; y) + d(y; z):

Ǳãáâì V � F n
q { ­¥ª®â®à®¥ ¬­®¦¥áâ¢® ª®¤®¢ëå á«®¢ ¨ t { ­ âãà «ì­®¥

ç¨á«®. �ª ¦¥¬, çâ® ª®¤ V ¨á¯à ¢«ï¥â ­¥ ¡®«¥¥ t ®è¨¡®ª, ¥á«¨ ¤«ï «î¡®£®

b 2 F n
q áãé¥áâ¢ã¥â ­¥ ¡®«¥¥ ®¤­®£® ¢¥ªâ®à  a 2 V â ª®£®, çâ® d(b; a) � t;

â.¥. ¢ ®ªà¥áâ­®áâ¨ Bt(b) = fx 2 F n
q ; d(b; x) � tg áãé¥áâ¢ã¥â ­¥ ¡®«¥¥ ®¤­®£®

¢¥ªâ®à  ¨§ V:

�¨á«® d(V ) = minfd(a1; a2); a1; a2 2 V; a1 6= a2g ­ §ë¢ ¥âáï ª®¤®¢ë¬

(¬¨­¨¬ «ì­ë¬) à ááâ®ï­¨¥¬ ª®¤  V:

Ǳà¥¤«®¦¥­¨¥ 1. Ǳãáâì d(V ) � 2t+1: �®£¤  ª®¤ V ¨á¯à ¢«ï¥â ­¥ ¡®«¥¥

t ®è¨¡®ª.

��������������. Ǳãáâì b 2 F n
q : �á«¨ è à (®ªà¥áâ­®áâì) Bt(b) á®-

¤¥à¦¨â ¤¢  ¢¥ªâ®à  a1; a2 2 V; â® d(a1; a2) � d(a1; b)+d(a2; b) � 2t: � ¤àã£®©

áâ®à®­ë, d(a1; a2) � 2t+ 1: Ǳà®â¨¢®à¥ç¨¥ ¤®ª §ë¢ ¥â ¯à¥¤«®¦¥­¨¥.

�.¥. ¥á«¨ ¯à¨ ¯¥à¥¤ ç¥ á«®¢  a ¯à®¨§®è«® ­¥ ¡®«¥¥ t ®è¨¡®ª, â® ¤«ï

¯à¨­ïâ®£® á«®¢  b ¨¬¥¥¬ ­¥à ¢¥­áâ¢® d(b; a) � t ¨ ¤«ï «î¡®£® ¤àã£®£®

ª®¤®¢®£® á«®¢  c 2 V d(b; c) � t+ 1:

�¯à¥¤¥«¥­¨¥ [13]:ǱãáâìH { ¬ âà¨æ  ­ ¤ ¯®«¥¬ Fq ¯®àï¤ª  (n�k)�n ¨
à ­£  (n�k): �¨­¥©­ë¬ (n; k) { ª®¤®¬ ­ ¤ ¯®«¥¬ Fq ­ §ë¢ ¥âáï ¬­®¦¥áâ¢®
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C à¥è¥­¨© c 2 F n
q á¨áâ¥¬ë «¨­¥©­ëå ®¤­®à®¤­ëå ãà ¢­¥­¨©

H � cT = 0:

�á­®, çâ® dimFqC = k: �¨á«® k ­ §ë¢ ¥âáï à §¬¥à­®áâìî ª®¤ ,   ç¨á«®

n { ¥£® ¤«¨­®©. � âà¨æ  H ­ §ë¢ ¥âáï ¯à®¢¥à®ç­®© ¬ âà¨æ¥© ª®¤  C;

  í«¥¬¥­âë C ­ §ë¢ îâáï ª®¤®¢ë¬¨ á«®¢ ¬¨, ¨«¨ ª®¤®¢ë¬¨ ¢¥ªâ®à ¬¨.

�á«¨ q = 2; â® ª®¤ ­ §ë¢ ¥âáï ¡¨­ à­ë¬. �á«¨ H = (AIn�k); £¤¥ A { ¬ -

âà¨æ  ¯®àï¤ª  (n � k; k);   In�k { ¥¤¨­¨ç­ ï ¬ âà¨æ  ¯®àï¤ª  (n � k); â®
ª®¤ C ­ §ë¢ ¥âáï á¨áâ¥¬ â¨ç¥áª¨¬. �á«¨ ¢ á¨áâ¥¬ â¨ç¥áª®¬ ª®¤¥ C ¯¥à-

¢ë¥ k á¨¬¢®«®¢ ¢ ª ¦¤®¬ ª®¤®¢®¬ á«®¢¥ ï¢«ïîâáï ¨­ä®à¬ æ¨®­­ë¬¨ (â.¥.

á®¢¯ ¤ îâ á k á¨¬¢®« ¬¨ ¨áå®¤­®£® á®®¡é¥­¨ï),   ®áâ «ì­ë¥ (n�k) á¨¬¢®-
«®¢ ï¢«ïîâáï ¯à®¢¥à®ç­ë¬¨, â® á¨áâ¥¬  ãà ¢­¥­¨© H � cT = 0 ­ §ë¢ ¥âáï

á¨áâ¥¬®© ãà ¢­¥­¨© ¯à®¢¥àª¨ ­  ç¥â­®áâì. Ǳà¨¬¥à 3 ¢ 3:2 á®®â¢¥âáâ¢ã¥â á¨-

áâ¥¬ â¨ç¥áª®¬ã ¡¨­ à­®¬ã ª®¤ã á ¬ âà¨æ¥©H = (11 : : :1| {z }
k

1): Ǳà¨¬¥à 1 ¨§ x2

á®®â¢¥âáâ¢ã¥â «¨­¥©­®¬ã (n; 1)-ª®¤ã á ¯à®¢¥à®ç­®© ¬ âà¨æ¥©H = (�1In�1);
â.¥.

H =

0
BBBB@
�1 1 0 0 : : : 0

�1 0 1 0 : : : 0
...

...

�1 0 0 : : : 0 1

1
CCCCA 2 (Fq)(n�1)�n:

Ǳãáâì H = (AIn�k) { ¯à®¢¥à®ç­ ï ¬ âà¨æ  «¨­¥©­®£® (n; k) { ª®¤ . �®£¤ 

¬ âà¨æ  G = (Ik �AT ) ¯®àï¤ª  k� n ­ §ë¢ ¥âáï ¯®à®¦¤ îé¥© (ª®¤¨àãî-
é¥©) ¬ âà¨æ¥© ª®¤  C: �â  ¬ âà¨æ  ¢®§­¨ª ¥â ¢ á¢ï§¨ á à ¢¥­áâ¢®¬

cT =

 
Ik

�A

!
aT = (a(Ik � AT ))T ;

£¤¥ a = a1 : : : ak { ¯¥à¥¤ ¢ ¥¬®¥ á®®¡é¥­¨¥, c = c1 : : : cn { á®®â¢¥âáâ¢ãîé¥¥

ª®¤®¢®¥ á«®¢® ¨ HcT = 0 { ¯à®¢¥à®ç­®¥ ãà ¢­¥­¨¥.

� ª ª ª HcT = 0 ¨ c = aG; â® HGT = 0 (¨«¨ G �HT = 0): �§ íâ®£® à ¢¥­-

áâ¢  á«¥¤ã¥â, çâ® ª®¤ C ¯®à®¦¤ ¥âáï áâà®ª ¬¨ G: � á«ãç ¥ ¯à®¨§¢®«ì­®£®

121



«¨­¥©­®£® ª®¤  C ¥£® ¯®à®¦¤ îé¥© ¬ âà¨æ¥© ­ §ë¢ ¥âáï «î¡ ï (k � n)

¬ âà¨æ , áâà®ª¨ ª®â®à®© ¯®à®¦¤ îâ ¯à®áâà ­áâ¢® C:

�¯à¥¤¥«¥­¨¥. Ǳãáâì c { ª®¤®¢®¥ á«®¢® ¨ y { á«®¢®, ¯®«ãç¥­­®¥ ¯®á«¥

¯¥à¥¤ ç¨ á®®¡é¥­¨ï ¯® ª ­ «ã (á ¯®¬¥å ¬¨). � §­®áâì e = y � c = e1 : : : en

­ §ë¢ ¥âáï ¢¥ªâ®à®¬ ®è¨¡®ª, ¨«¨ èã¬®¢ë¬ ¢¥ªâ®à®¬.

�«ï «¨­¥©­®£® ª®¤  C ¬¨­¨¬ «ì­®¥ à ááâ®ï­¨¥ �í¬¬¨­£ 

dc = minfd(u; v);u; v 2 C; u 6= vg á®¢¯ ¤ ¥â á ¬¨­¨¬ «ì­ë¬ ¢¥á®¬ �í¬-

¬¨­£  minfw(c); c 2 C; c 6= 0g. �®ª ¦¥¬ á«¥¤ãîé¨© ªà¨â¥à¨© ¤«ï ­¨¦­¥©

£à ­¨æë ¬¨­¨¬ «ì­®£® à ááâ®ï­¨ï «¨­¥©­®£® ª®¤  C á ¯à®¢¥à®ç­®© ¬ -

âà¨æ¥© H:

Ǳà¥¤«®¦¥­¨¥ 2. dc � s + 1 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  «î¡ë¥ s

áâ®«¡æ®¢ H «¨­¥©­® ­¥§ ¢¨á¨¬ë.

��������������. �á«¨ ¢H ­ ©¤ãâáï s áâ®«¡æ®¢ hi1; : : : ; his; ª®â®àë¥

«¨­¥©­® § ¢¨á¨¬ë �1hi1 + � � �+ �shis = 0; â® ¢¥ªâ®à

c = (0; 0; : : : ; 0; �1; 0; : : : ; 0; �s; 0; : : : ; 0) 2 C

¨ ¨¬¥¥â ¢¥á s; â.¥. dc � s: �¡à â­®, ¯ãáâì «î¡ë¥ s áâ®«¡æ®¢ H ï¢«ïîâáï

«¨­¥©­® ­¥§ ¢¨á¨¬ë¬¨ ¨ dc � s: Ǳãáâì a 2 H;w(a) = dc; a 6= 0: �®£¤  ¨§

à ¢¥­áâ¢  H � aT = 0 á«¥¤ã¥â, çâ® ­¥ª®â®àë¥ dc � s áâ®«¡æ®¢ H «¨­¥©­®

§ ¢¨á¨¬ë.

Ǳãáâì ¤ «¥¥ C { «¨­¥©­ë© (n; k)-ª®¤ ­ ¤ ¯®«¥¬ Fq: � §«®¦¨¬ ¯à®áâà ­-

áâ¢® F n
q ­  á¬¥¦­ë¥ ª« ááë ¯® C:

F n
q = (0 + C) [ (b(1) + C) [ � � � [ (b(s) + C);

£¤¥ s = qn�k � 1. � ª ¦¤®¬ ª« áá¥ b(i) + C(b(0) = 0) áãé¥áâ¢ã¥â í«¥¬¥­â

¬¨­¨¬ «ì­®£® ¢¥á . �ë¡¥à¥¬ ¥£® ¨ ­ §®¢¥¬ «¨¤¥à®¬ íâ®£® á¬¥¦­®£® ª« á-

á . �á«¨ ¯¥à¥¤ ¢ «®áì ª®¤®¢®¥ á«®¢® c 2 C,   ¡ë«® ¯à¨­ïâ® á«®¢® y, â®

¢¥ªâ®à ®è¨¡®ª e = y � c ¯à¨­ ¤«¥¦¨â â®¬ã ¦¥ á¬¥¦­®¬ã ª« ááã, çâ® ¨

y. �á«¨ a(i) { «¨¤¥à ª« áá  y + C; â® ¤¥ª®¤¨àã¥¬ y ª ª x = y � a(i) 2 C.

�â®â á¯®á®¡ ¤¥ª®¤¨à®¢ ­¨ï ­ §ë¢ ¥âáï  «£®à¨â¬®¬ ¤¥ª®¤¨à®¢ ­¨ï ¯® «¨-
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¤¥àã á¬¥¦­®£® ª« áá . �¥â «¨§¨àã¥¬ íâ®â  «£®à¨â¬. Ǳãáâì a(1); : : : ; a(s) {

«¨¤¥àë á¬¥¦­ëå ª« áá®¢ �b(1); : : : ;�b(s) ¨ C = fc(1) = 0; c(2); : : : ; c(q
k)g { ¢á¥

í«¥¬¥­âë ª®¤  C: Ǳãáâì y { ¯à¨­ïâë© ¢¥ªâ®à. �¥ªâ®à HyT ¤«¨­ë (n� k)
­ §ë¢ ¥âáï á¨­¤à®¬®¬ y: �á­®, çâ® á¨­¤à®¬ ¢¥ªâ®à®¢ y; z 2 F n

q á®¢¯ ¤ -

¥â â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¨å á¬¥¦­ë¥ ª« ááë à ¢­ë. �ç¨â ¥¬ ¤ «¥¥

á¨­¤à®¬ S(y) = H � yT : �­ ï á¨­¤à®¬ «¨¤¥à®¢ S(a(1)); : : : ; S(a(s)), ¬ë ®¯à¥-

¤¥«¨¬ á¬¥¦­ë© ª« áá, ¢ ª®â®à®¬ á®¤¥à¦¨âáï y: � ¯à¨¬¥à, y 2 �a(i): �®£¤ 
¤¥ª®¤¨àã¥¬ y ª ª x = (y � a(i)):
Ǳà¨¬¥à. � áá¬®âà¨¬ ¡¨­ à­ë© (5,2) { ª®¤ C á ¯à®¢¥à®ç­®© ¬ âà¨æ¥©

H =

0
BB@

1 1 1 1 0

0 0 1 0 1

1 0 1 0 0

1
CCA.

Ǳãáâì y = (1; 1; 0; 1; 1) { ¯®«ãç¥­­®¥ á«®¢® á á¨­¤à®¬®¬

S(y) = H �yT =

0
BB@

1

0

1

1
CCA. Ǳà¨¢¥¤¥¬ ¢á¥ á¬¥¦­ë¥ ª« ááë, ¢ë¤¥«¨¢ ¢ ­ ç «¥

¨å «¨¤¥à®¢:

(0, 0, 0, 0, 0), (0, 1, 0, 1, 1), (1, 0, 1, 0, 1), (1, 1, 1, 1, 0)

(1, 0, 0, 0,0), (1, 1, 0, 1, 1), (0, 0, 1, 0, 1), (0, 1, 1, 1, 0)

(0, 1, 0, 0, 0), (0, 0, 0, 1, 1), (1, 1, 1, 0, 1), (1, 0, 1, 1, 0)

(0, 0, 1, 0, 0), (0, 1, 1, 1, 1), (1, 0, 0, 0, 1), (1, 1, 0, 1, 0)

(0, 0, 0, 1, 0), (0, 1, 0, 0, 1), (1, 0, 1, 1, 1), (1, 1, 1, 0, 0)

(0, 0, 0, 0, 1), (0, 1, 0, 1, 0), (1, 0, 1, 0, 0), (1, 1, 1, 1, 1)

(1, 0, 0, 1, 0), (1, 1, 0, 0, 1), (0, 0, 1, 1, 1), (0, 1, 1, 0, 0)

(1, 1, 0, 0, 0), (1, 0, 0, 1, 1), (0, 1, 1, 0, 1), (0, 0, 1, 1, 0)

� ª ª ª S(y) = S(a(1)) = S �

0
BBBBBBB@

1

0

0

0

0

1
CCCCCCCA
=

0
BB@

1

0

1

1
CCA ;
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â® ¨áª®¬®¥ ª®¤®¢®¥ á«®¢® à ¢­® x = y � a(1) = (0; 1; 0; 1; 1):

Ǳà¥¤«®¦¥­¨¥ 3. Ǳãáâì C { ¡¨­ à­ë© (n; k)-ª®¤ á ¯à®¢¥à®ç­®© ¬ -

âà¨æ¥© H: �®£¤  á¨­¤à®¬ ¯®«ãç ¥¬®£® ¢¥ªâ®à  y à ¢¥­ áã¬¬¥ áâ®«¡æ®¢

H; ­®¬¥à  ª®â®àëå á®¢¯ ¤ îâ á ­®¬¥à ¬¨ ®è¨¡®ç­ëå ª®®à¤¨­ â y:

��������������. �¥©áâ¢¨â¥«ì­®, ¯ãáâì ¯¥à¥¤ ¢ «®áì á«®¢® x 2 C:
�®£¤ 

y = x+e ¨ S(y) = HeT = hi1+hi2+� � �+his; £¤¥ e = (0; : : : ; 0; 1; 0; : : : ; 0; 1; 0; : : : ; 0);

¯p¨ç¥¬ ¥¤¨­¨æë áâ®ïâ ­  ¬¥áâ å i1 ¨ is.

�á«¨ ¢á¥ áâ®«¡æë H à §«¨ç­ë ¨ áãé¥áâ¢ã¥â â®«ìª® ®¤­  ®è¨¡ª  ¢ i-©

ª®®à¤¨­ â¥, â® S(y) = hi; â.¥. ã¤ ç­ë© ¢ë¡®à ¬ âà¨æë ¯®§¢®«ï¥â ®¡­ àã-

¦¨¢ âì ¨ ¨á¯à ¢«ïâì ®¤­ã ®è¨¡ªã.

�¯à¥¤¥«¥­¨¥. �¨­ à­ë© ª®¤ Cm ¤«¨­ë 2m � 1 = n(m � 2) á ¯à®-

¢¥à®ç­®© ¬ âà¨æ¥© H ¯®àï¤ª  m � (2m � 1) ­ §ë¢ ¥âáï ª®¤®¬ �í¬¬¨­-

£ , ¥á«¨ áâ®«¡æë H ¯à¥¤áâ ¢«ïîâ á®¡®© § ¯¨áì ¢ ¤¢®¨ç­®© á¨áâ¥¬¥ ç¨á¥«

1; 2; : : : ; 2m � 1:

Ǳà¥¤«®¦¥­¨¥ 4. �¨­ à­ë© ª®¤ Cm ¨¬¥¥â à §¬¥à­®áâì (2m �m � 1)

¨ ¨á¯à ¢«ï¥â ®¤­ã ®è¨¡ªã.

��������������. � ­£ ¬ âà¨æë Cm à ¢¥­ m ¨, á«¥¤®¢ â¥«ì­®,

dimF2Cm = 2m � 1 �m: � ª ª ª «î¡ë¥ ¤¢  áâ®«¡æ  Cm «¨­¥©­® ­¥§ ¢¨-

á¨¬ë¥ ¨ Cm á®¤¥à¦¨â ¨å áã¬¬ã, â® dcm = 2 + 1 = 3 (á¬. ¯à¥¤«®¦¥­¨¥ 2).

Ǳ® ¯à¥¤«®¦¥­¨î 1 ª®¤ Cm ï¢«ï¥âáï ª®¤®¬, ¨á¯à ¢«ïîé¨¬ ®¤­ã ®è¨¡ªã.

Ǳà¨¬¥à. Ǳãáâì C3 { ¡¨­ à­ë© (7, 4) { ª®¤ �í¬¬¨­£ . �£® ¯à®¢¥à®ç­ ï

¬ âà¨æ  à ¢­ 

H =

0
BB@

0 0 0 1 1 1 1

0 1 1 0 0 1 1

1 0 1 0 1 0 1

1
CCA :

1 2 3 4 5 6 7
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Ǳãáâì y = (0; 0; 1; 0; 1; 0; 1) { ¯®«ãç¥­­®¥ á«®¢®. �£® á¨­¤à®¬ à ¢¥­

0
BB@

0

0

1

1
CCA :

�â® ¯¥à¢ë© áâ®«¡¥æ H: �«¥¤®¢ â¥«ì­®, ®è¨¡ª  ¤®¯ãé¥­  ¢ ¯¥à¢®© ª®®à¤¨-

­ â¥, ¨ ¨áª®¬®¥ ª®¤®¢®¥ á«®¢® à ¢­® (1, 0, 1, 0, 1, 0, 1).

� § ª«îç¥­¨¨ ¯ à £à ä  ¤®ª ¦¥¬ ­¥ª®â®àë¥ ®æ¥­ª¨ ®â­®á¨â¥«ì­® ®á­®¢-

­ëå ¯ à ¬¥âà®¢, å à ªâ¥à¨§ãîé¨å ª®¤.

Ǳà¥¤«®¦¥­¨¥ 5 (£à ­¨æ  �í¬¬¨­£ ). Ǳãáâì C { ª®¤ ­ ¤ ¯®«¥¬

Fq; á®¤¥à¦ é¨© M ª®¤®¢ëå á«®¢, ¨¬¥îé¨© ¤«¨­ã n ¨ ¨á¯à ¢«ïîé¨© t

®è¨¡®ª. �®£¤ 

M � (1 + C1
n(q � 1) + � � �+ Ct

n(q � 1)t) � qn:

��������������. �¥©áâ¢¨â¥«ì­®, è àë à ¤¨ãá  t á æ¥­âà ¬¨ ¢ ª®-

¤®¢ëå á«®¢ å ¯®¯ à­® ­¥ ¯¥à¥á¥ª îâáï. � ¦¤ë© â ª®© è à á®¤¥à¦¨â ¯®-

¬¨¬® ª®¤®¢®£® á«®¢  ¥éñ C1
n(q � 1) á«®¢, ®â«¨ç îé¨åáï ®â ­¥£® ®¤­®© ª®-

®à¤¨­ â®©, C2
n(q� 1)2 á«®¢, ®â«¨ç îé¨åáï ¤¢ã¬ï ª®®à¤¨­ â ¬¨, ¨ â.¤. � ª

ª ª jFnq j = qn; â® ­¥à ¢¥­áâ¢® ¤®ª § ­®.

Ǳà¨¢¥¤¥¬ ¡¥§ ¤®ª § â¥«ìáâ¢  á«¥¤ãîé¥¥ ¯à¥¤«®¦¥­¨¥ [13]:

Ǳp¥¤«®¦¥­¨¥ 6 (£p ­¨æ  �.Ǳ«®âª¨­ ). Ǳãáâì C { «¨­¥©­ë© (n; k)-

ª®¤ ­ ¤ ¯®«¥¬ Fq: �®£¤ 

dc �
n � qk�1(q � 1)

(qk � 1)
:

3.8 �¨ª«¨ç¥áª¨¥ ª®¤ë

�¨­¥©­ë© (n; k)-ª®¤ C ­ ¤ ¯®«¥¬ Fq ­ §ë¢ ¥âáï æ¨ª«¨ç¥áª¨¬, ¥á«¨ ¤«ï

«î¡®£® ¢¥ªâ®p  (a0; a1; : : : ; an�1) 2 C ¢¥ªâ®p

(an�1; a0; a1; : : : ; an�2) 2 C:
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�â®¦¤¥áâ¢¨¬ ¯p®áâp ­áâ¢® Fnq á ä ªâ®p-ª®«ìæ®¬ Fq[x]=(x
n � 1) ®â­®á¨-

â¥«ì­® ¨§®¬®pä¨§¬  (a0; a1; : : : ; an�1) ! a0 + a1x+ � � �+ an�1xn�1: �¬¥¦-

­ë© ª« áá �a 2 Fq[x]=(xn � 1) ç áâ® ¡ã¤¥¬ § ¯¨áë¢ âì ¡¥§ ç¥pâë.

�â¢¥p¦¤¥­¨¥ 1. �¨­¥©­ë© ª®¤ C ï¢«ï¥âáï æ¨ª«¨ç¥áª¨¬ â®£¤  ¨

â®«ìª® â®£¤ , ª®£¤  C-¨¤¥ « ¢ Fq[x]=(x
n � 1):

��������������. �¥©áâ¢¨â¥«ì­®, ¥á«¨C { ¨¤¥ « ¨ (a0; a1; : : : ; an�1) 2
C; â® �x � (a0 + a1x+ � � �+ an�1xn�1) = an�1 � 1 + a0 � x+ � � �+ an�2 � xn�1 2 C;
â.¥. (an�1; a0; : : : ; an�2) ¯p¨­ ¤«¥¦ â C: �¡p â­®, ¥á«¨ C { æ¨ª«¨ç¥áª¨©

ª®¤, â® ¤«ï «î¡®£® í«¥¬¥­â  b 2 C í«¥¬¥­âë �xb; : : : ; �xn�1b ¯p¨­ ¤«¥¦ â C:

�«¥¤®¢ â¥«ì­®, ¤«ï «î¡®£® í«¥¬¥­â 

v = p0 � 1 + � � �+ pn�1xn�1 2 Fq[x]=(xn� 1); v � b =
n�1P
i=0

pi�x
i � b 2 C:

�á«¨ C { ¨¤¥ « ¢ Fq[x]=(x
n � 1); â® ®­ ï¢«ï¥âáï £®¬®¬®pä­ë¬ ®¡p §®¬

­¥ª®â®p®£® ¨¤¥ «  P ¢ Fq[x]; á®¤¥p¦ é¥£® ¨¤¥ « (x
n � 1):

�â¢¥p¦¤¥­¨¥ 2. �¤¥ « P ï¢«ï¥âáï £« ¢­ë¬, â.¥. P = (g(x)); £¤¥

g(x) { ­¥ª®â®pë© ¤¥«¨â¥«ì (xn � 1) ¨ áâ pè¨© ª®íää¨æ¨¥­â g(x) p ¢¥­

¥¤¨­¨æ¥.

��������������. Ǳãáâì g(x) { ­¥­ã«¥¢®© ¬­®£®ç«¥­ ¬¨­¨¬ «ì­®©

áâ¥¯¥­¨ ¨§ ¨¤¥ «  P: �®£¤  ¬®¦­® áç¨â âì, çâ® áâ pè¨© ª®íää¨æ¨¥­â g(x)

p ¢¥­ ¥¤¨­¨æ¥, ¨ ¥á«¨ '(x) 2 P; â® ¯® «¥¬¬¥ ® ¤¥«¥­¨¨ á ®áâ âª®¬ ' =

g �  + r; £¤¥ r = 0; «¨¡® degg > degr: � ª ª ª r = ' � g 2 P; â®, ¢¢¨¤ã
¬¨­¨¬ «ì­®áâ¨ deg(g); r = 0 ¨ P = (g(x)): � ª ª ª (xn � 1) 2 P; â® g(x)

¤¥«¨â (xn � 1):
�á­®, çâ® C = (g(x)): �­®£®ç«¥­ g(x) ­ §ë¢ ¥âáï ¯®p®¦¤ îé¨¬ ¬­®£®-

ç«¥­®¬ ª®¤  C;   ¬­®£®ç«¥­ h(x) = (xn � 1)=g(x) ­ §ë¢ ¥âáï ¯p®¢¥p®ç­ë¬
¬­®£®ç«¥­®¬ ª®¤  C:

Ǳãáâì g(x) = g0+ g1x+ � � �+ 1 � xn�k ¨ h(x) = h0+ h1x+ � � �+ hkx
k: �®£¤ 

g0h0 = �1;
P

i�n�k
gihm�i = 0; 1 � m � n � 1; hk = 1: � «¥¥, ¨§ ¢ª«îç¥­¨©

�g; xg; : : : ; xk�1g 2 C ¨ ­¥p ¢¥­áâ¢  g0 6= 0 á«¥¤ã¥â, çâ® á«¥¤ãîéãî ¬ âp¨æã
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G =

0
BBBB@
g0 g1 : : : gn�k 0 0 : : : o

0 g0 : : : gn�k 0 : : : 0
...

0 0 : : : 0 g0 : : : gn�k

1
CCCCA

p ­£  k; £¤¥ gn�k = 1; ¬®¦­® ¢§ïâì ¢ ª ç¥áâ¢¥ ¯®p®¦¤ îé¥© ¤«ï ª®¤ 

C (â.¥. ¢¥ªâ®pë �g; �xg; : : : ; xk�1g ¤¥©áâ¢¨â¥«ì­® ®¡p §ãîâ ¡ §¨á ¨¤¥ «  C).

� âp¨æ 

H =

0
BBBB@

0 0 : : : 0 hk hk�1 : : : h2 h1 h0

0 0 : : : hk hk�1 : : : h1 h0 0
... hk

...

hk hk�1 : : : h0 0 : : : 0

1
CCCCA ï¢«ï¥âáï ¯à®¢¥à®ç-

­®©.

� ª ã¦¥ ®â¬¥ç «®áì, ¯®à®¦¤ îé¨å ¬ âà¨æ ¤«ï «¨­¥©­®£® ª®¤  ¬­®£®,

â.ª. ®­¨ á®®â¢¥âáâ¢ãîâ ¡ §¨á ¬ íâ®£® ª®¤ . �ª ¦¥¬ ­¥ª®â®àë© ª ­®­¨ç¥-

áª¨©  «£®à¨â¬ ¢ë¡®à  ¯®à®¦¤ îé¥© ¬ âà¨æë æ¨ª«¨ç¥áª®£® ª®¤  C á ¯®-

à®¦¤ îé¨¬ ¬­®£®ç«¥­®¬ g(x) áâ¥¯¥­¨ (n� k) ¨ á ¯à®¢¥à®ç­ë¬ ¬­®£®ç«¥-

­®¬ h(x) = (xn � 1)=g(x):

� ¬¥ç ­¨¥ 1. Ǳãáâì v(x) 2 Fq[x]=(xn � 1): �®£¤  v(x) 2 C , �v � �h = �0:

� ¬¥ç ­¨¥ 2. Ǳà¥¤¯®«®¦¨¬, çâ® ­ ¬ ­¥®¡å®¤¨¬® ¯¥à¥¤ âì ¨­ä®à¬ -

æ¨î (a0; a1; : : : ; ak�1): � áá¬®âà¨¬ í«¥¬¥­â

�a(x) = a0 + a1x+ � � �+ ak�1xk�1 ¢ Fq[x]=(x
n� 1):

� ª®¤¨àã¥¬ ¥£® ¬­®£®ç«¥­®¬ w(x) = a(x)g(x) ¢ Fq[x]=(x
n� 1); £¤¥ g(x) {

¯®à®¦¤ é¨© ¬­®£®ç«¥­ ª®¤  C: Ǳãáâì v(x) { ¯à¨­ïâë© ¤«ï ¤¥ª®¤¨à®¢ ­¨ï

¬­®£®ç«¥­. �á«¨ ®áâ â®ª v(x) ®â ¤¥«¥­¨ï ­  g(x) ­¥ à ¢¥­ ­ã«î, â® ¯à¨

¯¥à¥¤ ç¥ ¯à®¨§®è«  ®è¨¡ª .

� áá¬®âà¨¬  «£®à¨â¬ �¢ª«¨¤  (¤¥«¥­¨ï á ®áâ âª®¬):

xn�k = an�k(x)g(x) + rn�k;
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xn�k+1 = an�k+1(x) � g(x) + rn�k+1;

: : : ;

xn�1 = an�1(x)g(x) + rn�1;

£¤¥ degrj < n� k; j � n� 1:

� á¨«ã § ¬¥ç ­¨ï 1, (xj � rj) 2 C: �«¥¤®¢ â¥«ì­®, ¬­®£®ç«¥­ë
gj(x) = xk(xj � rj) 2 C; j = n � k; n � k + 1; : : : ; n � 1: �á«¨ ¬­®£®ç«¥­ë

gj «¨­¥©­® § ¢¨á¨¬ë¥, â® ¯à¨ ­¥ª®â®àëå �j 2 Fq (­¥ ¢á¥ �j à ¢­ë ­ã«î)P
j�n�1

�jgj = 0: �âªã¤  á«¥¤ã¥â, çâ®

xk(�n�1an�1 + �n�2an�2 + � � �+ �n�kan�k) � �g(x) = �0:

� ª ª ª x ­¥ ¤¥«¨â h ¨ deg(�n�1an�1 + � � �+ �n�kan�k) � k � 1; â® h(x) ­¥
¤¥«¨â xk(

P
�jaj): �«¥¤®¢ â¥«ì­®, �i = 0; i � n� 1: Ǳãáâì

gn�k = xk(xn�k � rn�k) = xk(�rn�k0� rn�k1x� � � � � rn�k;n�k�1xn�k�1+ xn�k);

: : : : : :

gn�1 = xk(xn�1 � rn�1) = xk(�rn�10 � rn�11x� � � � � rn�1n�k�1xn�k�1 + xn�1):

�®®â¢¥âáâ¢ãîé ï ¯®à®¦¤ îé ï ¬ âà¨æ  à ¢­ 

(IkR) =

0
BBBB@

1 0 0 : : : 0 �rn�k;0 �rn�k;1 : : : �rn�k;n�k�1
0 1 0 : : : 0 �rn�k+1;0 �rn�k+1;1 : : : �rn�k+1;n�k�1
...

. . .

0 0 0 : : : 1 �rn�10 �rn�1;1 : : : �rn�1;n�k�1

1
CCCCA :

�ã¤¥¬ áç¨â âì ¢ ¤ «ì­¥©è¥¬, çâ® (n; q) = 1: �á«¨ xn � 1 = f1f2 : : : fm {

à §«®¦¥­¨¥ ­  ­¥¯à¨¢®¤¨¬ë¥ ¬­®£®ç«¥­ë ¢ Fq[x]; â®, â ª ª ª

(xn � 1)0 = nxn�1 ¨ (n; q) = 1; (xn � 1) ­¥ ¨¬¥¥â ªà â­ëå ª®à­¥©.

� á¨«ã 3:3 ª ¦¤ë© ¨¤¥ « (fi) ï¢«ï¥âáï ¬ ªá¨¬ «ì­ë¬,   á®®â¢¥âáâ¢ãî-

é¨© ª®¤ ­ §ë¢ ¥âáï ¬ ªá¨¬ «ì­ë¬ æ¨ª«¨ç¥áª¨¬ ª®¤®¬. �®¤, ¯®p®¦¤¥­-

­ë© (xn � 1)=fi, ­ §ë¢ ¥âáï ­¥¯p¨¢®¤¨¬ë¬ æ¨ª«¨ç¥áª¨¬ ª®¤®¬.
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� ¬¥ç ­¨¥ 3. � ª ª ª ª ¦¤ë© ¤¥«¨â¥«ì (xn � 1) ¨¬¥¥â ¢¨¤ f "11 : : : f "mm ;

£¤¥ "i = 0; 1; â® ç¨á«® ­¥âp¨¢¨ «ì­ëå ¤¥«¨â¥«¥© ( 6= 1; xn�1) p ¢­® (2m�2);
â.¥. æ¨ª«¨ç¥áª¨å ª®¤®¢ ¤«¨­ë n ­¥ ¡®«¥¥ (2m � 2):
� ¬¥ç ­¨¥ 4. Ǳãáâì �1; : : : ; �s { í«¥¬¥­âë  «£¥¡p ¨ç¥áª®£® § ¬ëª ­¨ï

¯®«ï Fq ¨ p1(x); : : : ; ps(x) { (á®®â¢¥âáâ¢¥­­®) ¨å ¬¨­¨¬ «ì­ë¥ ¬­®£®ç«¥­ë

­ ¤ Fq: Ǳãáâì n { ¬¨­¨¬ «ì­®¥ ­ âãp «ì­®¥ ç¨á«® á ãá«®¢¨¥¬, çâ® �n1 =

�n2 = � � � = �ns = 1: �®£¤  g(x)= �.�.�. [p1; p2; : : : ; ps] ¤¥«¨â (x
n � 1): Ǳãáâì

C � Fnq { æ¨ª«¨ç¥áª¨© ª®¤ á ¯®p®¦¤ îé¨¬ ¬­®£®ç«¥­®¬ g(x): �®£¤  f(x) 2
C ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ f(�1) = � � � = f(�s) = 0:

�â¢¥p¦¤¥­¨¥ 3. Ǳãáâì � { ¯p¨¬¨â¨¢­ë© í«¥¬¥­â ¯®«ï F2m ¨ p(x) =

(x� �)(x� �2) : : : (x� �2m�1

) { ¥£® ¬¨­¨¬ «ì­ë© ¬­®£®ç«¥­ ­ ¤ ¯®«¥¬ F2:

�®£¤  ¡¨­ p­ë© æ¨ª«¨ç¥áª¨© ª®¤ C ¤«¨­ë n = 2m � 1 á ¯®p®¦¤ îé¨¬

¬­®£®ç«¥­®¬ p(x) íª¢¨¢ «¥­â¥­ ¡¨­ p­®¬ã (2m� 1; 2m�m� 1)-ª®¤ã �í¬-
¬¨­£ .

��������������. � ª ª ª f1; �; : : : ; �m�1g { ¡ §¨á F2m ­ ¤ F2;

â® ¨¬¥îâ ¬¥áâ® p ¢¥­áâ¢ 

�0 = 1 � 1 + 0 � � + : : : + 0 � �m�1;
�1 = 0 � 1 + 1 � � + : : : + 0 � �m�1;

...

�m�1 = 0 � 1 + 0 � � + : : : + 1 � �m�1;
�m = a0;m+1 � 1 + a1;m+1 � � + : : : + am�1;m+1 � �m�1;

...

�2m�2 = a0;2m�2 � 1 + a1;2m�2 � � + : : : + am�1;2m�2 � �m�1:

� áá¬®âp¨¬ á®®â¢¥âáâ¢ãîéãî ¬ âp¨æã

H =

0
BBBB@

1 0 : : : 0 a0;m+1 : : : a0;2m�2

0 1 : : : 0 a1;m+1 : : : a1;2m�2
...
...

. . .
...

... : : :
...

0 0 : : : 1 am�1;m+1 : : : am�1;2m�2

1
CCCCA.
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Ǳ®ª ¦¥¬, çâ® H { ¯à®¢¥à®ç­ ï ¬ âà¨æ  ¤«ï ª®¤  C: Ǳãáâì

a = (b0; b1; : : : ; bn�1) ¨ a(x) = b0 + b1 + � � � + bn�1x
n�1 { á®®â¢¥âáâ¢ãîé¨©

¬­®£®ç«¥­. �¬¥¥¬

H � aT =

0
BBBB@

1 0 : : : 0 a0;m+1 : : : a0;2m�2

0 1 : : : 0 a1;m+1 : : : a1;2m�2
...
...

. . .
... : : : : : :

...

0 0 : : : 1 am�1;m+1 : : : am�1;2m�2

1
CCCCA

0
BBBB@

b0

b1
...

bn�1

1
CCCCA =

=

0
BBBB@

b0 + a0;m+1bm + : : : + a0nbn�1

b1 + a1;m+1bm + : : : + a1nbn�1
...

bm�1 + am�1;m+1bm + : : : + am�1;nbn�1

1
CCCCA ¨

a(�) = (b0 + a0m+1bm + � � �+ a0nbn�1) � 1 + (b1 + a1m+1bm + � � �+
+a1nbn�1) � �+ � � �+ (bm�1 + am�1m+1bm + � � �+ am�1nbn�1)�

m�1:

�á­®, çâ® HaT = 0 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  a(�) = 0: Ǳ®á«¥¤­¥¥ ãá«®-

¢¨¥ à ¢­®á¨«ì­® ¤¥«¨¬®áâ¨ p(x)ja(x); â ª ª ª p(x) { ­¥¯à¨¢®¤¨¬ë© ¬­®-

£®ç«¥­. �â ª, ¬ë ¤®ª § «¨, çâ® H { ¯à®¢¥à®ç­ ï ¬ âà¨æ  ¤«ï «¨­¥©­®£®

(n; n�m)-ª®¤  C:
�«ï ¤®ª § â¥«ìáâ¢  â®£®, çâ® C { å®¤ �í¬¬¨­£ , ®áâ «®áì ¤®ª § âì, çâ®

¬­®¦¥áâ¢® áâ®«¡æ®¢ H ¨áç¥à¯ë¢ ¥â ¬­®¦¥áâ¢® ç¨á¥«

1; 2; : : : ; 2m � 1

¢ ¤¢®¨ç­®© á¨áâ¥¬¥ ¨áç¨á«¥­¨ï. �«ï íâ®£® ¤®áâ â®ç­® § ¬¥â¨âì, çâ® ­¨ª -

ª¨¥ ¤¢  (­¥­ã«¥¢ëå!) áâ®«¡æ  ­¥ á®¢¯ ¤ îâ. � ¯à®â¨¢­®¬ á«ãç ¥ �k = 1;

£¤¥ k � 2m � 2; çâ® ¯à®â¨¢®à¥ç¨â ¯à¨¬¨â¨¢­®áâ¨ � (� { æ¨ª«¨ç¥áª¨© ¯®-

à®¦¤ îé¨© £àã¯¯ë F �2m = F2m n f0g).
�â¢¥à¦¤¥­¨¥ 4. Ǳãáâì C { æ¨ª«¨ç¥áª¨© ª®¤ ¢ Fq[x]=(x

n � 1) á ¯®à®-

¦¤ îé¨¬ ¬­®£®ç«¥­®¬ g(x); ª®à­¨ ª®â®à®£® à ¢­ë �1; : : : ; �n�k: �­®£®-

ç«¥­ f(x) = b0 + b1x+ � � �+ bn�1x
n�1 2 C â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
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H �

0
BBBB@

b0

b1
...

bn�1

1
CCCCA = 0; £¤¥ H =

0
BBBB@

1 �1 �2
1 : : : �n�11

1 �2 �2
2 : : : �n�12

...

1 �n�k �2
n�k : : : �n�1n�k

1
CCCCA.

��������������. �­®£®ç«¥­ f(x) 2 C â®£¤  ¨ â®«ìª® â®£¤ , ª®-

£¤  f(�i) = 0; i � n � k: �  ¬ âà¨ç­®¬ ï§ëª¥ íâ¨ ãá«®¢¨ï à ¢­®á¨«ì­ë

à ¢¥­áâ¢ã H �

0
BBBB@

b0

b1
...

bn�1

1
CCCCA = 0:

Ǳà¥¤¯®«®¦¨¬, çâ® ¬ë ¨¬¥¥¬ æ¨ª«¨ç¥áª¨© ª®¤ á ¯®à®¦¤ îé¨¬ ¬­®£®-

ç«¥­®¬ g(x); ª®â®àë©, ¢ á¢®î ®ç¥à¥¤ì, ï¢«ï¥âáï ¬¨­¨¬ «ì­ë¬ ¬­®£®ç«¥-

­®¬ ¤«ï � 2 Fqm; �n = 1; ­ ¤ ¯®«¥¬ Fq: �®£« á­® ¯à¥¤ë¤ãé¥¬ã ¤«ï ¨á¯à -

¢«¥­¨ï ®è¨¡ª¨ ¢ ¯®«ãç¥­­®¬ á«®¢¥ y ­¥®¡å®¤¨¬® ¢ëç¨á«¨âì á¨­¤à®¬ íâ®£®

á«®¢ . �ª ¦¥¬ ®¤¨­ ¨§  «£®à¨â¬®¢ â ª®£® ¢ëç¨á«¥­¨ï. �«¥¬¥­â � ï¢«ï¥â-

áï ª®à­¥¬ '(x) 2 Fq[x]=(xn� 1) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  g(x)j'(x): �«¥-
¤®¢ â¥«ì­®, á¨­¤à®¬®¬ ¢¥ªâ®à  y = (y0; y1; : : : ; yn�1) ¬®¦­® áç¨â âì ¢¥ªâ®à

S(y) = (1��2 : : : �n�1) � yT = y(�) = y0 + y1� + � � � + yn�1�
n�1: �á«¨ ¯à¨

¯¥à¥¤ ç¥ á«®¢  w ¯®«ãç¥­® á«®¢® y ¨ á®¢¥àè¥­® ­¥ ¡®«¥¥ ®¤­®© ®è¨¡ª¨,

â® y = w + e, £¤¥ e = 0; xj�1 (¢ ¡¨­ à­®¬ ª®¤¥). �«¥¤®¢ â¥«ì­®, á¨­¤à®¬

S(y) = S(e) = 0; �j�1. �â®â á¨­¤à®¬ ¥é¥ ­ §ë¢ îâ «®ª â®à®¬ ®è¨¡®ª.

�á«¨ S(y) = �j�1; â® ®è¨¡ª  ¯à®¨§®è«  ¢ j-®© ª®®à¤¨­ â¥ (¨¡® �i 6= �j ¯à¨

i 6= j; i � n� 1; j � n� 1).
3.9 �®¤ë �®ã§ -�®ã¤åãà¨-�®ª¢¨­£¥¬ 

�¯à¥¤¥«¥­¨¥. Ǳãáâì m { ¬ã«ìâ¨¯«¨ª â¨¢­ë© ¯®àï¤®ª ç¨á« 

q 2 N ¯® ¬®¤ã«î n; â.¥. qm � 1(modn) ¨ qi 6� 1(modn) ¯à¨ 1 � i � m � 1:

� «¥¥, b 2 N [f0g ¨ � 2 Fqm â ª®©, çâ® �n = 1; �i 6= 1; 1 � i � n� 1: �®¤®¬
�®ã§ -�®ã¤åãà¨-�®ª¢¨­£¥¬  (¨«¨ ���-ª®¤®¬) ¤«¨­ë n á ª®­áâàãªâ¨¢­ë¬
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à ááâ®ï­¨¥¬ d; 2 � d � n; ­ ¤ ¯®«¥¬ Fq ­ §ë¢ ¥âáï æ¨ª«¨ç¥áª¨© ª®¤ á

¯®à®¦¤ îé¨¬ ¬­®£®ç«¥­®¬, ®¯à¥¤¥«ï¥¬ë¬ í«¥¬¥­â ¬¨

�b; �b+1; : : : ; �b+d�2:

�àã£¨¬¨ á«®¢ ¬¨, ¯®à®¦¤ îé¨© ¬­®£®ç«¥­ g(x) íâ®£® ª®¤  á®¢¯ ¤ ¥â á

��� ¬­®£®ç«¥­®¢ m(b)(x); : : : ;m(b+d�2)(x), £¤¥ m(i)(x) { ¬¨­¨¬ «ì­ë© ¬­®-

£®ç«¥­ �i (­ ¤ ¯®«¥¬ Fq).

� ¬¥ç ­¨¥. �á«¨ n = q � 1, â® ���-ª®¤ ­ §ë¢ ¥âáï ª®¤®¬ �¨¤ -

�®«®¬®­ . �á«¨ n = qm � 1; â® ���-ª®¤ ­ §ë¢ ¥âáï ¯à¨¬¨â¨¢­ë¬. �á«¨

b = 1; â® ���-ª®¤ ­ §ë¢ ¥âáï ���-ª®¤®¬ ¢ ã§ª®¬ á¬ëá«¥.

�¥®à¥¬ . �¨­¨¬ «ì­®¥ à ááâ®ï­¨¥ ���-ª®¤  á ª®­áâàãªâ¨¢­ë¬ à á-

áâ®ï­¨¥¬ d ­¥ ¬¥­ìè¥, ç¥¬ d.

��������������. �®£« á­® ãâ¢¥à¦¤¥­¨îï 4 ¨§ 3:8, ­ è ª®¤ á®¢¯ -

¤ ¥â á ­ã«ì-¯à®áâà ­áâ¢®¬ ¯à®¢¥à®ç­®© ¬ âà¨æë

H =

0
BBBB@

1 �b �2b : : : �b(n�1)

1 �b+1 �2(b+1) : : : �(n�1)(b+1)

...
...

...

1 �b+d�2 �2(b+d�2) : : : �(n�1)(b+d�2)

1
CCCCA :

�®£« á­® ¯à¥¤«®¦¥­¨î 2 ¨§ 3:7, ¤«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ¤®áâ â®ç-

­® ¯®ª § âì, çâ® «î¡ë¥ (d � 1) à §«¨ç­ëå áâ®«¡æ®¢ íâ®© ¬ âà¨æë ï¢«ï-

îâáï «¨­¥©­® ­¥§ ¢¨á¨¬ë¬¨. �¥©áâ¢¨â¥«ì­®, à áá¬®âà¨¬ ®¯à¥¤¥«¨â¥«ì0
BBBB@

�bi1 �bi2 : : : �bid�1

�(b+1)i1 �(b+1)i2 : : : �(b+1)id�1

...
...

...
...

�(b+d�2)i1 �(b+d�2)i2 : : : �(b+d�2)id�1

1
CCCCA =

= �b(i1+���+id�1)
Q
t<s

(�is � �it) 6= 0. �¥®à¥¬  ¤®ª § ­ .

�â  â¥®à¥¬  ï¢«ï¥âáï ¢ ¦­®©, â ª ª ª ¯®§¢®«ï¥â áâà®¨âì ª®¤ë, ¨á¯à -

¢«ïîé¨¥ t ®è¨¡®ª. �«ï íâ®£® ­ã¦­® ¢ë¡à âì ç¨á«  d; n; q;m â ª, çâ®¡ë

2t+1 � d � m;m { ¬ã«ìâ¨¯«¨ª â¨¢­ë© ¯®àï¤®ª ç¨á«  q ¯® ¬®¤ã«î n (¬ë

¯à¥¤¯®« £ ¥¬, çâ® (q; n) = 1 ¨, á«¥¤®¢ â¥«ì­®, mj'(n)). � ª ª ª £àã¯¯ 
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GF (qm)� ï¢«ï¥âáï æ¨ª«¨ç¥áª®©, â® ¢ ­¥© áãé¥áâ¢ã¥â í«¥¬¥­â � ¯®àï¤ª  n:

�.¥. ¬ë ¢á¥£¤  ¬®¦¥¬ ¯®áâà®¨âì â ª®© ª®¤.

Ǳ¥à¥©¤¥¬ ª ®¯¨á ­¨î áå¥¬ë ¤¥ª®¤¨à®¢ ­¨ï ���-ª®¤®¢. Ǳãáâìw(x); v(x)

¨ e(x) { á®®â¢¥âáâ¢¥­­® ¯¥à¥¤ ¢ ¥¬ë© ª®¤®¢ë© ¬­®£®ç«¥­, ¯à¨­¨¬ ¥¬ë©

¬­®£®ç«¥­ ¨ ¬­®£®ç«¥­ ®è¨¡®ª (e = w�v): Ǳãáâì H { ¯à®¢¥à®ç­ ï ¬ âà¨-

æ  ¨§ â¥®à¥¬ë. �®£¤  á¨­¤à®¬ ¯à¨­ïâ®£® ¢¥ªâ®à  v à ¢¥­ S(v) = H � vT =
= (Sb; Sb+1; : : : ; Sb+d�2)

T ; £¤¥ Sj = v(�j) = e(�j); b � j � b+ d� 2.

Ǳãáâì ¯à¨ ¯¥à¥¤ ç¥ ¯à®¨§®è«® r ®è¨¡®ª, £¤¥ r � t � d�1
2
: �®£¤  e(x) =

c1x
a1 + c2x

a2 + � � � + crx
ar; £¤¥ a1; : : : ; ar { à §«¨ç­ë¥ ç¨á«  ¨§ ¬­®¦¥áâ¢ 

f0; 1; : : : ; n�1g: �«¥¬¥­âë yi = �ai 2 Fqm ­ §ë¢ îâáï «®ª â®à ¬¨ ®è¨¡ª¨,

  í«¥¬¥­âë ci 2 Fq { §­ ç¥­¨ï¬¨ ®è¨¡ª¨. � ­®¢ëå ®¡®§­ ç¥­¨ïå ª®®à¤¨-

­ âë á¨­¤à®¬  ¢¥ªâ®à  v à ¢­ë Sj = e(�i) = c1y
j
1 + c2y

j
2 + � � �+ cry

j
r ;

b � j � b + d � 2: � á¨«ã â®¦¤¥áâ¢  (� + 
)q = �q + 
q ¢ ¯®«¥ Fqm ¨

â ª ª ª ci 2 Fq, ¨¬¥¥¬ à ¢¥­áâ¢  S
q
j =

rP
i=1

ciy
jq
i = Sjq; b � j � b + d � 2:

� áá¬®âà¨¬ ¤ «¥¥ ¬­®£®ç«¥­
rQ
i=1

(yj � x) = �r � �r�1x + � � � + (�1)r�0xr;
£¤¥ �0 = 1; �1; �2; : : : ; �r { í«¥¬¥­â à­ë¥ á¨¬¬¥âà¨ç¥áª¨¥ ¬­®£®ç«¥­ë ®â

y1; : : : ; yr: Ǳ®¤áâ ¢«ïï yi ¢¬¥áâ® x, ¯®«ãç ¥¬ á¨áâ¥¬ã à ¢¥­áâ¢

�r � �r�1 � yi + � � �+ (�1)r�0 � yri = 0; 1 � i � r:

�¬­®¦¨¬ i-®¥ à ¢¥­áâ¢® ­  ciy
j
i ¨ á«®¦¨¬ ¨å ¢á¥. Ǳ®«ãç¨¬

(�1)r � �r � Sj + (�1)r�1�r�1 � Sj+1 + � � �+ (�1)�1 � Sj+r�1 + Sj+r = 0; (3.10)

£¤¥ b � j � b+ r � 1: � âà¨æ  íâ®© á¨áâ¥¬ë à ¢­ 0
BBBB@

Sb Sb+1 : : : Sb+r�1

Sb+1 Sb+2 : : : Sb+r
...

...

Sb+r�1 Sb+r : : : Sb+2r�2

1
CCCCA = V �D � V T ;
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£¤¥ D =

0
BB@
c1y

b
1 0

. . .

0 cry
b
r

1
CCA ; V =

0
BBBB@

1 1 : : : 1

y1 y2 : : : yr
...

yr�11 yr�12 : : : yr�1r

1
CCCCA :

� ­£ íâ®© ¬ âà¨æë à ¢¥­ r â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢ ¢¥ªâ®à¥ v ¨¬¥¥â-

áï r ®è¨¡®ª. �­®£®ç«¥­ ¢¨¤  s(x) =
rQ
i=1

(1� yix) =
rP
i=0

(�1)i�ixi ­ §ë¢ ¥âáï

¬­®£®ç«¥­®¬ «®ª â®à®¢ ®è¨¡ª¨. �£® ª®à­¨ à ¢­ë y�11 ; : : : ; y�1r : �â ª, ¯à¨-

¢¥¤¥¬  «£®à¨â¬ ¤¥ª®¤¨à®¢ ­¨ï ���-ª®¤  á ª®­áâàãªâ¨¢­ë¬ à ááâ®ï­¨¥¬

d � 2t+ 1: Ǳà¥¤¯®«®¦¨¬, çâ® ¯¥à¥¤ ¢ «®áì á«®¢® w;   ¯®«ãç¥­® á«®¢® v:

� £ 1. � å®¤¨¬ á¨­¤à®¬ á«®¢  v

S(v) = (Sb; Sb+1; : : : ; Sb+d�2)
T :

� £ 2. � å®¤¨¬ ¬ ªá¨¬ «ì­®¥ ç¨á«® r � d�1
2
â ª®¥, çâ® á¨áâ¥¬  ãà ¢­¥-

­¨©

Sb+r + Sb+r�1x1 + : : : + Sbxr = 0

Sb+1+r + Sb+rx1 + : : : + Sb+1xr = 0
...

Sb+2r�1 + Sb+2r�2x1 + : : : + Sb+r�1xr = 0

¨¬¥¥â ­¥¢ëà®¦¤¥­­ãî ¬ âà¨æã ª®íää¨æ¨¥­â®¢ (á¬. â ª¦¥ (3.10)). �¥è ï

¥¥, ¬ë ­ ©¤¥¬ ¬­®£®ç«¥­ «®ª â®à®¢ ®è¨¡ª¨

S(x) =

rY
i=1

(1� yix) =
rX
i=0

xix
i;

£¤¥ x0 = 1:

� £ 3. � å®¤¨¬ ª®à­¨ ¬­®£®ç«¥­  s(x) = 0, ¯®¤áâ ¢«ïï ¢¬¥áâ® x

áâ¥¯¥­¨ �:

� £ 4. � áá¬®âà¨¬ á¨áâ¥¬ã ãà ¢­¥­¨©
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c1y
b
1 + : : : + cry

b
r = Sb

c1y
b+1
1 + : : : + cry

b+1
r = Sb+1

...

c1y
b+r+1
1 + : : : + cry

b+r�1
r = Sb+r�1:

�¯à¥¤¥«¨â¥«ì íâ®© ¬ âà¨æë à ¢¥­ (y1 : : : yr)
b
Q
i<j

(yi � yj) 6= 0: �«¥¤®¢ -

â¥«ì­®, á¨áâ¥¬  ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ c1; : : : ; cr: �â ª, ¬ë ¬®¦¥¬

­ ©â¨ ¢¥ªâ®à ®è¨¡ª¨ e(x): �§ ãà ¢­¥­¨ï w(x) = v(x)� e(x) ­ å®¤¨¬ á«®¢®

w: Ǳà¨¬¥àë ¢ 3:5 ¨««îáâà¨àãîâ ¯à¨¬¥­¥­¨¥ ���-ª®¤ .
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